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Total Absolute Difference Edge Irregularity Strength of Several
Ladder-type Graphs

Faisal Susanto1,∗, Kristiana Wijaya2

1Mathematics Department, School of Computer Science, Bina Nusantara University, Jakarta 11480, Indonesia
2Mathematics Department, Faculty of Mathematics and Natural Sciences, Universitas Jember, Jember 68121, Indonesia

ABSTRACT. This paper studies edge irregular total absolute difference labeling for several classes of
ladder related graphs, namely triangular ladders, alternating triangulated ladders, and double triangu-
lated ladders. By deriving coinciding lower and upper bounds, the precise values for the total absolute
difference edge irregularity strength of these graphs are successfully established.

This article is an open access article distributed under the terms and conditions of the Creative
Commons Attribution-NonComercial 4.0 International License. Editorial of EULER: Depart-
ment of Mathematics, Universitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone
Bolango 96554, Indonesia.

1. Introduction
Throughout this paper,G = (V,E) denotes a finite simple undirected graph. Here, V (G)

and E(G) represent the collections of vertices and edges of G, respectively. The degree of a
vertex corresponds to the number of vertices adjacent to it. The notation ∆(G) represents
the largest vertex degree in the entire graph. For integers g and h satisfying g ≤ h, the
notation [g, h] = {g, g + 1, . . . , h} is used to represent the set of consecutive numbers from
g to h.

Graph labeling represents a crucial subfield within graph theory. It primarily focuses
on allocating integer values to graph elements, including vertices, edges, or a combination
of the two, under certain prescribed conditions [1]. According to the graph components
being assigned labels, labeling schemes are generally categorized into vertex, edge, and total
labeling.

One of the well-studied graph labeling techniques is edge irregular total labeling, orig-
inally proposed in [2]. In this labeling scheme, positive integers are assigned to both the
vertices and edges of a graph in such a way that each edge is uniquely identified by the sum
of its own label and the labels assigned to its incident endpoints. There has been a surge of
scholarly interest in this area, as evidenced by several recent studies on various graph fam-
ilies, including calendula graphs [3], modified book graphs [4], joint-wheel graphs and path
unions of helms [5], the corona product of ladder and null graphs [6], star snake graphs [7],
electromagnetic Feynman graphs [8], cycle snake graphs [9], and arithmetic ladder graphs [10].

A variation of edge irregular total labeling, known as edge irregular total absolute differ-
ence labeling, was studied in [11]. For a graph G, consider a function ϑ : V (G) ∪ E(G) →
[1, k]. The function ϑ is called an edge irregular total absolute difference k-labeling of a graph
G whenever distinct edges of G receive distinct weights, where for each edge xy ∈ E(G)
with x, y ∈ V (G), its weight is determined by ω(xy) = |ϑ(x) + ϑ(y) − ϑ(xy)|. The total
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absolute difference edge irregularity strength of G, written as tades(G), is the least value of
k necessary to successfully construct such a labeling on G.

Over the past few years, the parameter tades has been extensively explored for vari-
ous graph classes. In [11], this parameter was investigated for paths, star graphs, cycles,
sun graphs, and fan graphs. Later, [12] examined the same parameter for Tp-tree graphs.
Additional contributions were reported in [13], which addressed double fan graphs, lotus in-
side the circle graphs, wheel-like graphs, and snake-like graphs. Subsequently, [14] derived
corresponding results for hairy cycle graphs, book graphs, and generalized Petersen graphs
P (n, 2). The work in [15] focused on transformed trees together with several path related
graph families. In addition, [16] examined staircase graphs together with the disjoint union
of grids and zigzag graphs.

Although substantial progress has been achieved in the study of tades, ladder-type graph
families have not yet been examined in the existing literature. This observation motivates the
present study, which focuses on several classes of ladder related graphs, namely triangular
ladders, alternating triangulated graphs, and double triangulated ladders. In this study, the
exact tades are established for each of these graph families.

2. Methods
This section describes the approach used to derive the precise tades values for triangu-

lar ladders, alternating triangulated ladders, and double triangulated ladders. To obtain these
values, we derive corresponding lower and upper bounds and show that they coincide. The
lower bounds are obtained by applying earlier results established in [11], which are summa-
rized below.

Theorem 1 ([11]). For an arbitrary graphG having maximum degree∆(G), the following lower
bound for tades(G) is satisfied:

tades(G) ≥ max
{⌈

|E(G)|
2

⌉
,

⌈
∆(G) + 1

2

⌉}
.

On the other hand, the upper bounds are derived through constructive arguments by
providing explicit edge irregular total absolute difference labelings for triangular ladders, al-
ternating triangulated ladders, and double triangulated ladders. The coincidence of the re-
sulting lower and upper bounds consequently yields precise determinations of tades for these
families of graphs.

3. Results and Discussion
In the sequel, attention is directed toward the tades of triangular ladders, alternating

triangulated ladders, and double triangulated ladders. Let TLn, where n ≥ 2, denote a
triangular ladder whose vertex set is defined by V (TLn) = {ai, bi : i ∈ [1, n]} and whose
edge set is E(TLn) = {aiai+1, bibi+1, aibi+1 : i ∈ [1, n − 1]} ∪ {aibi : i ∈ [1, n]}. The next
theorem establishes the tades of triangular ladders.

Theorem 2. For n ≥ 2, it holds that tades(TLn) = 2n− 1.
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Proof. For n ≥ 2, we know that |E(TLn)| = 4n− 3 and

∆(TLn) =

{
3 for n = 2,

4 for n ≥ 3.

Consequently, applying Theorem 1 yields that for n ≥ 2,

tades(TLn) ≥

{
max

{⌈
5
2

⌉
,
⌈
4
2

⌉}
for n = 2,

max
{⌈

4n−3
2

⌉
,
⌈
5
2

⌉}
for n ≥ 3,

=

⌈
4n− 3

2

⌉
= 2n− 1.

To establish the upper bound tades(TLn) ≤ 2n − 1, it suffices to construct an assignment
of labels from the set [1, 2n− 1] to the vertices and edges of TLn such that all induced edge
weights are mutually distinct. We define a mapping ϑ : V (TLn) ∪ E(TLn) → [1, 2n − 1] as
follows.

ϑ(ai) =

{
1 whenever i = 1,

2i− 2 whenever i ∈ [2, n],

ϑ(bi) =

{
1 whenever i = 1,

2i− 1 whenever i ∈ [2, n],

ϑ(aiai+1) =

{
2 whenever i = 1,

1 whenever i ∈ [2, n− 1],

ϑ(bibi+1) = 1 whenever i ∈ [1, n− 1],

ϑ(aibi+1) =

{
2 whenever i = 1,

1 whenever i ∈ [2, n− 1].

ϑ(aibi) =

{
2 whenever i = 1,

1 whenever i ∈ [2, n].

Observe that the largest label assigned under the labeling ϑ is 2n − 1. We now evaluate the
resulting edge weights. Whenever i ∈ [1, n− 1], we get

ω(aiai+1) = |ϑ(ai) + ϑ(ai+1)− ϑ(aiai+1)|

=

{
|1 + 2− 2| whenever i = 1,

|2i− 2 + 2i− 1| whenever i ∈ [2, n− 1],

= 4i− 3,

whenever i ∈ [1, n− 1], we get

ω(bibi+1) = |ϑ(bi) + ϑ(bi+1)− ϑ(bibi+1)|

=

{
|1 + 3− 1| whenever i = 1,

|2i− 1 + 2i+ 1− 1| whenever i ∈ [2, n− 1],

= 4i− 1,
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whenever i ∈ [1, n− 1], we get

ω(aibi+1) = |ϑ(ai) + ϑ(bi+1)− ϑ(aibi+1)|

=

{
|1 + 3− 2| whenever i = 1,

|2i− 2 + 2i+ 1− 1| whenever i ∈ [2, n− 1],

= 4i− 2.

and whenever i ∈ [1, n], we get

ω(aibi) = |ϑ(ai) + ϑ(bi)− ϑ(aibi)|

=

{
|1 + 1− 2| whenever i = 1,

|2i− 2 + 2i− 1− 1| whenever i ∈ [2, n],

= 4i− 4.

Hence, the values induced on the edges are all different from one another, which confirms that
ϑ defines a valid edge irregular total absolute difference (2n− 1)-labeling of TLn. Therefore,
tades(TLn) = 2n− 1.

For illustrative purposes, an edge irregular total absolute difference 13-labeling of TL7

is depicted in Figure 1.

2 1 1 1 1 1

1 1 1 1 1 1

2 1 1 1 1 1 12 1 1 1 1 1

1 2 4 6 8 10 12

1 3 5 7 9 11 13

Figure 1. An edge irregular total absolute difference 13-labeling of TL7.

Let ATLn, where n ≥ 2, denote an alternating triangulated ladder whose vertex set
is V (ATLn) = {ai, bi : i ∈ [1, n]} and whose edge set is E(ATLn) = {aiai+1, bibi+1 :
i ∈ [1, n − 1]} ∪ {aibi+1 : i ∈ [1, n − 1] and i − 1 is divisible by 2} ∪ {ai+1bi : i ∈ [1, n −
1] and i is divisible by 2} ∪ {aibi : i ∈ [1, n]}. The next theorem establishes the tades value
of alternating triangulated ladders.

Theorem 3. For n ≥ 2, it holds that tades(ATLn) = 2n− 1.

Proof. Observe that for n ≥ 2, the graph ATLn contains exactly |E(ATLn)| = 4n− 3 edges,
and its maximum degree is given by

∆(ATLn) =

{
3 for n = 2,

4 for n ≥ 3.

By virtue of Theorem 1, we can establish the following lower bound for all n ≥ 2:

tades(ATLn) ≥

{
max

{⌈
5
2

⌉
,
⌈
4
2

⌉}
for n = 2,

max
{⌈

4n−3
2

⌉
,
⌈
5
2

⌉}
for n ≥ 3,

=

⌈
4n− 3

2

⌉
= 2n− 1.
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To show that 2n − 1 is also an upper bound of tades(ATLn), it remains to construct a total
labeling ofATLn with labels taken from [1, 2n−1] under which no two edges share the same
induced weight. Accordingly, define a function ϑ : V (ATLn) ∪ E(ATLn) → [1, 2n − 1] as
follows.

ϑ(ai) =

{
1 whenever i = 1,

2i− 2 whenever i ∈ [2, n],

ϑ(bi) =

{
1 whenever i = 1,

2i− 1 whenever i ∈ [2, n],

ϑ(aiai+1) =

{
2 whenever i = 1,

1 whenever i ∈ [2, n− 1],

ϑ(bibi+1) = 1 whenever i ∈ [1, n− 1],

ϑ(aibi+1) =

{
2 whenever i = 1,

1 whenever i ∈ [3, n− 1] is odd,

ϑ(ai+1bi) = 1 whenever i ∈ [2, n− 1] is even,

ϑ(aibi) =

{
2 whenever i = 1,

1 whenever i ∈ [2, n].

It is straightforward to verify that the labeling ϑ assigns values from the prescribed range
with the highest assigned value equal to 2n− 1. We next determine the corresponding edge
weights. Whenever i ∈ [1, n− 1], we obtain

ω(aiai+1) = |ϑ(ai) + ϑ(ai+1)− ϑ(aiai+1)|

=

{
|1 + 2− 2| whenever i = 1,

|2i− 2 + 2i− 1| whenever i ∈ [2, n− 1],

= 4i− 3,

whenever i ∈ [1, n− 1], we obtain

ω(bibi+1) = |ϑ(bi) + ϑ(bi+1)− ϑ(bibi+1)|

=

{
|1 + 3− 1| whenever i = 1,

|2i− 1 + 2i+ 1− 1| whenever i ∈ [2, n− 1],

= 4i− 1,

whenever i ∈ [1, n− 1] is odd, we obtain

ω(aibi+1) = |ϑ(ai) + ϑ(bi+1)− ϑ(aibi+1)|

=

{
|1 + 3− 2| whenever i = 1,

|2i− 2 + 2i+ 1− 1| whenever i ∈ [3, n− 1] is odd,

= 4i− 2,

whenever i ∈ [2, n− 1] is even, we obtain

ω(ai+1bi) = |ϑ(ai+1) + ϑ(bi)− ϑ(ai+1bi)|
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=

{
|4 + 3− 1| whenever i = 2,

|2i+ 2i− 1− 1| whenever i ∈ [4, n− 1] is even,

= 4i− 2,

and whenever i ∈ [1, n], we obtain

ω(aibi) = |ϑ(ai) + ϑ(bi)− ϑ(aibi)|

=

{
|1 + 1− 2| whenever i = 1,

|2i− 2 + 2i− 1− 1| whenever i ∈ [2, n],

= 4i− 4.

Consequently, the induced weights on all edges are pairwise distinct, showing that the label-
ing ϑ satisfies the required conditions for ATLn. This completes the proof.

Figure 2 illustrates an example of an edge irregular total absolute difference 13-labeling
of ATL7.

0 2 1 1 1 1 1

1 1 1 1 1 1

2 1 1 1 1 1 12 1 1 1 1 1

1 2 4 6 8 10 12

1 3 5 7 9 11 13

Figure 2. An edge irregular total absolute difference 13-labeling of ATL7.

Let DTLn, where n ≥ 2, denote a double triangulated ladder whose set of vertices is
V (DTLn) = {ai, bi : i ∈ [1, n]} andwhose set of edges isE(DTLn) = {aiai+1, bibi+1, aibi+1, ai+1bi :
i ∈ [1, n− 1]}∪ {aibi : i ∈ [1, n]}. The next theorem establishes the tades of double triangu-
lated ladders.

Theorem 4. For n ≥ 2, it holds that tades(DTLn) = ⌈5n−4
2

⌉.

Proof. Note that for n ≥ 2, the graph DTLn has exactly |E(DTLn)| = 5n − 4 edges. The
maximum degree of DTLn is given by

∆(DTLn) =

{
3 for n = 2,

5 for n ≥ 3.

Therefore, based on Theorem 1, the lower bound for n ≥ 2 can be deduced as

tades(DTLn) ≥

{
max

{⌈
6
2

⌉
,
⌈
4
2

⌉}
for n = 2,

max
{⌈

5n−4
2

⌉
,
⌈
6
2

⌉}
for n ≥ 3,

=

⌈
5n− 4

2

⌉
.

We can verify the upper bound tades(DTLn) ≤ ⌈5n−4
2

⌉ by assigning labels from [1, ⌈5n−4
2

⌉] to
all vertices and edges of DTLn, ensuring that every induced edge
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weight is distinct. To achieve this, we construct a total labeling ϑ : V (DTLn)∪E(DTLn) →
[1, ⌈5n−4

2
⌉], defined as follows.

ϑ(ai) =

{
1 whenever i = 1,

⌈5i−5
2

⌉ whenever i ∈ [2, n],

ϑ(bi) =



1 whenever i = 1 and n− 1 is divisible by 2,

⌈5i−4
2

⌉ whenever i ∈ [3, n− 2] is odd and n− 1 is divisible by 2,

⌈5i−2
2

⌉ whenever i ∈ [2, n− 1] is even and n− 1 is divisible by 2, or

whenever i ∈ [1, n− 1] and n is divisible by 2,

⌈5n−4
2

⌉ whenever i = n,

ϑ(aiai+1) =

{
3 whenever i = 1,

2 whenever i ∈ [2, n− 1],

ϑ(bibi+1) =


1 whenever i ∈ [1, n− 1] and n− 1 is divisible by 2, or

whenever i = n− 1 and n is divisible by 2,

2 whenever i ∈ [1, n− 2] and n is divisible by 2,

ϑ(aibi) =



2 whenever i = 1 or i ∈ [2, n− 1] is even, and n− 1 is divisible by 2, or

whenever i ∈ [2, n− 1] and n is divisible by 2,

3 whenever i = 1 and n is divisible by 2,

1 whenever i ∈ [3, n] is odd and n− 1 is divisible by 2, or

whenever i = n and n is divisible by 2,

ϑ(aibi+1) =



3 whenever i = 1 and n− 1 is divisible by 2, or

whenever i = 1 or i ∈ [2, n− 2] is even, and n is divisible by 2,

2 whenever i ∈ [2, n− 1] and n− 1 is divisible by 2, or

whenever i ∈ [3, n− 3] is odd and n is divisible by 2,

1 whenever i = n− 1 and n is divisible by 2,

ϑ(ai+1bi) =


1 whenever i ∈ [1, n− 1] and n− 1 is divisible by 2, or

whenever i ∈ [2, n− 2] is even and n is divisible by 2,

2 whenever i ∈ [1, n− 1] and n is divisible by 2 is odd.

It can be readily verified that the largest label assigned under ϑ is ⌈5n−4
2

⌉. We now proceed
to determine the induced edge weights. Whenever i ∈ [1, n− 1], we have

ω(aiai+1) = |ϑ(ai) + ϑ(ai+1)− ϑ(aiai+1)|

=

{
|1 + 3− 3| whenever i = 1,

|⌈5i−5
2

⌉+ ⌈5i
2
⌉ − 2| whenever i ∈ [2, n− 1],

= 5i− 4,

whenever i ∈ [1, n− 1], we have

ω(bibi+1) = |ϑ(bi) + ϑ(bi+1)− ϑ(bibi+1)|
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=



|1 + 4− 1| whenever i = 1 and n− 1 is divisible by 2,

|⌈5i−4
2

⌉+ ⌈5i+3
2

⌉ − 1| whenever i ∈ [3, n− 2] is odd and n− 1 is divisible by 2,

|⌈5i−2
2

⌉+ ⌈5i+3
2

⌉ − 2| whenever i ∈ [1, n− 3] is odd and n is divisible by 2,

|⌈5i−2
2

⌉+ ⌈5i+1
2

⌉ − 1| whenever i ∈ [2, n− 3] is even and n− 1 is divisible by 2,

|⌈5i−2
2

⌉+ ⌈5i+3
2

⌉ − 2| whenever i ∈ [2, n− 2] is even and n is divisible by 2,

|⌈5n−7
2

⌉+ ⌈5n−4
2

⌉ − 1| whenever i = n− 1,

= 5i− 1,

whenever i ∈ [1, n− 1], we have

ω(aibi+1) = |ϑ(ai) + ϑ(bi+1)− ϑ(aibi+1)|

=



|1 + 4− 3| whenever i = 1,

|⌈5i−5
2

⌉+ ⌈5i+3
2

⌉ − 2| whenever i ∈ [3, n− 2] is odd,

|⌈5i−5
2

⌉+ ⌈5i+1
2

⌉ − 2| whenever i ∈ [2, n− 3] is even and n− 1 is divisible by 2,

|⌈5i−5
2

⌉+ ⌈5i+3
2

⌉ − 3| whenever i ∈ [2, n− 2] is even and n is divisible by 2,

|⌈5n−10
2

⌉+ ⌈5n−4
2

⌉ − 2| whenever i = n− 1 and n− 1 is divisible by 2,

|⌈5n−10
2

⌉+ ⌈5n−4
2

⌉ − 1| whenever i = n− 1 and n is divisible by 2,

= 5i− 3,

whenever i ∈ [1, n− 1], we have

ω(ai+1bi) = |ϑ(ai+1) + ϑ(bi)− ϑ(ai+1bi)|

=


|3 + 1− 1| whenever i = 1 and n− 1 is divisible by 2,

|⌈5i
2
⌉+ ⌈5i−4

2
⌉ − 1| whenever i ∈ [3, n− 2] is odd and n− 1 is divisible by 2,

|⌈5i
2
⌉+ ⌈5i−2

2
⌉ − 2| whenever i ∈ [1, n− 1] and n is divisible by 2 is odd,

|⌈5i
2
⌉+ ⌈5i−2

2
⌉ − 1| whenever i ∈ [2, n− 1] is even,

= 5i− 2,

and whenever i ∈ [1, n], we have

ω(aibi) = |ϑ(ai) + ϑ(bi)− ϑ(aibi)|

=



|1 + 1− 2| whenever i = 1 and n− 1 is divisible by 2,

|1 + 2− 3| whenever i = 1 and n is divisible by 2,

|⌈5i−5
2

⌉+ ⌈5i−4
2

⌉ − 1| whenever i ∈ [3, n− 2] is odd and n− 1 is divisible by 2,

|⌈5i−5
2

⌉+ ⌈5i−2
2

⌉ − 2| whenever i ∈ [2, n− 1] is even, or

whenever i ∈ [3, n− 1] is odd and n is divisible by 2,

|⌈5n−5
2

⌉+ ⌈5n−4
2

⌉ − 1| whenever i = n,

= 5i− 5.

Since the induced values associated with the edges are all different, ϑ fulfills all the required
conditions for DTLn. Consequently, tades(DTLn) = ⌈5n−4

2
⌉.

An example of an edge irregular total absolute difference 16-labeling for DTL7 can be
seen in Figure 3.
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3 2 2 2 2 2

1 1 1 1 1 1

2 2 1 2 1 2 1

3 2 2 2 2 2

1 1 1 1 1 1

1 3 5 8 10 13 15

1 4 6 9 11 14 16

Figure 3. An edge irregular total absolute difference 16-labeling of DTL7.

4. Conclusion
In this article, the tades of triangular ladders, alternating triangulated ladders, and dou-

ble triangulated ladders have been established. The obtained results confirm that these graph
families achieve the general lower bounds stated in Theorem 1. Furthermore, the construc-
tive methods developed in this work may serve as a useful framework for investigating tades
in other classes of structured graphs, thereby providing several possibilities for future inves-
tigation.
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