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1. Introduction

It is well known that a smooth manifold equipped with a
transitive smooth action by a Lie group is called a homogeneous
space. Many topics relate to homogeneous space. As instance we
can see this realtion in a quantum weyl algebra which talks func-
tions on homogeneous space [1], virtual constraints on Rieman-
nian homogeneous space (2], invariant Koszul-Vinberg structures
[3], holomorphically trivial cannonical bundle [4], and high-order
integrators for Lagrangian system [5]. These show that homo-
geneous space has significance position in many topics and it is
important to study more comprehensive.

The notion of the orthogonal group O(n) appears in many
areas of representation theory of matrix Lie groups. The matrix
Lie group O(n) consists of all n x n real matrices whose deter-
minants are +1. Many researchers study this group such as syn-
cronization problem over A C O(n) [6], a higher dimensional
Chevalley restriction theorem [7]. On the other hand, the notion
of the unit sphere S” = {z = (z1,22,...,2n41) | ||2]| = 1} C
R™*! appears as the Lie group. Furthermore, this space can be
as a carrier space. As instance in the intertwining operator asso-
ciated to summability of S™ [8], linear stability [9], and a python
package [10]. In our research we study the action of the orthog-
onal group O(2) on the Lie group S*.

Different from the previous results, we give the explicits
formulas for all matrices in the orthogonal matrix Lie group O(2)
which the action of S' realized on O(2) is transitive. In other
words, the unit sphere S! is homogeneous space. We have some
reasons why this result is important. Firstly, it relates to homo-
geneous spaces. It is well known that the theory homogeneous
space is very important in many fields of mathematics. One of
them is the theory of relativity. Secondly, the Lie group actions
can be considered in representation theory of Lie groups using
the orbit method. Therefore by knowing the explicit formulas
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ABSTRACT. In this paper we study a Lie group action of the matrix Lie group O(2) on the unit sphere S*. The
research aims to establish the explicit formulas for all entries of O(2) whose action on S* is transitive. All possibilities
matrices of O(2) are given in which the space S* is homogeneous. We prove that there are exactly two matrices in
0(2) such that S* is the homogeneous space. Moreover, the homogeneous spaces S™~* of O(n) for n. > 3 are also
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of all matrices in the orthogonal matrix Lie group O(2), one can
apply the results of this paper to theory of homogeneous space
and to theory of Lie group representations by the orbit method.

2. Methods

We involve the concept of a Lie group action of the matrix
Lie group O(n) on the unit sphere S!. The action of O(n) on S*
is given by A -z = Ax as a usual matrix multiplication. We claim
that this action is transitive which means for each z,y € S!,
there exists Ay € O(n) such that Az. From this equation, we
shall find the explicit formulas of Ay € O(n) such that Agzx = y.
This implies that the unit sphere S! is homogeneous space.

We describe our research method as follows: The idea of
Lie group actions arise in many types of Lie groups (see for detail:
[11-14]). A homogeneous space is constructed by a Lie group
action. Roughly speaking, the idea of homogeneous space con-
struction arises from the notion of quotient of Lie groups by
closed subgroups [15]. To see this, let G be a Lie group and
H C G be a Lie subgroup. The left coset space of H in G, de-
noted by G/ H, consists of all left cosets of H and the elements
of G/H form a partition of the Lie group G. A left action of
Lie group G on G/H by z1 (zoH) = (z122) H gives G/H into
a homogeneous space in G or a homogeneous G-space. More-
over, let X be a homogeneous G-space and a be any element in
X. Let G, be an isotropy group of G. Then the map given by
Y :G/G)p > gGp — gp € X is an equivariant diffeomorphism.

Let O(2) be the orthogonal group consisting all 2 x 2 real
matrices whose determinants are =1 and S! be the unit sphere
contained in R2. The main goal of this research is to consider
the explicit formulas of all matrices in O(2), which preserve a
transitive action of O(2) on S!. We show that there are only two
possibilities of general forms of a matrix A € O(2) whose imply
the sphere S* is homogeneous space. This result can motivate
to give a generalization of general formulas of matrices in O(n),
which admit a transitive smooth action of O(n) on the unit n-
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sphere S*~1 C R™. Furthermore, this result can be considered
in homogeneous spaces and Lie group representation theories.

3. Results and Discussion

The main result in this paper stated in the following propo-
sition .

Proposition 1. Let O(2) be the orthogonal group consisting all
2 x 2 real matrices whose determinants are +1 and S* be the unit
sphere contained in R?. The action of O(2) on S* is given by the
standard action as follows:

Az =y

az1  a22
(1, yg)t € S'. Then S is a homogeneous space if for each and
x = (x1,22)",y = (y1,y2)" € S, there are exist exactly two
matrices in O(2) of the form

A, — ( T1Y1 — T2Y2 X2Y1 + T1Y2 )
L=

T1Y2 + T2y1  X2Y2 — L1

and the form
Ay = T1Y1 + T2Y2  T2Y1 — T1Yo2
T1Yo — T2Y1 X2Y2 + X1l

with x1 # 0, x5 # 0, and y; # 0 such that Ayx = y and
Asx = .

Proof. In order to show that S' is a homogeneous space in O(2)
we shall show that for all 2 = (z1,22)",y = (y1,12)" € S
with ;1 # 0, o # 0, and y; # 0, there exist matrices
A= ail a2

a1 G22
tion and the orthogonality elements in O(2) give the equations
belows:

€ 0(2) such that Az = y. The latter equa-

ri1a11 + Ta2a12 = Y1, (1)
Tia21 + T2G22 = Y2, (2)
a}y +a3 =1, (3)
aly +ady =1, ()
aii1a12 + azragz =0, (5)
i+ ai=1, (6)
yi+ys =1 (7)
The eq. (1) and eq. (2) give
T
a = an_ 2y, x1 #0, (8)
X1 T
T
as = vz _ 2, @1 #0. 9
X1 T

By substituting the eq. (8) and eq. (9) to the eq. (5), then we have

Y1 X2 Y2 T2
— — —aiz | a2+ | = — ——ag | a2 =0,
Z1 Z1 1 T

Y1 L2 o L2 9
—ai12 — —ajy + 7a22 — —— A9y = 0,
T $1 T T
Y1 T2
a2 + *azz — = (a}y +d3,) =0,
1 Z1
Y1 Y2 T2
—a12+ ——az — — =0,
X1 I X1
Y1 Y2 ZTo
—aia + ——a = —.
€ 1 €

In other words, we have
Y1612 + Y2a22 = T2,
Eliminating the eq. (10) and eq. (1), then we obtain,

2
Toy1Q12 + ToY2aG22 = T5
_ 2
—T1Y1a11 — T2Y1012 = —Y7
—_ 2 2
T2Y2a22 — T1Y1011 = T3 — Y7-
(11)

X T2
X—Y

Y1012 + Y2022 = T2
r1a11 + T2a12 = Y1

We again eliminate the eq. (11) and eq. (2), then we get,

T1a21 + T2a22 = Y XY2 ‘
ToYoazy — T1y1a1 = x5 —yi | x—1
T1Y2021 + T2Y2022 =y
—Toysass + T1yrann = —a3 + yi
T1y1011 + T1Y2021 = yi+ys— 3
T1Y1011 + T1Y2021 = 1-23
T1Y1011 + T1Y2021 = ai.

In the simple formula we have,
Y1611 + Y2021 = 21

From the eq. (12), we obtain

T1 Y2
a1 = — — —Aaszi,
Y1

U1

y1 # 0. (13)

Substituting the eq. (13) to the eq. (3), then we have

Y1 Y1
2 2
Ty Y2 o 2x1Y0
I 2ad - T an +ad, =1,
y% y% 2 1 2
2
Ys T1Y2 T
I+ 2) 5 d21 + ; -1=0,
Y1 1 1
(y% + y ) 2 2x1y2a _|_ x% 1 O
- 21+ —5 —1=0U
g )BTy %

We simplify the latter equation, then we get the nice formula as
follows:

a3, — 2x1y2a01 + 25 —yi =0 (14)

By solving the quadratic eq. (14), then we have two different roots
as follows:

2x1y2 = \/(—21E12/2)2 —4(xf — i)
(a21)1,2 = 2
_ 2x1ys £ \/Ary3 — 423 + dy?
2 b
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2wy £2¢/xf (3 — 1) + 4

(a21)172 - ) ’

(a21)172 =x1Y2 * I% (*y%) + y%

=z1y2 £ /97 (1 —2?)

= z1yo £ \/yiad

= T1Y2 £ Tay1.

For the first case a1 = x1y2 + z2y1, we have:

a11

a12 =

a22 =

Z1 Y2 1 Y2

=— —ay = — — = (T1y2 + T291)
hn Y1 Y1 n
2

€T Tq I
DD e = 21— ) - e
Y1 hn n
Z1
y*yf — ToYo = T1Y1 — TaY2, Y1 7 0,

1
Y1 T Y1 1
=== —ann =~ — — (7151 — T2y2)
T2 X2 X2 X2

2
T

n 17yl+$1y2 =4 (1—a3) + 2192
€2 €2 T2
%xg +21Y2 = oY1 + T1Y2, T2 # 0,

2
Y2 x1 Y2 x1
= — —ag; = = — — (T1Y2 + 2y1)
T2 x2 Z2 x2
Y2 iy _ Y 2

2y o — 21y = 2o (1 — Jsl) — 11

Y2 o
ZoT2 T Ty = Taye — T1y1, T2 # 0.
2

For the second case as; = x1y2 — x2y1, we have:

a11 =

a12 =

a22 =

We obtain all solution of the quadratic eq. (14) as follows:

(i)

Z1 Y2 x1 Y2

— — —a21 = *—*($1y2—$2y1)

Y1 Y1 Y1 1

x x x

L2 gy = — (1 - 93) + 2oy
Y1 Y1

T1 o

y*yl + Zoy2 = x1Yy1 + X2y2, Y1 # 0,
1

Y1 T st T
== —an = — — — (7151 + T292)
T2 X2 T2 X2

2
Y1 TiY1 n 2
== —myy = = (1) — e
T2 T2 T2
Y1 o
o T2 T T2 = Tayn — Ty, To #0,

2

Y2 T Y2 1
=== —ag = == — — (T1y2 — T2u1)
T2 T2 T2 T2

2
Y2 Tiye

Y2
- 2= tmy == (L—a2f) + o
T2 X2 T2
Y2 o B
T2t Ty = Toyz +21y1, T2 # 0.

2

a1 = x1y1 — Toy2 (i) a1 = z1y1 + T2y
a12 = T2Y1 + T1Y2
a21 = T1Y2 + T2

a22 = T2Y2 — T1Y1

ai2 = T2Y1 — T1Y2
a21 = T1Y2 — T2Y1

Q22 = T2Y2 + T11

with 21 # 0, z2 # 0, y1 # 0. In other words, we find for all
T = (thg)t,y = (yl,yg)t € S with z; # 0, x5 # 0, and
y1 # 0, there are exactly two matrices in O(2) of the form

A = T1Y1 — T2Y2 T2Y1 + T1Y2
T1Y2 + Tay1  T2Y2 — T1Y1

and the form

Ay = T1Y1 + Tay2 T2Y1 — T1Y2
T1Y2 — T2Y1  T2Y2 + T11

such that A;z = y and Asx = y. Thus, S! is a homogeneous
space in O(2) as required. O

For further research, we can show that S* C R™*! is homo-
geneous space under the action of the orthogonal group O(n+1).
The problem is how to find the explicit formulas of some matri-
ces A € O(n + 1). The study can start from the problem O(3)
which acts on the space S2.

4. Conclusion

The unit sphere S* is homogeneous space since we find
that for every = = (x1,22)"y = (y1,92)" € S! with 2, #
0, 2 # 0, and y; # 0 then there are exist exactly two matrices
in O(2) of the forms:

Ay = T1Y1 — T2Y2 T2y1 + T1Y2
T1Y2 + Tay1 X2Y2 — XT1Y1

and
Ay = T1Y1 + T2Yy2 Toy1 — T1Y2
T1Y2 — Tay1 X2Y2 + X1Y1

such that A;z = y and Asz = y are satisfied.
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