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Green’s Equivalence Classes in Full Transformation Semigroups: A
Height-based Approach

Usamot Foluke Idayat1, Ibrahim Garba Risqot2, Bakare Gatta Naimat1,∗, Adeshola Adediran
Dauda 1, Aliu Tajudeen Olaniyi 1

1Department of Mathematics, University of Ilorin, Ilorin-Kwara State, Nigeria
2Department of Mathematics and Statistics, Kwara State University, Ilorin-Kwara State, Nigeria

ABSTRACT. Green’s relations constitute five distinct equivalence classes that serve to define the elements of a semi-
group. In this work, the equivalence classes within the Full Transformation Semigroup (Tκ) were systematically enu-
merated according to their respective heights, and the findings derived were subsequently generalized through the
application of a combinatorial assertion and their graphical representations included to substantiate the theoretical
results.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of EULER: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

A semigroup is simply a set S with an associative binary
operation. Transformation semigroups are among the most fun-
damental mathematical objects and hold significant importance
in semigroup theory, as every semigroup is isomorphic to a
transformation semigroup. Consider a finite chain, say Xκ =
{1, 2, . . . , κ} under the natural ordering. Define Tκ, Pκ, and Iκ
as the full transformation semigroup, the partial transformation
semigroup, and the partial one-to-one transformation semigroup
on Xκ respectively. These three semigroups are fundamental
structures in transformation semigroup theory.

For any transformation α : Dom(α) ⊆ Xκ → Im(α) ⊆
Xκ. The transformation α is classified as a full transformation if
Im(α) ⊆ Xκ = Xκ. If Im(α) ⊂ Xκ, it is referred to as a partial
transformation, and if α is not defined on all elements of Xκ it
is strictly partial.

The notion of ideals naturally leads to the consideration of
certain equivalence relations on a semigroup. These relations are
named after James Alexander Green, who introduced them in [1].
Howie, a prominent semigroup theorist, described this work as
foundational in semigroup theory.

If a is an element of a semigroup S, then Sa is called a left
ideal, aS a right ideal, and SaS a two-sided ideal if it is both a
left and a right ideal. The principal left/right ideal generated by
a will also be written as Sa/aS, and the principal two-sided ideal
as SaS for every a ∈ S.

Green’s relations provide a fundamental classification of el-
ements in a semigroup, organizing them into distinct equivalence
classes based on the principal ideals they generate. These equiva-
lence relations are: L-relation,R-relation, J -relation,D-relation,
and H-relation. For elements a, b ∈ S, Green’s relations L, R,
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and J are defined as follows:

aLb ⇐⇒ Sa = Sb, aRb ⇐⇒ aS = bS, and

aJb ⇐⇒ SaS = SbS.

These five equivalence relations partition the elements of
Tn into equivalence classes. The L-class of a is denoted by La

(and similarly for the other relations). Generally, the intersection
of any L-class with any R-class is either an H-class or the empty
set.

Furthermore, Da is the smallest equivalence class contain-
ing both La and Ra. Thus,

aDb ⇒ aJb,

so J contains D, and they are equivalent in a finite semigroup.
Note that

aDb ⇐⇒ Ra ∩ La ̸= ∅.
A D-class can be conveniently visualized as an ”egg box,” as il-
lustrated in [2] . Each row of eggs represents an R-class, each
column represents an L-class, and the egg box itself represents
a D-class.

These equivalence classes play a fundamental role in the
development of semigroup theory, as they address mutual divis-
ibility of various kinds. An alternative characterization, empha-
sizing mutual divisibility is given in Proposition 2.

Despite many results on transformation semigroups (see
[3–7]) and Green’s relations in semigroup theory (see [5, 8–10]),
the existing literature lacks a combinatorial approach that ex-
plicitly characterizes the structural properties of these classes in
terms of their height. Prior work has investigated the R-height
of semigroups and their bi-ideals. Recently, [11] obtained results
on the connections between Green’s relations in a Γ-semigroup
and its operator semigroups.
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Although these relations have been extensively studied,
particularly in the full transformation semigroup, existing ap-
proaches have primarily focused on their algebraic properties.
In contrast, this work introduces a combinatorial framework
to systematically enumerate and analyze Green’s equivalence
classes from a height-based perspective. A combinatorial func-
tion Υ (κ, p) is introduced to analyze the size and structure of
these classes. The symbolic computation software MATLAB is
used to visualize graphical representations of the classes. For
more results on combinatorics, see [12, 13].

2. Preliminaries

Enumerative issues of a fundamentally combinatorial na-
ture arise naturally within the analysis of transformation semi-
groups. Various sequences and triangular arrangements of in-
tegers, regarded as combinatorial gems, prominently feature in
these enumeration challenges. Notable examples include the
Stirling numbers [14], factorial numbers [3, 15], binomial num-
bers [16, 17], Fibonacci numbers [18], Catalan numbers [19], Lah
numbers [12, 20]. These sequences have played a significant role
in enumeration problems, as documented in [21].

We now present some definitions and relevant results used
in this paper.

Definition 1. Let S = Tκ and α ∈ Tκ, then the height of α
is defined as

h(α) = |Im(α)|. (1)

The fix of α is defined as

f(α) = |F (α)| = |{x ∈ Dom(α) : xα = x}|. (2)

Definition 2. For natural numbers κ ≥ p ≥ 1,

Υ (κ; p) = |{α ∈ S : h(α) = |Im(α)| = p}|.

Definition 3. [22]: A semigroup S is regular if, for any
element a ∈ S, there exists an element a∗ such that:
(i) aa∗a = a,
(ii) aa∗ = a∗a, and
(iii) a∗ is an inverse of a.

Theorem 1. [1] If e is an idempotent in a semigroup S, then He

is a subgroup of S. Moreover, no Ha in S can contain more than
one idempotent.

Proposition 1. [2] If a is a regular element of a semigroup S,
then every element of Da is regular.

Stirling Numbers of the Second Kind: The Stirling number
of the second kind counts the ways to partition a set of κ ele-
ments into p non-empty subsets, denoted by S(κ; p) and given
as

S(κ; p) =
1

p!

p∑
j=1

(−1)p−j

(
p

j

)
jκ.

Bell Numbers: The Bell number is the sum of Stirling num-
bers of the second kind, denoted by Bκ and given as

Bκ =

n∑
p=1

S(κ; p).

Factorial Numbers: A factorial number is the product of
all positive integers less than or equal to κ, denoted by κ!.

Proposition 2. [23] In the full transfor-
mation semigroup Tκ, the following hold:
(i) αLβ if and only if Im(α) = Im(β),
(ii) αRβ if and only if kerα = kerβ,
(iii) αDβ if and only if |Im(α)| = |Im(β)|, and
(iv) D = J .

3. Results and Discussion
This section provides a comparative analysis of Proposition

2.6 in Tκ for 1 ≤ κ ≤ 5.

Theorem 2. Let S = Tκ be the full transformation semigroup
on κ elements, and let Lα be the L-class of some transformation
α in Tκ. Then, the number of elements in Lα is given by:

|Lα| =
κ∑

p=1

(
κ

p

)
, ∀κ ≥ 1.

Proof. Let α ∈ Lα. Recall from Definition 2 that the function
Υ (κ; p) represents the number of elements in an L-class where
the image of the transformation has exactly p elements.

In Tκ, theL-class of a transformationα consists of all trans-
formations with the same image size. That is, for each p in the
range 1 ≤ p ≤ κ, there exist transformations whose image has
precisely p elements.

To construct such a transformation, we first choose a sub-
set of p elements from the κ available elements to serve as the
image. The number of ways to do this is given by the binomial
coefficient: (

κ

p

)
=

κ!

p!(κ− p)!
.

Since this holds for all p from 1 to κ, summing over all pos-
sible image sizes gives:

|Lα| =
κ∑

p=1

(
κ

p

)
.
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Corollary 1. Let S = Tκ and La = Υ (κ, p). Then, Υ (κ, p) =
Υ (κ, κ) = 1, ∀κ.

Proof. Since La ∈ Tκ, consider two subsets α, β ⊆ La. Define
sequences A1 < A2 < · · · < Ai and B1 < B2 < · · · < Bi. If
ai = bi and the sequences satisfy a1 ≤ a2 ≤ · · · ≤ ai, b1 ≤
b2 ≤ · · · ≤ bi, then the cardinality of the image sets is given by
|Im(α)| = |Im(β)| ≥ 1. Conversely, if ai ̸= bi but

a1 = a2 = · · · = ai, b1 = b2 = · · · = bi,

then this shows that,

|Im(α)| = |Im(β)| = 1.

By virtue of (1), it follows that

h(α) = h(β) = p = 1, ∀κ.

Hence, the result.

Corollary 2. If S = Tκ and La = Υ (κ, p), then Υ (κ, p) =
Υ (κ, 1) = κ, ∀κ.

Proof. For any α ∈ La, it is evident that there exist exactly κ ele-
ments in theL-classes of height one. These elements correspond
to the idempotent elements of the structure.

Remark 1. Table 1 presents computed values of Υ (κ; p) in
La.

Table 1. Structure of L-class on Tκ in Terms of Height

κ/p 1 2 3 4 5
∑

Υ (κ; p) = |La|
1 1 1
2 2 1 3
3 3 3 1 7
4 4 6 4 1 15
5 5 10 10 5 1 31

Graphical illustration in Figure 1.

Figure 1. Graph of L-class

The κ values represent different values of κ and the p values
correspond to different heights. The Υ (κ; p) contains the values
from Table 1, where each entry corresponds to the number of
elements in the L-class at the given height p for a specific κ.

Theorem 3. Let S = Tκ and Ra be the R-class in Tκ.
Then, |Ra| = Bκ.

Proof. It has been observed that the R-class on Tκ satisfies the
Bell numbers with recurrence B0 = 1. We have

Bκ =

κ∑
p=1

S(κ; p), 1 ≤ p ≤ κ.

Let the number of partitions obtained for n elements be S(κ; p)
with exactly p parts. Then, the number S(κ; p) is called Stirling
numbers of the second kind. Hence, the result follow.

Corollary 3. If S = Tκ and Ra = Υ (κ; p), then Υ (κ; p) =
Υ (κ;κ) = 1 ∀κ.

Proof. The proof follows from Corollary 1.

Corollary 4. If S = Tκ and Ra = Υ (κ; p), then Υ (κ; p) =
Υ (κ; 1) = 1 ∀κ.

Proof. Suppose S = Tκ and Ra ⊂ Tκ. Let α ∈ Ra such that
f(α) = |p| = 1. If |p| > 1, it implies that f(α) ≥ 1. Therefore,
for all |p| = 1, it is clear that there exists exactly one R-class
where only a single element is fixed. Hence, the proof.

Remark 2. Table 2 presents computed values of Υ (κ; p) in
Ra.

Table 2. Structure of R-class on Tκ in Terms of Height

κ/p 1 2 3 4 5
∑

Υ (κ; p) = |Ra|
1 1 1
2 1 1 2
3 1 3 1 5
4 1 7 6 1 15
5 1 15 25 10 1 52

Graphical illustration in Figure 2.

Figure 2. Graph of R-class

The Υ (κ; p) is based on the data from Table 2, which repre-
sents the structure of the R-class on Tκ in terms of height.Labels
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for the x-axis (p), y-axis (κ), and z-axis (Υ (κ; p)) are added for
clarity.

Theorem 4. Let S = Tκ and Ha be the H -class in Tκ.
Then,|Ha| =

∑κ
p=1

(
κ
p

)
S(κ; p).

Proof. Let α ∈ Ha and let Υ (κ; p) be as defined in Definition 2.
It is easy to see that the Ha in Tκ is equivalent to the product
of La and Ra, which can be visualized as a D-class. Hence, the
result follows.

Corollary 5. If S = Tκ and Ha = Υ (κ; p), then Υ (κ; p) =
Υ (κ;κ) = 1 ∀κ.

Proof. The proof follows from Corollary 2.

Corollary 6. If S = Tκ and Ha = Υ (κ; p), then Υ (κ; p) =
Υ (κ; 1) = κ ∀κ.

Proof. The proof follows from Corollary 3.

Remark 3. Table 3 presents computed values of Υ (κ; p) in
Ha

Table 3. Structure of H-class on Tκ in Terms of Height

κ/p 1 2 3 4 5
∑

Υ (κ; p) = |Ha|
1 1 1
2 2 1 3
3 3 9 1 13
4 4 42 24 1 71
5 5 150 250 50 1 456

Graphical illustration in Figure 3.

Figure 3. Graph of H-class

The Υ (κ; p) is based on the data from Table 3, which rep-
resents the structure of the H-class on Tκ in terms of height.The
meshgrid function creates a grid of n (rows) and p (columns) for
plotting and the legend describes the surface plot as represent-
ing the Υ (κ; p) values for the H-class.

Theorem 5. Let S = Tκ and Da be the D-class in Tκ.Then,
|Da| = κ.

Proof. Let α ∈ Da and let Υ (κ; p) be as defined in Definition 2.
It is obvious to see that, for each value of p, there is exactly a
D-class for all values of n, since the egg box itself represents the
D-classes.

Remark 4. Table 4 presents computed values of Υ (κ; p) in
Da.

Table 4. Structure of D-class on Tκ in Terms of Height

κ/p 1 2 3 4 5
∑

Υ (κ; p) = |Da|
1 1 1
2 1 1 2
3 1 1 1 3
4 1 1 1 1 4
5 1 1 1 1 1 5

4. Conclusion

In this paper, the combinatorial function Υ (κ; p) was used
to derive some triangles of numbers for each equivalence class
of Green’s relation on full transformation semigroups, and the
orders of their classes were also obtained. The graphical repre-
sentations in Figure 1, 2, and 3 provide visual insights into the
structure of Green’s equivalence classes within the full transfor-
mation semigroup Tκ. These graphs illustrate the distribution of
elements across different heights, helping to analyze how trans-
formations are classified based on their image sizes. For any
transformation α in the L-class on Tκ, there exists a partition
(κ, p) for all values of κ, as discussed in Theorem 2, while the
R-class on Tκ satisfies Bell numbers, as shown in Table 2. More-
over, within aD-class, allH-classes have the same size, as stated
in Theorem 3, and contain at least one idempotent. This demon-
strates that everyD-class in Tκ is regular. Green’s relations offers
a promising area of study, with significant potential for further
research on partial transformations, partial one-to-one transfor-
mations, and their subsemigroups. Future investigations could
explore their combinatorial structures.
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