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1. Introduction

A semigroup is simply a set S with an associative binary
operation. Transformation semigroups are among the most fun-
damental mathematical objects and hold significant importance
in semigroup theory, as every semigroup is isomorphic to a
transformation semigroup. Consider a finite chain, say X, =
{1,2,...,x} under the natural ordering. Define T, P,;, and I,
as the full transformation semigroup, the partial transformation
semigroup, and the partial one-to-one transformation semigroup
on X, respectively. These three semigroups are fundamental
structures in transformation semigroup theory.

For any transformation « : Dom(a) C X, — Im(«) C
X,.. The transformation « is classified as a full transformation if
Im(a) C X, = X,.. IfIm(a) C X, it is referred to as a partial
transformation, and if « is not defined on all elements of X, it
is strictly partial.

The notion of ideals naturally leads to the consideration of
certain equivalence relations on a semigroup. These relations are
named after James Alexander Green, who introduced them in [1].
Howie, a prominent semigroup theorist, described this work as
foundational in semigroup theory.

If a is an element of a semigroup S, then Sa is called a left
ideal, aS a right ideal, and SaS a two-sided ideal if it is both a
left and a right ideal. The principal left/right ideal generated by
a will also be written as Sa/a.S, and the principal two-sided ideal
as SaS foreverya € S.

Green’s relations provide a fundamental classification of el-
ements in a semigroup, organizing them into distinct equivalence
classes based on the principal ideals they generate. These equiva-
lence relations are: L-relation, R-relation, J-relation, D-relation,
and H-relation. For elements a,b € S, Green’s relations L, R,
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ABSTRACT. Green’s relations constitute five distinct equivalence classes that serve to define the elements of a semi-
group. In this work, the equivalence classes within the Full Transformation Semigroup (T ;) were systematically enu-
merated according to their respective heights, and the findings derived were subsequently generalized through the
application of a combinatorial assertion and their graphical representations included to substantiate the theoretical
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and J are defined as follows:

alb < Sa=5b, aRb < aS=0>S, and

aJb <= SaS = SbS.

These five equivalence relations partition the elements of
T,, into equivalence classes. The L-class of a is denoted by L,
(and similarly for the other relations). Generally, the intersection
of any L-class with any R-class is either an H-class or the empty
set.

Furthermore, D, is the smallest equivalence class contain-
ing both L, and R,. Thus,

aDb = aJb,

so J contains D, and they are equivalent in a finite semigroup.
Note that
aDb < R,N L, #0.

A D-class can be conveniently visualized as an "egg box,” as il-
lustrated in [2] . Each row of eggs represents an R-class, each
column represents an L-class, and the egg box itself represents
a D-class.

These equivalence classes play a fundamental role in the
development of semigroup theory, as they address mutual divis-
ibility of various kinds. An alternative characterization, empha-
sizing mutual divisibility is given in Proposition 2.

Despite many results on transformation semigroups (see
[3-7]) and Green'’s relations in semigroup theory (see |5, 8-10]),
the existing literature lacks a combinatorial approach that ex-
plicitly characterizes the structural properties of these classes in
terms of their height. Prior work has investigated the R-height
of semigroups and their bi-ideals. Recently, [11] obtained results
on the connections between Green'’s relations in a I"-semigroup
and its operator semigroups.
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Although these relations have been extensively studied,
particularly in the full transformation semigroup, existing ap-
proaches have primarily focused on their algebraic properties.
In contrast, this work introduces a combinatorial framework
to systematically enumerate and analyze Green’s equivalence
classes from a height-based perspective. A combinatorial func-
tion 7'(k,p) is introduced to analyze the size and structure of
these classes. The symbolic computation software MATLAB is
used to visualize graphical representations of the classes. For
more results on combinatorics, see [12, 13].

2. Preliminaries

Enumerative issues of a fundamentally combinatorial na-
ture arise naturally within the analysis of transformation semi-
groups. Various sequences and triangular arrangements of in-
tegers, regarded as combinatorial gems, prominently feature in
these enumeration challenges. Notable examples include the
Stirling numbers [14], factorial numbers [3, 15], binomial num-
bers [16, 17], Fibonacci numbers [18], Catalan numbers [19], Lah
numbers [12, 20]. These sequences have played a significant role
in enumeration problems, as documented in [21].

We now present some definitions and relevant results used
in this paper.

Definition 1. Let S = T}, and a € T}, then the height of «
is defined as

h(a) = [Im(a)]. (1)
The fix of « is defined as

f(a) = |[F()] = |{z € Dom(a) :za = 2}|. ()

Definition 2. For natural numbers x > p > 1,

T(r;p) = {a € §: h(e) = [Im(a)| = p}.

Definition 3.[22]: A semigroup S is regular if, for any
element a € S, there exists an element a* such that:
(i) aa*a=a,
(i) aa® =a*a,and
(iii) @™ is an inverse of a.

Theorem 1. [1] If e is an idempotent in a semigroup S, then H,
is a subgroup of S. Moreover, no H, in S can contain more than
one idempotent.

Proposition 1. [2] If a is a regular element of a semigroup S,
then every element of D, is regular.

Stirling Numbers of the Second Kind: The Stirling number
of the second kind counts the ways to partition a set of « ele-
ments into p non-empty subsets, denoted by S(k;p) and given

as P
= e ()

Bell Numbers: The Bell number is the sum of Stirling num-
bers of the second kind, denoted by B, and given as

S(k;p)

n

Bn = ZS(Kap)

Factorial Numbers: A factorial number is the product of
all positive integers less than or equal to x, denoted by x!.

Proposition 2. [23] In the Sull transfor-
mation semigroup g the  following hold:
(i) «Lpifand only ifIm(a) = Im(B),
(i)  «aRB ifand only if ker o = ker 3,
(i) aDp ifand only if [Im(a)| = |[Im(B)|, and

(v D=..

3. Results and Discussion

This section provides a comparative analysis of Proposition
26inT, forl <k <5.

Theorem 2. Let S = T, be the full transformation semigroup
on k elements, and let L, be the L-class of some transformation
ain T);. Then, the number of elements in L., is given by:

Lol =" (’;) Vi > 1.

p=1

Proof. Let @ € L,. Recall from Definition 2 that the function
Y(k; p) represents the number of elements in an L-class where
the image of the transformation has exactly p elements.

In T}., the L-class of a transformation « consists of all trans-
formations with the same image size. That is, for each p in the
range 1 < p < &, there exist transformations whose image has
precisely p elements.

To construct such a transformation, we first choose a sub-
set of p elements from the x available elements to serve as the
image. The number of ways to do this is given by the binomial

coefficient:
(/1) B k!
p)  plr—p)

Since this holds for all p from 1 to x, summing over all pos-
sible image sizes gives:

w£)

p=1
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Corollary 1. Let S = T,; and L, = T'(k,p). Then, T'(x,p) =
Y(k,k) =1, Vk.

Proof. Since L, € T, consider two subsets o, 5 C L,. Define
sequences A; < Ay < --- < A;and By < By < --- < B;. If
a; = b; and the sequences satisfy a1 < ay < --- < a;, b <
by < .- < by, then the cardinality of the image sets is given by
[Im(a)| = |Im(B)| > 1. Conversely, if a; # b; but

ar=az=---=a;, b=by=--=0,
then this shows that,
Im(a)[ = [Im(5)| = 1.
By virtue of (1), it follows that
h(a) =h(B)=p=1, V&.
Hence, the result. O

Corollary 2.If S = T, and L, = Y(k,p), then T(k,p) =
Y(k,1) =k, Vk.

Proof. For any a € L,, it is evident that there exist exactly « ele-
ments in the L-classes of height one. These elements correspond
to the idempotent elements of the structure. O

Remark 1. Table 1 presents computed values of 7'(x;p) in
L.

Table 1. Structure of L-class on 7}, in Terms of Height

k/p 1 2 3 4 5 > T(k;p)=|Ldl
1 1 1
2 2 1 3
3 3 3 1 7
4 4 6 4 1 15
5 5 10 10 5 1 31

Graphical illustration in Figure 1.

3D Plot of Structure of Lclass on T, in Terms of Helght

Figure 1. Graph of L-class

The « values represent different values of x and the p values
correspond to different heights. The 7°(x; p) contains the values
from Table 1, where each entry corresponds to the number of
elements in the L-class at the given height p for a specific x.

Theorem 3.Let S =
Then, |R,| = By.

T, and R, be the R-lass in T,.

Proof. It has been observed that the R-class on T}; satisfies the
Bell numbers with recurrence By = 1. We have

B.=) S(sip), 1<p<h.
p=1

Let the number of partitions obtained for n elements be S(x; p)
with exactly p parts. Then, the number S(k; p) is called Stirling
numbers of the second kind. Hence, the result follow. O

Corollary 3.If S = T,; and R, = T (k;p), then Y'(k;p) =
Y(k;r)=1 Vs

Proof. The proof follows from Corollary 1. O

Corollary 4.If S = T, and R, = T (k;p), then T'(k;p) =
Y(k;1)=1 Vs

Proof. Suppose S = T, and R, C T,. Let a € R, such that
f(a) = |p| = 1. If |p| > 1, it implies that f(«) > 1. Therefore,
for all |[p| = 1, it is clear that there exists exactly one R-class
where only a single element is fixed. Hence, the proof. O

Remark 2. Table 2 presents computed values of 7'(k;p) in
R,.

Table 2. Structure of R-class on 7}, in Terms of Height

k/p 12 3 4 5 3 T(kp) =|Ra
11 1

21 1 2

31 3 1 5

4 1 7 6 1 15

5 1 15 25 10 1 52

Graphical illustration in Figure 2.

3D Plot of Structure of R-class on T, in Terms of Height

Figure 2. Graph of R-class

The Y'(k;p) is based on the data from Table 2, which repre-
sents the structure of the R-class on T}, in terms of height.Labels
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for the x-axis (p), y-axis (), and z-axis (¥'(x;p)) are added for
clarity.

Theorem 4.Let S = T, and H, be the H-class in T,.
Then,|Ho| = 37, (7)S (w3 p).

Proof. Let o € H, and let T(k;p) be as defined in Definition 2.
It is easy to see that the H, in T} is equivalent to the product
of L, and R,, which can be visualized as a D-class. Hence, the
result follows. O

Corollary 5. If S = T,, and H, = T (k;p), then T'(x;p) =
Y(k;k)=1 V.

Proof. The proof follows from Corollary 2. O

Corollary 6.If S = T, and H, = T(k;p), then Y (k;p) =
Y(k;1) =k VK.

Proof. The proof follows from Corollary 3. O

Remark 3. Table 3 presents computed values of 7'(k;p) in
H,

Table 3. Structure of H-class on T}; in Terms of Height

k/p 12 3 4 5 > Y(kip)=|Hd|
11 1
2 2 1 3
3 3 9 1 13
4 4 42 24 1 71
5 5 150 250 50 1 456

Graphical illustration in Figure 3.

30 Plot of Structuro of H-class on T, in Terms of Height

250 -

a5
n (Value of n)

Figure 3. Graph of H-class

The 7°(k;p) is based on the data from Table 3, which rep-
resents the structure of the H-class on 7}, in terms of height.The
meshgrid function creates a grid of n (rows) and p (columns) for
plotting and the legend describes the surface plot as represent-
ing the Y'(k; p) values for the H-class.

Theorem 5. Let S = T, and D, be the D-class in T,.Then,
|D,| = k.

Proof. Let oo € D, and let 7'(x; p) be as defined in Definition 2.
It is obvious to see that, for each value of p, there is exactly a

D-class for all values of n, since the egg box itself represents the
D-classes. O

Remark 4. Table 4 presents computed values of 7'(k;p) in
D,.

Table 4. Structure of D-class on T}, in Terms of Height

k/p 1 2 3 4 5 > 7T(k;ip)=|Dal
1 1 1
2 1 1 2
3 1 1 1 3
4 1 1 1 1 4
5 1 1 1 1 1 5

4. Conclusion

In this paper, the combinatorial function 7'(x;p) was used
to derive some triangles of numbers for each equivalence class
of Green’s relation on full transformation semigroups, and the
orders of their classes were also obtained. The graphical repre-
sentations in Figure 1, 2, and 3 provide visual insights into the
structure of Green’s equivalence classes within the full transfor-
mation semigroup 7. These graphs illustrate the distribution of
elements across different heights, helping to analyze how trans-
formations are classified based on their image sizes. For any
transformation « in the L-class on T}, there exists a partition
(k,p) for all values of &, as discussed in Theorem 2, while the
R-class on T, satisfies Bell numbers, as shown in Table 2. More-
over, within a D-class, all H-classes have the same size, as stated
in Theorem 3, and contain at least one idempotent. This demon-
strates that every D-class in T} is regular. Green’s relations offers
a promising area of study, with significant potential for further
research on partial transformations, partial one-to-one transfor-
mations, and their subsemigroups. Future investigations could
explore their combinatorial structures.

Author Contributions. Usamot Foluke Idayat: Conceptualization,
methodology, formal analysis, writing—original draft preparation.
Ibrahim Garba Risqot: Software, validation, data curation, writing—
review and editing. Bakare Gatta Naimat: Investigation, resources, su-
pervision, project administration. Adeshola Adediran Dauda: Investi-
gation, resources, supervision, project administration. Aliu Tajudeen
Olaniyi: Investigation, resources, supervision, project administration.
All authors discussed the results and contributed to the final manuscript.

Acknowledgement. The authors are thankful to the editors and review-
ers who have supported us in improving this manuscript. We also ac-
knowledge all contributors who assisted in the research and preparation

EULER | J. llm. Mat. Sains dan Teknol.

Volume 13 | Issue 1 | April 2025



U. E Idayat et al. — Green’s Equivalence Classes in Full Transformation Semigroups ... 49

of this work. of partial transformations,” Communications in Algebra, vol. 50, no. 9, pp.
3827-3839, 2022.

[11] J. Awolola and M. Ibrahim, "Connections of Green’s relations of a I'-

semigroup with operator semigroups,” Annals of Mathematics and Computer

Science, vol. 22, 2024, pp. 81-87.

S. Janson and V. Mazorchuk, "Some remarks on the combinatorics of isn,”

Semigroup Forum, vol. 109, pp. 391-405, 2005.

[13] G. N. Bakare, I. FE Usamot, B. M. Ahmed, and Y. T. Oyebo, "Combinatorial
properties on subsemigroup of order-decreasing alternating semigroup us-
ing three distinct combinatorial functions; new approach to generalization,”
Daffodil International University Journal of Science and Technology, vol. 17, no.
3, pp. 29-35, 2022. doi: 10.5281/zenodo.13827986.

[14] J. M. Howie, Introduction to the Fundamentals of Semigroup Theory, USA: Oxford

Funding. This research received no external funding.

Conflict of interest. The authors declare that there are no conflicts of 1y
interest related to this article.

Data availability. Not applicable.

References

[1] J. A. Green, "On the structure of semigroups,” Annals of Mathematics, vol. 54,

pp. 163-172, 1951. doi: 10.2307/1969312.

[2] J. M. Howie, "Semigroups, past, present and future,” in Proc. of the Interna-

tional Conference of Algebra and its Applications, 2002, pp. 6-20.

A. Umar, "On the semigroup of partial one-to-one order-decreasing fi-
nite transformations,” Proc. Soc., vol. 123A, pp. 355-363, 1993. doi:
10.1017/S0308210500025737.

I. E Usamot, G. N. Bakare, and B. M. Ahmed, "Tropicalization of idempotent
elements on full transformation semigroup,” Confluence Journal of Pure and
Applied Sciences, vol. 2, no. 1, pp. 56-61, 2018.

University Press, 1995.

W. D. Munn, "The characters of the symmetric inverse semi-
group,” Proc. Cambridge Philos., vol. 53, pp. 13-18, 1957. doi:
10.1017/S0305004100031947.

G. U. Garba, "Nilpotents in semigroups of partial one-to-one order-
preserving mappings,” Semigroup Forum, vol. 48, pp. 37-49, 1994.

[17] J. M. Howie and R. B. Mcfadden, "ldempotent rank in finite full transforma-

tion semigroups,” Proc. of the Royal Society of Edinburgh Section A, vol. 114,
pp. 161-167, 2005.

(5

C. Miller, "The R-height of semigroups and their bi-ideals,” International Jour- [18] J. M. Howie, "Products of idempotents in certain semigroups of transforma-
nal of Algebra and Computation, vol. 33, no. 1, pp. 47-66, 2022. tions,” Proc. Edinb. Math. Soc., vol. 17, no. 3, pp. 223-236, 1971.

[6] G.R.Ibrahim, G. N. Bakare, S. A. Akinwunmi, and O. T. Aliu, "Application of ~ [19] O. Ganyushkin and V. Mazorchuk, ”On the structure of ion,” Semigroup Forum,

lattice theory on order-preserving full transformation semigroup via fixed vol. 66, pp. 455-483, 2003.

points,” llorin Journal of Science, vol. 10, no. 2, pp. 82-86, 2023. [20] A.Laradji and A. Umar, "On the number of nilpotents in the partial symmetric
[7] O.Meiqing and F. Xuerong, "Natural partial order on generalized semigroups semigroup,” Communications in Algebra, vol. 32, pp. 3017-3023, 2004.

of transformation,” Wiley Journal of Mathematics, pp. 1-9, 2025. [21] N.]J. A. Sloane, "The online encyclopedia of integer sequences.” [Online].
[8] J. East and P. Higgins, "Green’s relations and stability for subsemigroups,” Available: http:/www.research.att.com/njas/sequences/.

Semigroup Forum, vol. 101, pp. 77-86, 2020. doi: 10.1007/s00233-019- [22] J. M. Howie, "The subsemigroup generated by the idempotents of a full
10039-8. transformation semigroup,” J. London Math. Soc., vol. 41, pp. 707-716, 1966.
J. East, "Structure of principal one-sided ideals,” International Journal of Alge- [23] J. M. Howie, "Semigroups of Mappings,” Technical Report Series, King Fahd
bra and Computation, vol. 31, pp. 1093-1145, 2021. University of Petroleum and Minerals, Dhahran 31261, Saudi Arabia, 2006,
[10] W. Rattiya and C. Yanisa, "Green’s relations and regularity on semigroups pp. 1-32.

9

EULER | J. llm. Mat. Sains dan Teknol. Volume 13 | Issue 1 | April 2025


https://doi.org/10.2307/1969312
https://doi.org/10.1017/S0308210500025737
https://doi.org/10.1007/s00233-019-10039-8
https://doi.org/10.1007/s00233-019-10039-8
https://doi.org/10.5281/zenodo.13827986
https://doi.org/10.1017/S0305004100031947
http://www.research.att.com/njas/sequences/

	Introduction
	Preliminaries
	Results and Discussion
	Conclusion

