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Analysis of Mpox Dynamic Model with Reinfection and Treatment

Siti Laelatul Chasanah1,∗, Dina Eka Nurvazly1, Ikhlas Pratama Sandy2, Arvi Hasanah1

1Department of Mathematics, Universitas Lampung, Bandar Lampung 35141, Indonesia
2Department of Mathematics, Universitas Andalas, Padang 25175, Indonesia

ABSTRACT. This research aims to develop a mathematical model of monkeypox disease spread with reinfection and
hospitalization. This model divided the human population into five sub-populations: susceptible, exposed, infectious,
hospitalized, and recovered. On the other hand, the animal population is divided into three: susceptible, exposed, and
infectious. The results of the model analysis show that the stability of the two equilibrium points, disease-free and
endemic, is asymptotically stable whenR0 < 1 andR0 > 1, respectively. A sensitivity analysis was conducted on the
parameter of the rate at which infected individuals are hospitalized. Based on numerical simulations, a disease-free
state has been achieved when more than 68.87% of infected individuals receive hospital treatment. Hospital treatment
has a positive impact on efforts to reduce the number of infected individuals in the population. The more individuals
who are hospitalized, the greater the number of individuals who are exposed, hospitalized, and recover will increase.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of EULER: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction
Monkeypox (Mpox) is an infectious disease caused by the

monkeypox virus. It causes a painful rash, enlarged lymph nodes,
and fever. In May 2023, the monkeypox outbreak spread rapidly
across Europe, the Americas, and six WHO regions, with 110
countries reporting approximately 87,000 cases and 112 deaths
[1]. The proportion of patients who died varied between 0 and
11% and was higher in children. Mpox can spread from animal
to human and from human to human through contact with in-
fected individuals or animals with body fluids, skin lesions, or
internal mucosal surfaces [2]. When someone gets infected with
the monkeypox virus, they do not immediately show symptoms
of infection. A person can only transmit the virus when symptoms
of the disease appear [3]. The time between when someone gets
infected and when they can spread the virus is called the incuba-
tion period, which for monkeypox is typically between 5 and 21
days.

A vaccine is one of the most effective measures to suppress
the spread of the Mpox disease. The vaccinia virus-based small-
pox vaccine has been proven effective in preventingMpox disease
[1]. Additionally, hospitalization can also be an alternative to re-
duce the number of Mpox cases. In [4], the global hospitalization
rate was 14.1%, decreasing over time: 49.8% prior to 2017, 21.7%
from 2017 to 2021, and 5.8% in 2022. The case fatality rate was
estimated at 0.1% when hospital care was available. Vaccinated
individuals or those who experienced smallpox were generally
thought to produce a strong immunological response. However,
Mpox reinfection is possible, with cases occurring quickly, high-
lighting the need for continued monitoring and prevention ef-
forts [5].

There are many studies related to the spread of Mpox dis-
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ease. One of them is using mathematical models. The mathe-
matical model can accurately describe the spread of the disease
in real-life scenarios. Mathematical models can be a valuable
tool for analyzing the spread and control of infectious diseases
through a set of equations. Modeling can help control contagious
diseases by estimating epidemic scales, understanding transmis-
sion characteristics, evaluating the efficacy of interventions or
policies, and forecasting disease outbreaks [6]. Peter et al. [7]
formed a mathematical model of the spread of Mpox disease by
dividing the human population into five compartments (suscep-
tible, exposed, infected, isolated, and recovered) and the animal
population into three (susceptible, exposed, and infected). In
2023, Kumar [8] conducted a case study of Mpox disease in the
United States using a mathematical model with data. In 2024,
Savinkina et al. [9] found that vaccinating children under 15 years
old would be the most efficient use of vaccines. Ngungu et al.
[10] researched the dynamics of monkeypox virus transmission
with non-pharmaceutical interventions and simulated using data
available in the UK. Liu et al. [11] studied the epidemiological
aspects of the spread of the monkeypox virus using nonlinear
differential equations. However, most existing models have not
explicitly addressed reinfection and hospitalization as key factors
influencing the disease dynamics.

Therefore, this study proposes a novel mathematical model
that incorporates the effects of reinfection and hospitalization
in the transmission dynamics of monkeypox. Unlike previous
models that generally simplify the recovery process or exclude
the possibility of individuals becoming reinfected, this model ex-
plicitly accounts for the epidemiological feedback loop result-
ing from reinfection, as well as the clinical progression leading
to hospitalization. The inclusion of these two critical yet often
neglected components reflects real-world complexities more ac-
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Figure 1. Diagram of Mpox transmission

curately, especially in the context of prolonged outbreaks and
healthcare system burdens. Furthermore, by integrating these
factors into a compartmental framework, the model enables
more precise simulation of disease dynamics under various in-
tervention scenarios, including hospital capacity and reinfection
rates. This approach not only enriches the theoretical under-
standing of Mpox transmission but also offers practical implica-
tions for public health planning, especially in regions with lim-
ited vaccine coverage or delayed case detection. Ultimately, the
insights derived from this model are expected to support more
targeted, efficient, and adaptive control strategies in mitigating
future monkeypox outbreaks.

2. Model

To develop theMpox transmissionmodel, the human popu-
lation is divided into five sub-populations: susceptible (Sh), ex-
posed (Eh), infectious (Ih), hospitalized (Qh), and recovered
(Rh) individuals. This model assumes a constant population.
Additionally, the infection in animals is only transmitted by infec-
tious animals. Newborns are considered susceptible individuals
at a rate of Λh per unit of time. Individuals who have recovered
from the Mpox have no permanent immunity. Thus, reinfection
remains possible when these individuals come into contact with
infectious individuals [12]. On the other hand, the animal pop-
ulation is divided into three sub-populations: susceptible (Sr),
exposed (Er), and infectious (Ir). Hence, the human and ani-
mal populations are given by Nh = Sh + Eh + Ih + Qh + Rh

and Nr = Sr + Er + Ir, respectively.
Infection occurs through direct contact between suscepti-

ble individuals and infected animals or humans, with transmis-
sion rates of β1 and β2, respectively. The susceptible humans
who became infected will move to the exposed population. In
this condition, individuals do not show symptoms of infection
and are unable to spread the virus to others. Exposed individuals
can recover without treatment if they have high immunity and
move to the recovered population at a rate of δ. Conversely, in-
dividuals with low immunity will become infectious at a rate of γ.
The description of the parameters used is presented in Table 1.

The number of infectious people declines due to a combi-

nation of factors, including hospital treatments, natural deaths,
disease-related deaths, and recovery from illness without medi-
cal intervention. This underscores the effectiveness of these in-
terventions in controlling the spread of Mpox. Based on that de-
scription, Figure 1 illustrates the transmissionmodel of Mpox dis-
ease, which considers reinfection and hospitalization. From this
transmission model, the mathematical model can be expressed
in the system (1).

dSh

dt
= Λh − (β1Ir + β2Ih)Sh

Nh
− µhSh

dEh

dt
=

(β1Ir + β2Ih)

Nh
(Sh +Rh)−AEh

dIh
dt

= γEh −BIh

dQh

dt
= ηIh − CQh (1)

dRh

dt
= δEh + τIh + αQh − (β1Ir + β2Ih)Rh

Nh
− µhRh

dSr

dt
= Λr −

β3SrIr
Nr

− µrSr

dEr

dt
=

β3SrIr
Nr

−DEr

dIr
dt

= ξEr − EIr

with A = γ + δ + µh, B = η + τ + µh + σh, C = α + µh,
D = ξ + µr, and E = σr + µr.

3. Results and Discussion
In this section, we analyze the model and perform a numer-

ical simulation. Model analysis involves determining the equilib-
rium point and the basic reproduction number. Then, we analyze
the stability of the disease-free equilibrium.

For all time t ≥ 0, as long as the initial values are positive,
all variables in model (1) are also positive. We define the possible
region of the model (1) as

D =

{
(Sh, Eh, Ih, Qh, Rh, Sr, Er, Ir) ∈ R8

+;Nh ≤ Λh

µh

}
.
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Table 1. Description of parameters for the model

Parameters Description Value (per day) Sources
Λh Human recruitment rate 1000

79×365
[8]

Λr Animal recruitment rate 1000
5×365

[8]
β1 Infection rate from animal to human 0.3045 [13]
β2 Infection rate from human to human 0.747322 [8]
β3 Infection rate from animal to animal 0.025 [13]
µh The death rate of humans 1

79×365
[8]

µr The death rate of animals 1
5×365

[8]
σh The Mpox-induced death rate of humans 0.0011 [13]
σr The Mpox-induced death rate of the animal 0.057 [13]
γ The rate of progression from the exposed human to infectious 0.99 [13]
η The rate of hospitalization of infectious human Assumed -
δ The recovery rate of humans after exposure 0.01262 [14]
τ The recovery rate of humans after being infected 0.048 [13]
α The recovery rate of hospitalized infected humans 0.056 [13]
ξ The rate of progression from the exposed animal to infectious 0.025289 [8]

Next, we show that model (1) is well-posed.

dN

dt
= Λh − µhNh − σhIh ≤ Λh − µhNh.

If Nh > Λh

µh
, then we have dN

dt < 0. Since dN
dt ≤ Λh − µhNh,

we obtainNh (t) ≤ N (0) e−µht + Λh

µh
(1− e−µht). Furthermore,

we have Nh(0) > Λh

µh
such that Nh (t) ≤ Λh

µh
. Additionally, it

can be seen that every solution in model (1) will remain in D for
all t > 0. This implies that D is both positively and attracting.
Consequently, the model (1) is mathematically well-posed.

3.1. Disease Free Equilibrium and the Basic Reproduction Number of
the Model

Model (1) has a disease-free equilibrium given by

DFE = (S∗
h, E

∗
h, I

∗
h, Q

∗
h, R

∗
h, S

∗
r , E

∗
r , I

∗
r )

=

(
Λh

µh
, 0, 0, 0, 0,

Λr

µr
, 0, 0

)
.

(2)

This study defines the basic reproduction number (R0) as the es-
timated number of newly infected cases resulting from an initial
infection in a closed population during one infection period [15].
We construct the basic reproduction number for system (1) using
the next-generation matrix (NGM), denoted by K [16]. System
(1) has five infected states, Eh, Ih, Qh, Er, and Ir; and three
uninfected states, Sh, Rh, and Sa. Regarding the linearized in-
fection subsystem in the system (1), we obtain the transmission
matrix T and transition matrix Σ is evaluated in the disease-free
equilibrium.

T =


0 (Sh+Rh)β2

Nh
0 0 (Sh+Rh)β1

Nh

0 0 0 0 0
0 0 0 0 0

0 0 0 0 β3Sr

Nr

0 0 0 0 0

 ,

and

Σ =


−A 0 0 0 0
γ −B 0 0 0
0 η −C 0 0
0 0 0 −D 0
0 0 0 ξ −E

 .

T has three rows consisting entirely of zeros, then the NGM
is calculated as K = −Ω

′
TΣ−1Ω [16]. The number of rows in

matrix Ω is equal to that of matrix T . For every non-zero row of
T, there is a single column of Ω. That column of Ω has a one in
the row that corresponds to the non-zero row of T , and zeros
elsewhere. We derive the matrix Ω as

Ω=


1 0
0 0
0 0
0 1
0 0

 .

Hence, the NGM of the system (1) is given by

K = −Ω
′
TΣ−1Ω

=

[
Λhβ2γ

µhNhAB
Λhβ1ξ

µhNhDE

0 Λrβ1ξ
µhNhDE

]
.

The basic reproduction number is defined as the largest
eigenvalue of the NGM, R0 = ρ(K). Based on [16], for a 2 × 2
matrix, R0 can be calculated from the trace and determinant of
the matrix K as,

R0 = ρ (K)

=
1

2
(trace (NGM) +

√
trace(NGM)

2 − 4det(NGM)

=
β2Λhγ

µhNhAB

=
β2Λhγ

µhNh(η + τ + µh + σh)(γ + δ + µh)
. (3)

Using the parameter values in Table 1, Nh = 1000, and η =
0.75, the bar chart for the sensitivity indices ofR0 is obtained in
Figure 2.

From Figure 2, it can be seen that the parameters
β2, Λh, µh, Nh, and η have a significant influence on the
changes inR0. Parameters β2 and Λh have positive results, indi-
cating that the larger the value of these parameters, the higher
the value R0 will be. This means that the higher the infection
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Figure 2. Sensitivity indices of the parameters to R0

rate from human to human (β2) and human recruitment rate
(Λh) the more the disease will spread. Conversely, the param-
eters µh, Nh, and η are inversely related to the value ofR0. The
larger the value of these parameters, the smaller the value ofR0

will be. The death rate of humans (µh), total human population
(Nh), and the rate of hospitalization of infectious human (η) that
increase will result in a decrease in the spread of the disease. Fur-
thermore, the sensitivity graph of the parameter η against R0 is
obtained in Figure 3.

Figure 3. Sensitivity of the parameter η to R0

From Figure 3, it can be seen that as the value of η in-
creases, the resulting value ofR0 becomes smaller. It shows that
the more hospital treatments conducted, the closer the situation
will be to disease-free. A disease-free state will be achieved when
more than 68.87% of infected individuals receive hospital treat-
ment.

3.2. Endemic Equilibrium of the Model

Endemic equilibrium is the equilibrium where the number
of infectious populations is non-zero. This equilibrium is given

by

EE = (S∗∗
h , E∗∗

h , I∗∗h , Q∗∗
h , R∗∗

h , S∗∗
r , E∗∗

r , I∗∗r ) ,

where,

S∗∗
h =

ΛhNh

β2Ih + β1Ir +Nhµh
,

E∗∗
h =

BIh
γ

,

Q∗∗
h =

ηIh
C

,

R∗∗
h =

IhNh (BCδ + Cγτ + αηγ)

Cγ (β2Ih + β1Ir +Nhµh)
,

S∗∗
r =

ΛrNr

β3Ir +Nrµr
,

E∗∗
r =

Λrβ3Ir
(Irβ3 +Nrµr)D

.

I∗∗h and I∗∗r are taken from the positive solution of the following
equations:

P1 (I
∗∗
h , I∗∗r ) = DEβ3 I

2
r + (DENrµr − ξΛrβ3) Ir = 0,

P2 (I
∗∗
h , I∗∗r ) = (ABCβ2 −BCδβ2 − Cγτβ2 − αηγβ2) I

2
h

+ (ABCIrβ1 +ABCNhµh −BCδIrβ1

−CγτIrβ1 − αηγIrβ1 − CγΛhβ2) Ih

− CγIrΛhβ1 = 0.

Theorem 1. System (1) always has the Mpox endemic equilibrium
point whenever R0 > 1.

Proof. From P1 (I
∗∗
h , I∗∗r ) and P2 (I

∗∗
h , I∗∗r ), we obtain a posi-

tive solution I∗∗r = 0 and

I∗∗h =
(α+ µh) (−µhNh(η + τ + µh + σh)(γ + δ + µh) + Λhγβ2 )

i∗∗h
,

where

i∗∗h = µ3
h + (η + τ + α+ γ + σh)µ

2
h

+ ((η + τ + γ + σh)α+ γ (η + σh))µh + αγσh) β2.

When R0 > 1, we have β2Λhγ > µhNh(η + τ + µh + σh)(γ +
δ + µh). This shows that I∗∗h exist and I∗∗h > 0 ⇔ R0 > 1.

3.3. Local Stability of Disease and Endemic Equilibrium
The equilibrium point is locally stable if the real part of all

its eigenvalues is negative. Linearized system (1) with Jacobian
matrix J :

J =



j11 0 0 j14 0 0 0 j18
j21 −A 0 j24 j25 0 0 j28
0 γ 0 −B 0 0 0 0
0 0 −C η 0 0 0 0
0 δ α j54 j55 0 0 j58
0 0 0 0 0 j66 0 j68
0 0 0 0 0 j76 −D j78
0 0 0 0 0 0 ξ −E


,
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where

j11 = −Ihβ2 + β!Ir
Nh

− µh, j14 = −β2Sh

Nh
,

j18 = −β1Sh

Nh
, j21 =

Ihβ2 + β!Ir
Nh

,

j24 =
β2Sh

Nh
+

β2Rh

Nh
, j25 =

Ihβ2 + β!Ir
Nh

,

j28 =
β1Sh

Nh
+

β1Rh

Nh
, j54 = τ − β2Rh

Nh
,

j55 = −Ihβ2 + β!Ir
Nh

− µh, j58 = −β1Rh

Nh
,

j66 = −β3Ir
Nr

− µr, j68 = −β3Sr

Nr
,

j76 =
β3Ir
Nr

, j78 =
β3Sr

Nr
.

Theorem 2. The disease-free equilibrium DFE of the Mpox trans-
mission model in the system (1) is locally asymptotically stable if
R0 < 1 and unstable if R0 > 1.

Proof. Let disease-free equilibrium DFE exist, which corre-
sponds to R0 < 1. Substituting DFE into the Jacobian matrix
J yields:

J(DFE) =

−µh 0 0 j14 0 0 0 j18
0 −A 0 j24 0 0 0 j28
0 γ 0 −B 0 0 0 0
0 0 −C η 0 0 0 0
0 δ α τ −µh 0 0 0
0 0 0 0 0 −µr 0 j68
0 0 0 0 0 0 −D j78
0 0 0 0 0 0 ξ −E


,

where

j14 = −β2Sh

Nh
, j18 = −β1Sh

Nh
,

j24 =
β2

Nh
Sh, j28 =

β1

Nh
Sh,

j68 = −β3Sr

Nr
, j78 =

β3Sr

Nr
.

The eigenvalues of the Jacobian matrix J (DFE) are:

λ1 = −µh < 0,

λ2 = −µh < 0,

λ3 = −µr < 0,

λ4 =

− (D + E)µrNr +

√
µrNr

(
(D − E)

2
µrNr + 4ξΛrβ3

)
2µrNr

< 0,

λ5 =

− (D + E)µrNr −
√
µrNr

(
(D − E)

2
µrNr + 4ξΛrβ3

)
2µrNr

< 0,

whileλ6, λ7, andλ8 are taken from the root of the cubic equation
below:

λ3 + a1λ
2 + a2λ+ a3 = 0, (4)

where

a1 = A− η > 0,

a2 = −Aη −BC,

a3 =
C (ABNhµh − γΛhβ2)

Nhµh
.

Based on Routh-Hurwitz criteria in [17], all eigenvalues in eq. (4)
are negative if a1 > 0, a3 > 0, and a1a2 > a3. Since R0 < 1,
then µhNhAB − β2Λhγ > 0. It was shown that a3 > 0. To
proof a1a2 > a3, we must show that a3

a1a2
< 1. Since R0 < 1,

we obtained

C (ABNhµh − γΛhβ2)

− (A− η) (Aη +BC)Nhµh
< 1.

It was proven that a1 > 0, a3 > 0, and a1a2 > a3. So, we
can conclude that the model is locally stable at the disease-free
equilibrium.

Numerically, the stability of the disease-free equilibrium
point is analyzed using the parameter values in Table 1 and se-
lecting η = 0.8 such that R0 = 0.869 > 1. We obtained that
all eigenvalues of the Jacobian matrix are negative: −0.000035,
−0.000035, −0.056035, −0.000548, −1.789459, −0.062333,
−0.011967, and −0.071418.

The local stability of the endemic equilibrium point
is evaluated numerically by using η = 0.6 such that
R0 = 1.137 > 1. We obtained the endemic equilibrium
point EE = (S∗∗

h , E∗∗
h , I∗∗h , Q∗∗

h , R∗∗
h , S∗∗

r , E∗∗
r , I∗∗r ) =

(16.723, 1.789, 2.728, 29.216, 862.998, 500, 0, 0). Substitute
the point EE into the Jacobian matrix, so that we have eigenval-
ues λ1 = −0.000548, λ2 = −1.652269, λ3 = −0.028754 +
0.003972I, λ4 = −0.028754 − 0.003972I , λ5 = −0.000124,
λ6 = −0.002074, λ7 = −0.011967, λ8 = −0.071418. We found
that all the real parts of the eigenvalues are negative. Therefore,
system (1) is locally stable at both the disease-free and endemic
states.

3.4. Numerical Simulation
In this section, we discussed the numerical simulation of

the Mpox transmission model in the system (1). In this simula-
tion, the total initial population used is Nh = 1000, Nr = 500,
Sh = 700, Eh = 100, Ih = 200, Qh = 0, Rh = 0, Sr = 300,
Er = 100, and Ir = 100. In the autonomous system, we analyze
the sensitivity of hospital treatment rates using several strate-
gies, η = 0, η = 0.25, η = 0.75, and η = 1. This means that
the total number of infectious individuals receiving treatment in
hospitals is 0%, 25%, 75%, and 100%. Using these strategies, the
number of susceptible, exposed, infectious, hospitalized, and re-
covered individuals in the human population is presented in Fig-
ure 4.

Figure 4b, Figure 4d, and Figure 4e show that the number
of infectious individuals receiving treatment in the hospital is di-
rectly proportional to the population of exposed, hospitalized,
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(a)

(b) (c)

(d) (e)

Figure 4. The number of (a) susceptible (Sh), (b) exposed (Eh), (c) infectious (Ih), (d) hospitalized (Qh), and (e) recovered (Rh)

population with different strategies

and recovered individuals. The more individuals are treated, the
larger the total population of exposed, hospitalized, and recov-
ered individuals will be. Conversely, it is inversely proportional
to the population of susceptible and infectious individuals. From
Figure Figure 4a, it can be seen that although the total popula-
tion decreases as the number of treated infectious individuals in-
creases, this does not result in a significant difference. Therefore,

the rate of hospitalization of infectious humans does not have a
significant impact on changes in the susceptible population. Fig-
ure 4c shows that the contagious population increases further
when treatment is given to 25% and 75% of the contagious indi-
viduals. The number of contagious individuals decreases when
the entire infectious population is treated.
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4. Conclusion
Based on the discussion, the Mpox dynamic model with re-

infection and treatment has a disease-free equilibrium DFE =(
Λh

µh
, 0, 0, 0, 0, Λr

µr
, 0, 0

)
and always has the endemic equilib-

rium point whenever R0 > 1. Using this disease-free equi-
librium, we obtained the basic reproduction number R0 =

β2Λhγ
µhNh(η+τ+µh+σh)(γ+δ+µh)

. The results of the model analysis
show that the stability of the two equilibrium points, disease-
free and endemic, is asymptotically stable when R0 < 1 and
R0 > 1, respectively. Hospital treatment has a positive impact
on efforts to reduce the number of infected individuals. Themore
hospital treatments conducted, the closer the situation will be
to disease-free. A disease-free state will be achieved when more
than 68.87% of infected individuals receive hospital treatment.
The number of individuals receiving treatment is directly propor-
tional to the number of individuals exposed, hospitalized, and
recovered. Conversely, the more individuals who receive treat-
ment, the fewer the susceptible and infectious population will
be.
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