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ARTICLE HISTORY ABSTRACT. In ring theory, a derivation is an additive mapping d : R — R satisfying Leibniz’s
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1. Introduction

The concept of derivation originated from the work of Newton and Leibniz in differen-
tial calculus and was later extended to various branches of mathematics, including abstract
algebra. In ring theory, a derivation on a ring R is an additive mapping d : R — R satisfying
Leibniz’s rule d(zy) = d(x)y + xd(y), for all z,y € R [1, 2]. Derivations play an important
role in the structural study of rings and algebras and have been widely investigated in several
algebraic contexts, including semiprime rings, x-algebras, and polynomial rings [3-9].

Over the years, various generalizations of derivations have been introduced in order
to better understand algebraic structures. Examples include Jordan derivations, generalized
derivations, higher derivations, and several mixed or nonlinear variants [10-14|. These gen-
eralizations have been studied in different classes of rings and algebras and have provided
useful tools for investigating the structural properties of algebraic systems [15-18].

One important generalization is the notion of an («, (3)-derivation, which depends on
two ring endomorphisms «, 5 : R — R. An additive mapping d : R — R is called an («, 3)-
derivation if d(zy) = d(z)a(y) + B(x)d(y), for all z,y € R [19]. This concept extends the
classical notion of derivation and has been studied in various algebraic settings, including
prime and semiprime rings and polynomial rings [20, 21].

Several recent studies have investigated properties and applications of derivations and
their generalizations in different algebraic structures. For instance, derivations on polynomial
modules and generalized power series modules were studied in [22, 23], while other works
considered Jordan-type derivations and related mappings in prime rings and algebras [12, 13].
These results indicate that derivations and their variants provide an effective framework for
analyzing structural properties of rings and modules.
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Despite these developments, the study of («, 3)-derivations in matrix rings remains rela-
tively limited. Matrix rings M, (R) play a central role in algebra and its applications, and their
subrings, such as diagonal, scalar, and triangular matrix rings, frequently appear in various
mathematical contexts.

Motivated by these considerations, this paper studies («, 5)-derivations on the matrix
ring M, (R) and several of its subrings, including diagonal, scalar, and triangular matrix rings.
In particular, we construct («, [3)-derivations on M, (R) induced by («, /3)-derivations on the
base ring R and investigate their structural properties. Furthermore, we study the behavior
of the composition of («, 3)-derivations on the direct product ring R x R.

2. Preliminaries

In this section we recall several basic definitions that will be used throughout the paper,
including rings, derivations, matrix rings, and («, 3)-derivations.

Definition 1. [24] A non-empty set R equipped with two binary operations, addition and
multiplication, is called a ring if the following conditions hold:

1. (R, +) is an abelian group;

2. multiplication is associative, that is, (ab)c = a(bc) for all a, b, ¢ € R;

3. the distributive laws hold:

a(b+c¢) = ab+ ac, (a+b)c = ac+ bc

forall a,b,c € R.

Derivations on rings generalize the notion of differentiation from calculus to algebraic
structures and play an important role in the structural study of rings and algebras.

Definition 2. [1] Let R be aring. Amapping d : R — R s called a derivation if the following
conditions hold for all a,b € R:

1. d(a+b) = d(a) + d(b);

2. d(ab) = d(a)b+ ad(b).

One important generalization of derivation is the («, 5)-derivation.

Definition 3. [19] Let R be a ring and let o, 3 : R — R be ring endomorphisms. An
additive mapping d : R — R is called an («, 5)-derivation if

d(zy) = d(z)a(y) + B(z)d(y) (1)

forall z,y € R.

Since this paper investigates derivations on matrix rings, we recall the definition of a
matrix ring.
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Definition 4. Let R be a ring. The set of all n x n matrices with entries in R is denoted by
M, (R). Equipped with the usual matrix addition and multiplication, M, (R) forms a ring
called the matrix ring over R.

Some important subrings of M, (R) are the diagonal matrices, scalar matrices, and tri-
angular matrices. These subrings will be used in the construction of («, 3)-derivations in the
next section. Finally, we recall the direct product of rings.

Definition 5. Let R be a ring. The set
R x R ={(a,b) | a,b € R}
with componentwise addition and multiplication
(@) + (c;d) = (a+e,b+d),  (a,b)(c,d) = (ac,bd)

forms a ring called the direct product ring.

3. Results and Discussion

In this section, we construct («, 3)-derivations on various matrix rings over a base ring
R using the definitions introduced in the previous section. We first extend a given («, 3)-
derivation on R to the full matrix ring M, (R), and then restrict it to subrings such as diag-
onal, scalar, upper, and lower triangular matrices. Finally, we examine properties of («, 3)-
derivations on the direct product ring R x R.

3.1. («, B)-Derivation on the Matrix Ring M, (R)

In this subsection, we show that an («, 3)-derivation on a ring R can be naturally ex-
tended to the matrix ring M, (R).

Theorem 1. Let R be a ring and let d : R — R be an («, [3)-derivation on R. Then there exists
a mapping d' : M,,(R) — M, (R) which is an (¢/, 3')-derivation on the matrix ring M, (R).

Proof. Letd : R — R be an («, )-derivation on R, where « and 3 are endomorphisms of R.
Define mappings

d'([ay]) = [d(aip)],  o'([ay]) = [a(aiy)],  B([ay]) = [Bay)]-
Let A = [a;;] and B = [b;;] be arbitrary matrices in M, (R), where a;;,b;; € R for all i,j =
1,2,...,n. We prove that d’ is an (¢, 3’)-derivation on M, (R).
Additivity
d/(A +B) = d/([aw + bw])

= [d(as; + bij)]

= [d(ai;) + d(bi;)]

= [d(ai;)] + [d(bi;)]

EULER | J. llm. Mat. Sains dan Teknol. Volume 14 | Issue 1 | April 2026



D. Azzahra, E Fitriani, and A. Faisol — («, 3)—derivation on Matrix Ring My (R) ... 263

= d'(A) + d(B).

Thus, d’ is additive.
Derivation property
Recall that matrix multiplication is defined by

n

(AB)W = Z aikbkj.

k=1

Then

k=1

)]

Since d is an («, )-derivation on R, based on Equation (1) we have

d(zy) = d(x)a(y) + B(x)d(y)

d/(AB) = d/ ( [i aikbkj] >

forall x,y € R. Hence

n

d(AB) =

(d(air)a(bry) + 5(Gik)d(bkj))] :

k=1

Next we compute

d'(A)a/(B) = [d(ay)][a(by)] = | Y dlan)alby) | ,

and _ -
B'(A)d'(B) = [Blai)lld(bi)] = | Bla)d(bis)
Therefore, _ _
d'(A)/(B) + B/(A)d'(B) = (d(ai)a(bry) + Blai)d(biy)) | = d'(AB).
k=1

Hence, d’ satisfies additivity and the (o, 8')-derivation identity
d(AB) =d'(A)d/(B) + ' (A)d'(B).
Therefore, d’' : M, (R) — M,(R) is an (o/, 8’)-derivation on the matrix ring M, (R). O

3.2. (a, B)-Derivation on Diagonal Matrix Rings

In this subsection, we study the behavior of («, 3)-derivations on the ring of diagonal
matrices.
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Theorem 2. Let

a1 0 0
0 Gy --- 0

D = ) ,22 ) ) ai; € R
0 0 - ay,

be the diagonal matrix ring of M,,(R). If d : R — R is an («, [3)-derivation on R, then there
exists a mapping d’' : D — D which is an (o/, 5")-derivation on D.

Proof. Define

d'(aii]) = [d(a)], o' ([ai]) = [a(aw)], B'(lai]) = [B(ai)]-

Let
A = diag(an, aso, ... ,a,m), B = diag(bu, 622, ey bnn)
Additivity
d,(A + B) = d’(diag(an + b117 ceey Gpp + bnn))

= diag<d(a11 + b11)7 R 7d<ann + bnn))

= diag(d(an), ce 7d(a7m)) + dlag(d(bll>7 s 7d(bnn))

=d'(A)+ d'(B).
Multiplicative property
Since

AB = diag(a11b11, - - ., Gnnbnn),
we obtain
d/(AB) = diag(d(anbn), Ce ,d(annbm))
= diag(d(ai)a(bi1) + B(an)d(bi1), - . . ).
Moreover,
d'(A)d/(B) = diag(d(a1)a(b11), - - ., d(an,)a(byy))
and
B'(A)d'(B) = diag(B(ai1)d(bir); - - ., B(ann)d(byn))-
Hence
d(AB) =d'(A)d(B) + B'(A)d'(B).

Therefore, d' : D — D is an (o, 8')-derivation on the diagonal matrix ring D. O

Corollary 1. Let

a 0 - 0
0 a --- 0

5 = . . a € R
00 - a
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be the scalar matrix ring of M,,(R). Ifd : R — R s an («, 3)-derivation on R, then there exists
a mapping d' : S — S which is an (¢/, 3')-derivation on S.

Proof. Let d : R — R be an («, 3)-derivation on R. Define the mappings
d'(al,) = d(a)l,, o' (al,) = ala)l,, B'(al,) = B(a)l,,

for all a € R, where I,, denotes the identity matrix of order n.
Let A = al,, and B = bl,, be arbitrary elements of S. Since the scalar matrix ring S'is a
special case of the diagonal matrix ring, the result follows directly from the previous theorem.

Hence,
d(AB) = d'(A)d/(B) + f'(A)d (B),

fulfills eq. (1) and d’ is additive. Therefore, d’ : S — S is an (¢, §’)-derivation on the scalar
matrix ring S. [

3.3. («, B)-Derivation on Upper and Lower Triangular Matrix Rings

In this subsection, we investigate the behavior of («, 3)-derivations on certain subrings
of the matrix ring M, (R), namely the rings of upper and lower triangular matrices. Specifi-
cally, we show that an («, 3)-derivation defined on the ring R can be naturally extended to
these triangular matrix rings. The following theorems establish the existence of such induced
(o, ')-derivations.

Theorem 3. Let M, (R) be the matrix ring over a ring R, and let

a1 Q12 . Qip
0 azp --- a

Se = . . . a;; € R
0 0 - G,

be the ring of upper triangular matrices over R. If d : R — R is an («, 3)-derivation on R, then
there exists a mapping d’ : S, — S, which is an (¢/, 5')-derivation on S,,.

Proof. For A = [a;;], B = [b;;] € S,, define
d'(A) = [d(ay)], o'(A)=lalay)], B'(A) = [B(ay)]-

Clearly d’ is additive since d is additive. For the product AB, the (i, j)-entry is

J
(AB)U = Z aikbk]‘.
k=i
Hence

d'((AB);;) = d(Z az‘k%‘) = Y (dlair)o(bry) + Blaiw)d(byy))

k=i k=i

This coincides with the (7, j)-entry of

d'(A)d/(B) + B'(A)d'(B).
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Therefore
d'(AB) = d'(A)d/(B) + '(A)d'(B),

fulfills eq. (1). Thus &' is an (o/, 5')-derivation on S,,. O

Besides the upper triangular matrix S,, another subset of M, (R) is the ring of lower
triangular matrices S;. The following theorem describes the («a, 3)-derivation on Sj,.

Theorem 4. Let M, (R) be a matrix ring and let

a1 0 000 O
Q21 Qg2 - 0

Sy = : . ) a;; € R
Ap1 Gp2 - OApn

be the ring of lower triangular matrices. If d : R — R is an («, [3)-derivation on R, then there
exists a mapping d' : S, — Sy which is an (o, §')-derivation on Sy,

Proof. Let d : R — R be an («, 3)-derivation on R. Define the mappings
d'(A) = (d(ay)),  (4) = (alay)),  BF(A) = (Blay))

for every A = (a;j) € S,. First, we show that d’ is additive. For A = (a;;) and B = (b;;) in
Sy, we have

d'(A+ B) = (d(aij + bij)) = (d(aij) + d(by;)) = d'(A) + d(B),

since d is additive. Next, consider the product AB. The (i, j)-entry of AB is

(AB)Z] = Z aikbkj.
k=1

Thus

n

k=1

Since d is an («, )-derivation on R, we obtain
d(aikbr;) = d(ai)o(br;) + Blai)d(br;).

Therefore,

n

d((AB)y;) =Y d(ai)a(bey) + Y Blaw)d(bi;),
k=1 k=1
which corresponds to the (i, j)-entry of
d'(A)d(B) + B'(A)d'(B).

Hence
d'(AB) = d'(A)d/(B) + p'(A)d'(B),

fulfills eq. (1). Thus &' is an («/, 5’)-derivation on Sj. ]
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3.4. Properties of («, 5)-Derivations on the Ring R X R

In this section, we discuss several properties of («, §)-derivations on the direct prod-
uct ring R x R. In particular, we analyze the behavior of compositions and sums of («, 3)-
derivations. It will be shown that the composition of two («, 3)-derivations does not neces-
sarily preserve the («, 3)-derivation property, and similarly the sum of two such derivations

may fail to satisfy the defining condition.

d = d; o dy is not necessarily an («, 5)-derivation.

necessarily an («, 3)-derivation.

Remark 1. Let dy, ds be («, 3)-derivations on the ring R x R. In general, the composition

Remark 2. Let d;, dy be («a, )-derivations on R x R. Then the sum d = d; + ds is not

The following example illustrates the failure of the («, /3)-derivation property for the sum

of two («, 3)-derivations.

with endomorphisms
a(a,b) = (b,0),  B(a,b) =(0,b)
for every (a,b) € R x R. Then
d =5 d1 iy d2

is given by

Next,
d(a,b)a(c,d) = (6,8)(10,0) = (5,0),
and
B(a,b)d(c,d) = (0,4)(3,9) = (0,2)
Thus,
d(a,b)a(c,d) + B(a,b)d(c,d) = (5,2)
Since

it follows that d is not an («, #)-derivation on R x R.

di(a,b) = (0,b), ds(a,b) = (a,b),

Example 1. Consider the ring R x R = Zy; X Zy;. Define two mappings

d((a,b)(c,d)) # d(a,b)a(c,d) + B(a,b)d(c,d),

EULER | J. llm. Mat. Sains dan Teknol.
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4. Conclusion

This paper investigates several properties of («, 3)-derivations and their extensions to
matrix-related structures. It is shown that if d : R — R is an («, ()-derivation on a ring R,
then it can be extended entrywise to certain subrings of the matrix ring M, (R), including
scalar matrices, diagonal matrices, and triangular matrix rings. The results demonstrate that
the structure of these matrices is preserved under the induced (o, 5')-derivation, meaning
that the image of a matrix remains within the same class of matrices.

Furthermore, several properties of (a, 3)-derivations on the direct product ring R x R
are examined. In particular, it is observed that the sum of two («, /3)-derivations does not
necessarily yield another («, 3)-derivation, as illustrated by a counterexample. These results
provide additional insight into the structural behavior of («, 3)-derivations on matrix rings
and product rings.

These findings contribute to a better understanding of the behavior of («, /3)-derivations
in matrix-related algebraic structures and may serve as a basis for further investigations on
generalized derivations in more complex ring constructions.
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