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ABSTRACT. In the banking system, the repayment rate of loans, which is influenced by interest rates and non-
performing loans, plays an important role in the bank’s cash flow. In this paper, we propose a discrete model of
deposit-loan volumes by considering the repayment rate. The proposed model involves the standard forward Euler
discretization and the non-standard finite difference (NSFD) scheme. The numerical schemes of both models are ex-
plicitly defined. Both models have three fixed points, i.e., the transaction-free point, the loan-free point, and the
active-transaction point. The transaction-free fixed point is unstable, while the other two are locally asymptotically
stable under certain conditions. The stability of the Euler model’s fixed point depends on the stepsize h. This indicates
that the NSFD model is dynamically more consistent since it does not depend on h. Numerical simulations also confirm
that the stability property of the NSFD model’s fixed points does not depend on h. Meanwhile, the stability of the
fixed points of Euler model depends on h. The simulations also show the Euler model undergoes the period-doubling
and Neimark—Sacker bifurcations. This is indicated by changes in the stepsize that cause the convergence of the so-
lution to shift into oscillations or even chaos. The chaotic condition is an undesired or even avoided situation in the
banking sector. High and irregular fluctuations lead to the failure of policy control and liquidity projection. We also
performed a case study using weekly loan data from September 2022 to March 2025 via parameter estimation. We
use two performance metrics, i.e., the coefficient of determination (R?) and the root mean square error (RMSE). Both
models produce realistic parameter values and provide a good fit to the data trend, as observed visually and from
R2. Based on RMSE, the NSFD model performs better than the Euler model. Moreover, the larger the h, the better
the performance. These results suggest the use of the NSFD model, which has better relevance and accuracy than the

Euler model.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of EULER: Department of Mathematics,
BY _NC Universitas Negeri Gorontalo, JIn. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

The dynamics of a country’s economy cannot be separated
from the financial cycle involving the banking sector. Banks play
an important role in establishing monetary policies in order to
maintain financial stability [1]. In addition, banks also support
the government’s fiscal policies to synergize in distributing and
managing funds to the public. In performing their role, banks
collect and manage funds from third parties with a surplus and
then channel the funds to those in need in the form of loans [2].
In these loans, there exists an interest rate borne by the borrower
as a compensation or service cost of the bank, which must be ac-
cumulated in the repayment [3]. The repayment funds from the
borrower will enter the bank’s cash flow to be managed further.
However, repayment does not always proceed smoothly, such as
the inability to repay according to the agreement, which is re-
ferred to as a non-performing loan [4]. This is very important to
be considered in the cash flow of deposit-loan. The deposit-loan
cycle is important to be studied in order to maintain the circula-
tion of funds in the economy.

One of the ways to study the dynamics of deposit and
loan volumes is through mathematical modeling. A determin-
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istic compartmental mathematical model is able to capture the
phenomena of the mechanisms among the variables involved [5].
Mathematical models have been widely used to describe various
phenomena, such as epidemiology, industry, and ecology [5-7].
The predator-prey model is one of the models that describes the
interaction between populations in an ecosystem [8]. One of the
most popular models used is the Lotka—Volterra model, which as-
sumes that the predator grows logistically and preys on the prey
[9]. Through this model, Sumarti et al. [10] proposed a deposit—
loan model with a Michaelis—Menten type loan rate and a reserve
requirement ratio:

dD D B(1— s)DL
dt_rD(l_K)_ 1+ (1—s)bD’
dL _ B(1—s)DL

dt 14 (1—s)bD

(1)
al,

where D = D(t) and L = L(t) are the time-dependent volumes
of deposit and loan, respectively. The parameters involved are
r, K, 3, and «, which represent the deposit inflow rate, deposit
fund capacity, loan rate, and non-performing loan, respectively.
The parameters b and s denote the saturation proportion and
the reserve requirement ratio, respectively.
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The model of Sumarti et al. (1) was developed by
Damayanti et al. [11] by involving personal and corporate loans.
In addition, the model of Sumarti et al. (1) was also studied by
Ramanda et al. [12] involving a stochastic model. However, the
proposed model applies to a continuous time interval. In reality,
the changes in deposit and loan volumes occur over discrete or
countable time intervals. Moreover, the discrete version of the
model exhibits more complex dynamics than the continuous one.
This has motivated several researchers to discretize the continu-
ous model [13, 14].

Discretization of the continuous model can be performed
using the standard forward Euler approach. Several researchers
who used this approach could not preserve dimensional con-
sistency. Mickens [15] developed a discretization method us-
ing the non-standard finite difference (NSFD) approach. This ap-
proach performs better in maintaining dimensional consistency
even with a larger stepsize [14, 16]. The discretization of the
deposit-loan model has been performed by Pinto et al. [17] us-
ing the NSFD approach. The model studied by Pinto et al. is the
discretization of model (1) with the assumption that the loan rate
is bilinear. However, the saturation rate in model (1) represents
a barrier to excessive deposits [11]. The Michaelis—Menten type

1—3s)DL
rate in the model ﬂ(lj)s)bl) also has the same meaning as
1—s)DL
the Holling type II rate kﬂ—(&-(li)s)D with the half-saturation

1
constant k through the transformation 5 — % and b = T

The model (1) does not take into account the repayment
rate, which is the source of the bank’s profit from deposit-loan
transactions. The profit depends on the interest rate and the
proportion of non-performing loans [18, 19]. Here, we develop
a discrete version of model (1) by modifying the Holling type II
loan rate and adding the repayment rate from borrowers, which
naturally involves the interest rate and the non-performing loan.
The discrete models under study use two approaches, i.e., the
forward Euler and the NSFD approaches.

2. Discrete-Time Deposit-Loan Model

Here, we develop the model proposed by Sumarti et al.
[10] by adding the repayment rate from the loan and the sat-
urated loan rate. Specifically, we consider two aspects. First,
the cash outflow from the loan volume to the deposit volume is
modeled bilinearly with the rate p, interest rate ¢, and the propor-
tion of non-performing loans p. Second, the Michaelis—Menten
type loan rate is modified into a Holling type Il rate with the half-
saturation constant k. Thus, model (1) is extended into a contin-
uous model with a repayment rate, which is given by

dD D
dt_TD<1K)

dL  B(1—s5)DL
dt  k+(1—s)D

B(1—s)DL

—al —p(1—p)(1+41)L.

(2)

We then perform the discretization of model (2) using both the
standard (Euler) and non-standard methods. Let the observa-
tion interval of ¢ be [a, b], where a,b € R>¢. The interval [a, ]
is divided into N equal subintervals, resulting in the intervals

[to,t1), [t1,t2), ..., [tn—1,tn]. Using a discrete-time approach,
the following standard and non-standard models are obtained.

2.1. Standard Euler Scheme

Here, the discrete model scheme is obtained using the for-
ward Euler approach:

dt h
with f, = f(tn) and b = At = t,

ﬁ% fn+1_fn

— t,, where n =

0,1,..., N — 1. From this, we obtain the discrete model of the
deposit-loan volumes using the standard approach:
Dn ﬁ(l — S)DnLn
Ducs = Dyt (D (1= D) - B9k g
+1 +hlr i% k+(1—s)Dn+p( 1)

(L +i)Ly),
BQ ~5)DnLy _

L =L
n+1 n+h<k+(1—8)Dn

oL — p(1— u)(1+ z‘)Ln) ,
3)

which is expressed in an explicit form.

2.2. Non-Standard Finite Difference Scheme

Basically, the non-standard finite difference scheme is per-
formed by modifying the denominator function A into ¢ = O(h)
or by approximating the nonlinear terms of the model using non-
locality [15]. Here, we retain the denominator function h as
in the standard Euler scheme, but the nonlinear terms are ap-
proximated using nonlocality. The non-standard finite difference
scheme can also preserve the non-negativity of the original model
(2). The approximation of each term becomes:

D, D,
rD, <1 - K) —~rD, <1 - K“) ,

6(1 — S)DnLn /8(1 — S)Dn-‘ran
k+(1—s)D, k+(1—-s)D, ’

p(1 = 1) (L +) Lo = p(1 = 1)(1 + ) L1,
al, - al,i1.

Thus, the non-standard finite difference scheme of the discrete
deposit-loan volume model is obtained as

Dn+1) _ 5(1 - S)DnJran

Dpi1 =Dy + h(an (1 -

K k+(1—s)D,
+ (1= @)L+ D)Lt ), “
1—8)Dpi1Ln
Ln+1 Ln+h(ﬁ;+(i)_ 8;5 704L71+17p(17/~”)

(14 )L ).

It can be observed that model (4) is in implicit form. If we denote
® =1+ ha+ hp(l — p)(1+ 1), then the explicit form of model
(4) is given by

K (k+(1—38)Dy) [®D,,(1+ hr)+ hp(l — p)(1+i)Ly)

Dn+1 -

(k + (1 — S)Dn) + hﬁ(l — S)Dn+1

O (k+ (1—s)Dy) Ln.

Ln+1 =

()
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It can be observed that the non-standard scheme (5) preserves
the non-negativity of the deposit volume D and the loan vol-
ume L. From this, the first difference between the standard Eu-
ler scheme and the non-standard finite difference scheme can be
seen.

3. Fixed Point of Discrete-Time Model

The determination of the fixed points in an economic sense
aims to evaluate the values of deposit and loan volumes when
the corresponding system yields no change in each volume. In
other words, the fixed points are determined through the an-
alytical solution of the model when D,y = D, = D* and
L1 = L, = L*. Thus, both the standard model (3) and the
non-standard model (5) have the same fixed points. The fixed
points of the model are:

1. The transaction-free fixed point Fy = (0, 0), which always
exists.

2. The loan-free fixed point F; = (K, 0), which always exists.

3. The active-transaction fixed point F, = (D3, Ly), where

— (atp(l—p)(1+i))k D D
Dy = Goiitarstomaryy and Ly = =22 (1 - 32).
(atp(l—p)(A+i))k

This fixed point exists if 0 < T—9)(B—(atp(l—m)(110) = K.

4. Stability of Fixed Points

Among the three obtained fixed points, the active-
transaction fixed point F5 is expected to exist, and the model
solution is expected to converge to this point in order to achieve
a stable economic condition. Here, the stability of the fixed point
is analyzed to obtain information regarding whether the fixed
point is stable or not. If the fixed point is stable, it indicates that
the solutions in the neighborhood of the fixed point will converge
to it as time progresses. The stability of each fixed point for the
respective schemes is analyzed locally through the linearization
of the proposed numerical schemes [20].

4.1. Stability Analysis of Standard Euler Scheme

Here, we analyze the local stability of each fixed point
through the linearization of model (3) around the fixed point.
Suppose that (D*, L*) is a fixed point of model (3). The Jacobian
matrix around the point (D*, L*) can be obtained as

h h
Hara =12 2],
where,

B 2Dt B(l—s)kL
hll—l‘f’h('f‘ K (k+(1—s>D*)2>’

B B(1 — s)D* .
hiag =h <_k+(1_3)D* +p(1 — p)(1+ Z)) ;
(s kL

S\ k(1 —s)D")? )

h22=1+h(m—a—p(l—u)(1+i))-

The stability of each fixed point is given by the following
theorems.

Theorem 1. The fixed point Fy = (0, 0) is unstable. Meanwhile,
the fixed point F} is locally asymptotically stable if and only if the
Sfollowing two conditions hold:

1. 0 < hr <1, and

a+p(1— 14+i)—B(1—s)K
2. 0 < p (SU=pEESE0-0) < o

Proof. First, we observe the stability of the fixed point Fy. The Ja-
cobian matrix evaluated at the point (0, 0) is an upper triangular
matrix and has the characteristic equation:

(1+hr —A) (1 = k(o + p(1 — p)(1+14)) — A) = 0.

It is clear that one of the eigenvaluesis A = 1 + hr > 1, hence
the point (0, 0) is unstable.

Next, we observe the characteristic equation of the Jaco-
bian matrix H(K@), which is also a triangular matrix, i.e.,:

B(l—s)K : _
(1— hr—A) (1+h(m a—p(1 u)(l—i—z)) /\) —0.
The eigenvalues can be obtained as Ay = 1 — hr and Ay =
1+h (% —a—p(1—p)(1+ z)) Each eigenvalue sat-

isfies |\;] < 1forj = 1,2 if and only if 0 < hr < 2 and

a+t+p(l1— 1+i)—B(1—s)K
0 < h( PU=pU+—pu=s)

ditions, the fixed point F} is locally asymptotically stable. The
proof is complete. O

) < 2. Under these two con-

Theorem 2. Suppose that 8 — (o + p(1 — p)(1 +4)) > 0 and
Dy < K, such that the fixed point Fy exists. The point Fy is
locally asymptotically stable if all the following conditions hold:

_2rDy  B(l—s)kL> 2 aB(l—s)kLs
1. 442h <r -D; (k+(1—s)D2)2)+h Cacmrn
0, and

2. 0<hr (22—

1) + (h — 1)h 2202kl o

(k+(1—5)D2)?

Proof. Assume that the fixed point F; exists, that is, 5 — (a +
p(1 — u)(1+14)) > 0and Dy < K. The characteristic equation
of the Jacobian matrix around F5 is

Pi(A) =X+ A\ + Ay =0,

where
. 27"D2 6(1 — S)kLg
Ay = —(2+h(r— T S)DQ)Q)),
- r_ 2TD2 _ 5(1 — S)kL2
Ao =1 h(r= = (k+(1—s)D2)2>
aB(l—s)kLs

+h?

5
(k: +(1- S)Dg)
First, we observe the following values of P;(1) and P, (—1):

af(l—s)kLs
(k+ (1 = 5)D2)”

P(l)=1+ A, + Ay = h? > 0,

P(—1)=1— Ay + Ay
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2rD B(1 — s)kL
=4+2h(r— 2 - ( JhLy 2 Theorem 4.1f B(1 - s)K <
K (k+ (1 —s)D3) .
(k+ (1 —-s)K)(a+p(l —p)(1+4)), then the fixed
B2 aB(l —s)kLy ‘ point Fy is locally asymptotically stable.
(k+ (1 —s)D,)
It can also be observed that Proof. Since F1 (K,0),we have Gg = K2(k+(1—35)K)®(1+
2=1+h{r——=)+(h-1) it (1_s)Dy)? hr) (k+(1— s) )®, and G5 = (hrk+2hr(1— S)K+(1 5)K)®.

According to the Jury Conditions [21], the point F5 is locally

asymptotically stable if P(—1) > 0 and |42] < 1. Hence,
Ay < 1if
2D 1—s)kL
0<hr<21>+(h1)h apll = 5) 2 <2
K (k+ (1 —s)D2)
The proof is complete. O

4.2. Stability Analysis of Non-Standard Finite Difference Scheme
The stability analysis of the fixed points for the non-

standard scheme (5) uses the same mechanism as before. Sup-

pose that (D*, L*) is an existing fixed point of model (5). Let

Go=K (k+ (1—8)D*) [®D*(1 + hr) + hp(1 — u)(1 + I)L*],
G1=K({1—-3s)[®D*(1+ hr)+ hp(1 — p)(1 +4)L*] + &(1 + hr)
Go= (K +hrD*)(k+ (1 —s)D*)® + K(1+ ha)hB(1 — s)L*,

G3 = (hr(k+ (1 —5)D*) + (1 — s)(K + hrD")) ®.

The Jacobian matrix evaluated at the point (D*, L*) is

A [Ju J12]
(D=,L7) Jo1 Jaa]’
where

J G1Go — G3Gy

n=——5
G3
J

J12 - G% )

Jiy = hp(l = p)(1 + ) K (k+ (1 — s)D*) Go
— K(1+ ha)hB(1 - )Go,
Juk+ (Juu — 1)1 —s)D .

h 1—3s)L

Jo1 = Bk + (1— 5)D)? B —s)L7,
k+ (1+hB)(1 — s)D*

Joo =

o (k+ (1—s)D")

The stability of each fixed point of model (5) is given by the
following theorems.

Theorem 3. The fixed point Fy is always unstable.

Proof. For the point Iy, we obtain Gy = 0, G; = ®(1 + hr)Kk,
G2 = Kk®, and G3 = (hrk + (1 — s) K)®. The Jacobian matrix
evaluated at P, is

(1+ hr) hp(l—#)(i-ﬂ')
Jwo,0) = 0 ‘P(lih )
o

The eigenvalues of the matrix J(g,g) are Ay = 1+hrand Ay =
It is clear that the point Fj is unstable since A\; > 1.

D“e““

The Jacobian matrix evaluated at P, is

hp(1—p)(144) (k+(1—s)K)— K (1+ha)hB(1—s)
(1+hr)(k+(1-5)K)®
k+(1—s)K+hp(1—s)K
S(h+(1—s)K)

1
1+hr

0

Jirx0) =

It is straightforward to obtain the eigenvalues ofJ(K7O), e, \; =

5 and Ay = k+(1&?ﬁﬁff}5‘gm. It can be observed that

0 < A1 < 1and Ay > 0. Each eigenvalue satisfies |\;| < 1 for
i=12ifp1-9)K < (k+(1—-9)K)(a+ p(l — p)(1+1)).
Under this condition, the fixed point F3 is locally asymptotically
stable. 0

Theorem 5. Suppose that the fixed point I exists under the con-

I (atp(—p)(A+4))k i
dition 0 < A=) (B=(atp(=m AT < K. The fixed point F»

is locally asymptotically stable if all the following criteria are sat-
isf ied.

(D D)+ S AP - S >
I+ )+ IR - 3PP >
‘J(Q J2 _ 5@ Jg?\ <1
J2 02 and J$2

21+(

where Jﬁ , are provided in the proof.

(atp(l—p)(1+i))k
Proof. Assume that 0 < =9 = (atr(=p 5Dy < K so that

the active-transaction fixed point F, = (D5, Lo) exists, where
(atp(1—p)(1+i))k

rD D
Dy = Gytptarptiopmiiray and Lz = =52 (1— 7). The
characteristic equation of the Jacobian matrix J(p, ) is
Py =¥ — (1 4 @) A+ SRR IR =
where
Jo _ i - GiGi
(G5)?
2)a
‘]1(3) _ ‘]1(2)
(G3)?

12 =hp(1 — )1+ )K (k+ (1 - 5)Ds) G5
— K(1+ ha)hB(1 — )G,
Tk + (Ji) = 1)(1 = 5)D;
®(k+ (1 —5)Dy)2
5@ _ kE+(14+hB)(1—s)Ds
D (k+ (1 —s)Da)
G =K (k+ (1 —8)D2) [®Da(1 + hr) + hp(1 — p)(1 + 1) La],
Gt = K(1—5) [®Dy(1 4 hr) 4+ hp(1 — ) (1 4 i) Lo
+®(1+hr)K (k+ (1 — 5)Dy),

Iy = hB(1 — s)La,
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Table 1. Parameter values in numerical simulation

r K B s k p o 1 o
First Simulation 0.1 100 0.01 0.02 10 0.02 0.05 0.06 0.005
Second Simulation 0.1 20 0.9 0.02 50 0.0002 0.5 0.6 0.05
15 15
(a) (b)
10} B 10 B
§ s initial point § o initial point
I3t r VFI
Ot !kFO L y U= k ! 1 1 L L |
0 20 40 60 80 100
D(t)
15
(c)
10 , —
’:Q o initial point |
I3
oF !kF“ ! yo|
0 20 40 60 80 100
D(t)
15 ; T
(e)
10 1 B
s o initial point | < o initial point |
OJkF“ | ~ k| OJkFﬂ | . 1
0 20 40 60 80 100%, 120 0 20 40 60 80 100
D(t) ! D(t)
15 . . 15
(9 (h)
10 B 101 B
§ J initial point | g ol initial point |
F
OJkFU | | T ~ ™ OJkF“ | . 1
0 20 40 60 80 10041 120
D(t)
15—
(i)
10 B —
§ o initial point |
Fy
o wE ‘ s ) ]
0 50 100©F] 150
D(t)

Figure 1.

Trajectories of the Euler and NSFD schemes for several stepsizes: (a) Euler h = 1, (b) NSFD A = 1, (c) Euler A = 10, (d) NSFD

h =10, (e) Euler h = 22, (f) NSFD h = 22, (g) Euler h = 25, (h) NSFD h = 25, (i) Euler h = 30, (j) NSFD h = 30.

resulting in the solutions illustrated in Figure 1. It can be ob-

3= (K +hrDy)(k+ (1—5)D2)®+ K(1+ ha)hB(1— s)L2, served that both solutions for i = 1, depicted in Figures 1(a)

G% = (hr(k+ (1 — 8)Dy) + (1 — 8)(K + hrDs)) ®.
Due to the complexity of the terms in the characteristic equation,
the fixed point F; is asymptotically stable if the Jury criteria [21]
are satisfied, i.e., P»(1) > 0, P,(—1) > 0, and | P»(0)| < 1. The
proof is complete. O

5. Numerical Simulation

In this section, we perform numerical simulations to ob-
serve the behavior of the solutions of models (3) and (5). The
parameter selection for the simulation is based on experimen-
tal results such that the conditions for the stability of each fixed
point are satisfied. Thus, the stability of the fixed points can be
confirmed, and the existing phenomena can be elaborated. In the
first simulation, we use the parameter values »r = 0.1, K = 100,
8 = 0.01, s = 0.02, k = 10, p = 0.02, p = 0.05, ¢ = 0.06,
and o = 0.005, as listed in Table 1. These parameter values yield
ety = 0-3609 < 1, which satisfies the
sufficient condition of Theorem 4. This indicates that the solu-
tion of model (5) converges to the fixed point F; = (20, 0) for any
h. Meanwhile, the convergence of the solution of model (3) de-
pends on the stepsize h. Here, we use the initial point (11, 12),

and (b), converge to the point Fj. Similarly, the solutions for
h = 10, shown in Figures 1(c) and (d), also converge to F.
When h = 22, the Euler model (3) exhibits oscillations at sev-
eral points, as shown in Figure 1(e), while Figure 1(f) shows that
the NSFD model (5) converges to the fixed point ;. When the
stepsize is increased to h = 25 and h = 30, the Euler model
(3) exhibits oscillations at more points, while the NSFD model
(5) continues to converge to F;. This indicates that the NSFD
model (5) is more consistent, regardless of the stepsize h. This
consistency can also be identified from the stability condition of
fixed point F7, where the Euler model depends on the stepsize h,
while the NSFD model does not. Hence, changes in the stepsize
may affect the eigenvalues of the matrix H g ¢ at the stability of
the fixed point F7, leading to absolute eigenvalues greater than
unity. This indicates that the Euler model may generate oscilla-
tions involving two or more points.

The solution of the Euler model (3) for h = 22,25,30 is
further examined due to the indication of oscillations through
the time-series trajectory, as illustrated in Figure 2. It can be
observed that the solution for ~ = 22, shown in Figure 2(a),
oscillates at two points, indicating a 2-period behavior. When
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Figure 2. Time series for D(t) that capture period-doubling and chaos for several h: (a) h = 22, (b) h = 25, (c) h = 30.
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Figure 3. Diagram of period-doubling bifurcation.

h = 25, the solution shown in Figure 2(b) oscillates at four points,
corresponding to a 4-period behavior. When the stepsize is in-
creased to h = 30, chaos occurs, as depicted in Figure 2(c).
Furthermore, we perform a bifurcation diagram simulation for
h € [18,30], which is illustrated in Figure 3. It can be seen that
the model solution initially converges to the fixed point (K, 0),
then oscillates with period-2 (24.49 < h < 25.44), period-4
(25.45 < h < 25.64), and period-8 (25.65 < h < 25.68), and
eventually becomes chaotic as h increases. This indicates that
the model undergoes a period-doubling bifurcation [22].

From an economic perspective, the stable condition at the
fixed point F} is undesirable since it implies that there will be no

loans from customers in the future. For the Euler model (3), the
periodic condition for the deposit volume and the zero condition
for the loan volume are also undesirable. Moreover, the chaotic
condition of the deposit volume becomes irrelevant for Indone-
sian banks, which are relatively stable. The chaotic behavior also
indicates high volatility, making the deposit volume difficult to
control.

The next simulation is performed to confirm the stability
of the fixed point F5. The parameter values used are » = 0.1,
K =20,8 =0.9,s =0.02, k =50, p = 0.0002, u = 0.5,
17 = 0.6, and o = 0.05, as listed in Table 1. There exist three fixed
points, i.e., Fy = (0,0), F} = (20,0), and F; = (3.011,5.116).
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Figure 5. Diagram of Neimark-Sacker bifurcation.

For these parameter values and h = 1, it can be observed that the
fixed point F is asymptotically stable, as shown in Figures 4(a)
and 4(b). When the stepsize is increased to h = 3, the solution
of the NSFD model converges to the fixed point F3, while the
solution of the Euler model exhibits a periodic cycle. This indi-
cates that the NSFD model is more consistent with respect to the
stability of the fixed point and is not affected by the stepsize.
The dynamical consistency of the NSFD model can be observed
through the analytical results, which show that the stability con-
dition of the fixed point does not depend on the stepsize. Thus,
increasing the stepsize does not affect the stability of the fixed
point of NSFD model. Meanwhile, the stability of the fixed point
in the Euler model depends on the stepsize h, which means that
significant changes in h can alter the fixed stability and may trig-
ger the appearance of periodic cycles.

The phenomenon of periodic cycles in the Euler model can

be further elaborated via time-series trajectories and bifurcation
diagrams. The trajectory depicted in Figure 5 shows that the so-
lution exhibits periodic cycles for sufficiently large time intervals
t. The bifurcation diagram illustrated in Figure 5 shows that the
solution of the Euler model converges to the fixed point £ when
h = 2. If h > 2.5, the solution of the model exhibits periodic cy-
cles. This indicates that the model undergoes a Neimark—Sacker
bifurcation [22].

From an economic perspective, the second simulation con-
dition is the desired one. The condition in which the model
solution converges to the point F> with damped oscillations is
desirable from a banking perspective, since continuous lending
and borrowing occur throughout the time period, allowing cus-
tomers to borrow money from banks through credit to drive the
microeconomic sector. On the other hand, banks earn profits
from repayments that involve interest costs, which constitute one
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Figure 6. Weekly loan data of commercial banks in Indonesia from September 2022 to March 2025.

Table 2. Initial guess, lower bound (LB), and upper bound (UB) in parameter estimation

r K B8 s k p I 1 @
Initial 0.1 107 0.05 0.1 100 1077 0.01 0.5 0.005
LB 0 1 0 0 10 0 0 0 0
UB 1 1010 1 1 7-108 1 0.2 0.1 0.2

of the sources of bank profit. It can also be observed that the
second simulation shows a Neimark-Sacker bifurcation for the
Euler model. This condition is also desirable from an economic
standpoint, where the deposit volume and loan volume exhibit
continuous oscillations without reaching a stable fixed value of
deposit and loan volumes.

6. Implementation to Loan Data

In this section, we perform fitting of the standard Euler
discrete model (3) and the non-standard model (5) to the loan
data for several stepsizes h. The loan data are collected from
the open-access page of the Financial Services Authority (Otori-
tas Jasa Keuangan, OJK): https:/ojk.go.id [23]. The collected data
consist of weekly data from September 2022 to March 2025, as
illustrated in Figure 6. It can be observed that the 31 loan data
points exhibit a relatively increasing trend over time.

The model fitting is performed via parameter estimation
using a non-heuristic method, i.e., nonlinear least squares. The
estimation method is supported by the built-in MATLAB function
Isqcurvefit, which provides model fitting to the data with initial
guesses and parameter ranges as inputs. The initial guesses and
ranges of each estimated parameter are given in Table 2. The
initial value of both models is (30000000, 6274901), where the
initial loan value is taken from the first data point.

In this estimation, we compare the standard discrete model
(3) and the non-standard model (5) based on the coefficient of
determination (R?) and the root mean square error (RMSE). The
coefficient of determination of the model with respect to the data

is given by the formula:

31 2
[ o1 (Ldatay (t;) — L(t5))
31 F\2
Zj:l (L(data) (tj) - L)
where ¢; denotes the i-th time point of the data, L(jq¢q)(t) is
the loan data at ¢;, L(¢;) is the loan solution at ¢; obtained from

the model, and L is the mean of the data. Meanwhile, the RMSE
is given by the formula

RMSE = \/231_1 (Ldata) (t;) — L(t:))?
31 :

Both models (3) and (5) are compared based on several stepsizes,
i.e.,0.01,0.1, and 1.

The parameter estimation of the Euler model (3) and the
NSFD model (5) with respect to the data yields the parameter val-
ues listed in Table 3. It can be observed that the deposit growth
rate of the Euler model is higher than that of the NSFD model.
The proportion of NPL in the NSFD model is much smaller than
that in the Euler model, while the reserve requirement ratio of
both models is relatively similar. In terms of the interest rate,
the estimation results show that the interest rate in the Euler
model ranges from 3% to 5%, whereas the NSFD model produces
an interest rate between 0.65% and 9%. This indicates that both
models still produce realistic values, except for the reserve re-
quirement ratio in the NSFD model.

For the stepsize h = 0.01, the solutions of the Euler and
NSFD models depicted in Figure 7 show that both models pro-
duce relatively similar estimations, and it is not possible to de-
termine visually which one performs better. The estimations of
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Table 3. Estimated parameter values of standard and non-standard models (3)—(5).

Standard Model

Non-Standard Model

h=0.01 h=0.1 h=1 h =0.01 h=0.1 h=1
r 0.5094 0.5014 0.5430 0.3093 0.0289 0.0069
K 6.67 - 108 2.13- 108 1.82-108 6.78 - 10° 3.90 - 10° 2.23.10°
8 0.0414 0.0473 0.0312 0.8518 0.9003 0.4476
s 0.1280 0.1131 0.0869 0.1230 0.0627 0.0715
k 7.65 - 10° 7.53-10° 1.11-107 3.21-10° 9.25 - 10° 1.74-10°
p 0.0240 0.0256 0.0154 0.6444 0.7813 0.3553
U 0.0430 0.0159 0.0795 6.97-10"7 1.31-107" 2.86-107°
i 0.0415 0.0485 0.0318 0.0826 0.0894 0.0688
a 0.0083 0.0104 0.0060 0.1466 0.0317 0.0255
8 al 0\6 T T T T h=(\)01\ T
® realdata b
781 standard approach L
non-standard approach

Loan volume (Billion Rupiah)

1 1 1 1 1 1 1 1 1 1 1 1 1
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R > 5
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Figure 7. Fitted curve of model (3) and (5) in calibrating loan data for h = 0.01.

both models are able to capture the upward trend of the data un-
til the end of the period. This illustrates that both models provide
good results for small stepsizes.

For the stepsize h = 0.1, the difference between the two
estimation results depicted in Figure 8 begins to appear. It can
be observed in the third and fourth quarters that the estimated
solution of the NSFD model provides a better approximation than
that of the Euler model. Moreover, the fitting of the NSFD model
for h = 0.1 is better than that for ~ = 0.01. This indicates that
the stepsize h relatively affects the fitting results of the model.

For the stepsize increased to h = 1, so that the data and
time have the same time scale, the estimation results are illus-
trated in Figure 9. The estimation of the NSFD model again pro-
vides a better approximation to the data compared to the Euler
model. This is more apparent when observing the distance be-
tween the estimated results and the data at the same time points.
In general, the NSFD model has a closer distance to the data com-
pared to the Euler model. From the three stepsize scenarios, the
NSFD model produces a better fitting than the Euler model.

To evaluate the performance of each fitting, we calculate
R? and RMSE, which are listed in Table 4 and Table 5, respec-
tively. The determination coefficient of the Euler model is around
0.991 for each h. Meanwhile, the determination coefficient of the
NSFD model increases as the stepsize h becomes larger, i.e., from

0.994 to 0.995. From the determination coefficients, it can be ob-
served that both models provide good estimations, i.e., greater
than 99%.

Table 4. Determination coefficient (R?) of model calibration.

h=001 h=01 h=1
Standard model (3) 0.991 0.991 0.991
Non-standard model (5) 0.994 0.994 0.995

Table 5. Root mean square error (RMSE) of model calibration

(x103).
h=001 h=01 h=1
Standard model (3) 9.345 9.343 9.277
Non-standard model (5) 7.636 7.023 6.865

From the RMSE values listed in Table 5, the Euler model
has an RMSE greater than 9 - 103, while the NSFD model has an
RMSE below that for the same stepsize h. This indicates that the
calibration performance of the NSFD model is better than that
of the Euler model for each corresponding stepsize. Moreover,
the larger the stepsize, the better the calibration performance of
both models. The NSFD model exhibits a significant performance
improvement from A = 0.01 to h = 0.1, with RMSE decreasing
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Figure 9. Fitted curve of model (3) and (5) in calibrating loan data for h = 1.

from 7.636 - 102 to 7.023 - 103, respectively. This confirms the
visual results that show a significant difference in calibration per-
formance between h = 0.01 and » = 0.1.

7. Conclusion

A discrete model of deposit-loan volumes with a repay-
ment rate has been proposed in the explicit form of both the
standard forward Euler and the non-standard finite difference
(NSFD) schemes. The fixed points of the model have also been
determined, i.e., the transaction-free point, the loan-free point,
and the active-transaction point. The local stability of each fixed
point has been analyzed. The transaction-free point is never sta-
ble, while the loan-free and active-transaction points are asymp-
totically stable under certain conditions. The difference between
the stability conditions of the Euler and NSFD models lies in their
dependence on the stepsize h, where each sufficient stability
condition of the Euler model depends on h. Numerical simula-

tions have confirmed this and concluded that the NSFD model is
dynamically more consistent, whereas the Euler model exhibits
period-doubling and Neimark—Sacker bifurcations, as illustrated
by the bifurcation diagram. This occurs because the stability of
each fixed point in the Euler model depends on A, so variations in
h affect their stability. In contrast, the stability of the fixed points
in the NSFD model does not depend on the stepsize i, making it
dimensionally consistent and not undergoing bifurcation. In ad-
dition to the issue of dynamic consistency, a case study on loan
data has been performed using two performance metrics, R? and
RMSE. Both models provide realistic parameter estimates and are
capable of capturing the upward trend of the data. Based on the
RMSE results, the NSFD model demonstrates better performance
than the Euler model for each stepsize h.

This study reveals numerically the existence of period-
doubling and Neimark-Sacker bifurcations. However, these bi-
furcations have not yet been shown analytically. For future work,

EULER | J. llm. Mat. Sains dan Teknol.

Volume 13 | Issue 3 | Dec. 2025



R. R. Musafir and M. Sari — Discrete-Time Dynamics of Deposit-Loan Volumes Model with Repayment Rate ... 445

both bifurcations need to be demonstrated analytically to eval-
uate their bifurcation points. Furthermore, the maximum Lya-
punov exponent can be provided to examine the stable, periodic,
and chaotic conditions.
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