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ABSTRACT. This article considers the impact of competitive response to interfering time and anti-predator behavior
of a three species system in which one predator consumes both the competing prey species. Here one of the competing
species shows anti-predator behavior. We have shown that its solutions are non-negative and bounded. Further, we
analyze the existence and stability of all the feasible equilibria. Conditions for uniform persistence of the system

are derived. Applying Bendixson’s criterion for high-dimensional ordinary differential equations, we prove that the
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1. Introduction

In population biology, competition and predation are two
fundamental interspecific interactions. Basic questions arise how
predation affect competitive interactions. Usually predators at-
tack weak competitor. In that case a superior competitor plays
an important role in structuring the community. Actually, there
are some situations where a superior competitor shows anti-
predator behavior which in turn reduce the predation pressure.
This fact occurs due to the evolutionary adaptation of prey and
predator. The prey with the anti-predator behavior may pro-
mote coexistence of all the species. Several studies are carried
out to focus anti-predator behavior [1-4]. Though there are ev-
idence of the anti-predator behavior, mathematical model using
this aspect is few |1, 2, 5]. Ives and Dobson [2] investigated anti-
predator behavior in predator-prey model and found that anti-
predator behavior increases the density of prey and reduces the
ratio of predator-to-prey density and induces damps oscillation
in the predator-prey system. Tang and Xiao [5] analyzed the dy-
namical behavior of predator-prey model with a non-monotonic
functional response and anti-predator behavior. They showed
that anti-predator behavior enhances the coexistence of the prey
and predator and also damps the predator-prey oscillations.

Previous studies [2, 5] did not consider the density of prey
in anti-predator behavior. Saito [6] pointed out that the density
of prey is a factor in anti-predator activity. Janssen et al. 7] re-
marked that prey population can kill the predator when the size
of the prey attain a certain level. Sun et al. [8] investigated a
piecewise dynamic system to address the impact of anti-predator
behavior on predator-prey system. They remarked that an in-
creasing amount of anti-predator behavior rate causes the prey
population to persist though the coexistence of all species of the
system depends upon the anti-predator behavior. Prasad and
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coexistence equilibrium point is globally stable under specific conditions. The system admits Hopf bifurcation when
anti-predator behavior rate crosses a critical value. Analytical results are verified numerically.
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Prasad [9] suggested additional food to a predator in predator-
prey system with anti-predator behavior to control the loss in
predator population. Tang and Qin [10] studied a predator-prey
model with stage structure and anti-predator behavior. They
obtained forward and backward bifurcation and mentioned the
impact of anti-predator behavior upon the equilibrium level of
prey equilibrium density. Mortoja et al. [11] discussed the anti-
predator behavior in stage structure predator-prey model with
Holling type Il and IV predator functional response. These studies
are mainly confined into two interacting populations. But in real
ecosystem, complicated dynamics emerges when there are more
than two interacting species. Fujii [12] analyzed two prey-one
predator model with competition between the prey species and
observed globally stable limit cycle surrounding the unstable co-
existence equilibrium point. Takeuchi and Adachi [13] discussed
the stable behavior of two prey, one predator communities. They
remarked that chaotic motion arises from periodic motion when
one of two prey has greater competitive abilities than the other
and predator mediated coexistence is possible depending on the
preferences of a predator and competitive abilities of two prey.
Deka et al. [14] studied the effect of predation on two competing
prey species in the general Gauss type model.

In view of the above, we have interested to study predator-
prey interaction with anti-predator behavior along with competi-
tion between the prey species where each species invest time in
competing individual of the other species. The competition term
suggested in [15] is considered here. Here we consider two com-
peting prey species which share a common predator. Further-
more, one of the competing prey shows anti-predator behavior.
For example, Uganda kobs and buffalo are two competing prey
species. Lions predate both the prey species. The buffalo has
adopted anti-predator behavior.

The rest of the paper is structured as follows. The model is
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presented in Section 2. Positivity and boundedness are checked
in Section 3. The existence and stability of various steady states
and persistence are discussed in Section 4. Global stability anal-
ysis is carried out in Section 5. Bifurcation result is prescribed
in Section 6. Numerical computations are given in Section 7. A
brief discussion follows in Section 8.

2. Model Formulation

Recently, Castillo-Alvino and Marva [15] revisited the clas-
sical two species Lotka-Volterra competition model considering
the time spent in competition for the interacting species. They
proposed the model by incorporating Holling type Il competition
response to interference time as follows:

dxq a12T2

—=x1 | —apry — ———

ar 117 1171 1+ a1 )’

d (1)
X9 a21%1

—— =To | T2 —ary — ——— |,

at 2(2 2222 1+a2x2>

with 2; (0) > 0,i =1, 2.

The variables z; and x5 denote the densities of two com-
peting species at time t respectively. r; and ry represent the
intrinsic growth rate of both the species. a;; denotes the intra-
specific competition of species i. a;; measures the action of
species j upon the growth rate of species i.a; denotes the
searching rate. It is assumed that a; # ao. In [15], the authors
showed that the more time interfering with competition takes,
the more likely coexistence and also obtained multi-stability sce-
narios. In the above study, the role of predator is not considered.
Also anti-predator behavior of prey that exhibit complex dynam-
ics has not been investigated yet. So we incorporate a predator
y in system (1) with Holling type Il predator functional response
and the prey x5 exhibits anti-predator behavior in the form stud-
ied in [19] is considered here. Thus (1) transformed into:

% — i 1 — iz — Q22 P1Y

dt ! ! 1 1+a1x1 1+b11’1 ’
T2 (o g, — 21T P2y 2
dt 2 2 2272 1 + asxo 1 + bgl‘g ’

dy C1P171 C2P2T2 Qxo

- =Y —d + - 9

dt L+bizr  1+bere 1+ Py

with z; (0) > 0,i = 1,2,y (0) > 0.

Here p; and ps represent the per capita predator consump-
tion rate, b; and by denote the constant handling time for each
prey captured. ¢; and ¢, are the conversion rate of prey biomass
to predator biomass. 1/4 is the half saturation constant. /3 is
the maximal anti-predator efficiency of the prey x5. « denotes
anti-predator rate. The anti-predator behavior of prey is assumed
to resist predator aggression, though the growth of prey popula-
tion is not increased still it can reduce the growth of the predator
population.

3. Positivity and Boundedness of Solutions

In this section, we present positivity and boundedness of
solutions of system (2) which ensure the biological validity of the
model. We first check positivity.

| Jambura J. Biomath

Lemma 1. All solutions (1 (t) ,z2 (t) ,y (t)) of system (2) with
initial values (10, ©20,Y0) € R3. remain positive for all t > 0.

Proof. The positivity of 21 (t) , z2 (t),y (¢) can be shown by the
equations

w1 (t) = w10 €XPp (/Ot {Tl —ayizq (s) — m

3 (t) = 220 €Xp </Ot {7"2 — gz (8) — %

v =wesn ([ {2 2R
) )

with T10,T20,Y0 > 0. As x19 > 0 then z; (t) > 0 forallt > 0.
Similarly we can show that z2 (t) > 0 and y (¢) > O forall ¢ > 0.
Hence the interior of Ri is an invariant set of system (2). O

Lemma 2. All solutions (x1 (t) ,x2 (t) ,y (t)) of system (2) with
initial values (10, %20,%0) € Ri are bounded; furthermore,
they enter the region

B = {(xl,xg,y) & Ri 10 < cixy + a0

< (ry +7)°2 (rg +7)2

a7+
- 4 H daooT

} , where 7 < d.

Proof. Define the function
W (t) = c1x1 + coxg + y.

The time derivative along a solution of (2) is

dW (t) a12%2
=CT1\T1 — Q1171 — m

dt
tevmn (o — avmy — 02181
242 2 2242 1+a2x2

ax9g
—y(as )
y( 1+ By

For each 7 > 0, the following inequality is fulfilled.

aw
- +7W < cizy (r1 — a1z + 1)

+ coxa (ro — agexa +7) +y (T —d)
r+T 2 r+T7 2
< —can Ty — -
2a11 2a11
ro + T 2 ro + T 2
— C2G22 § | T2 — -
2a92 2a92
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+y(r —d). (3)
Now choose 7 < d. Therefore (3) leads to

2
d7W_|_ W<(T1+T)

(ro + 1)
dt 4(111 '

4@22

By applying comparison theorem [16], we have

0 S W(xl (t) y L2 (t) Y (t))
rm+7)? (rat 1)’ n W (21 (0), 22 (0) ,y(O)).

< (
4a1T 4aooT et

Passing to the limit as t — oo, we get

(ra+7)°

2
(r +7) = N (say).

4@117‘

0<W(t) <
< ()_ 4&22’7’

Hence system (2) is bounded. From above lemma we can con-
N N

clude that 21 (t) < —, z2(t) < —, and y(t) < N. O
C1 C2

4. Existence of Equilibria and Stability Analysis
4.1. Existence of equilibria

Evidently, system (2) has six non-negative equilibrium
points. The population free equilibrium point Ey = (0,0,0).

(“7 0, o) . The
aiil

The first prey only equilibrium point F; =

second prey only equilibrium point E5 = | 0, 7“727

a22
FE4, and E, always exist. The predator free equilibrium point
Eis = (T1,T2,0). The equilibrium point F5 can be found in

x1 — x2 plane provided it satisfies the following equations:

O) . Here F),

1272

— - = 4
1 — a1171 1+ ajay 4
42171
T2 — (2272 1+ agzs (5)
From eq. (4), we find the value of x5 as
r —a11x1)(1 4+ a1
2y = ( 1 11 1)( 1 1). (6)

a2

Now using the value of x5 in. eq. (5), we get the following equa-
tion in z1,

flxy) = ozoafll + almi’ + 04237% +azr;+os =0 (7)
where

2 2
Qg = A2a2207107,,
a1 = 2aqa2a11092 (a11 — r101) ,
g = agag § (rian —a11)” — 2a1101m
+ ar1a1a12 (r2a2 — agearz),
2
a3 = as (r1a1 — a11) (2a2271 — 12012) + A79021,

ay = (agari — raaz) (roas + a12) .

| Jambura J. Biomath

Now f(O) = (66227"1 —7"2(12) (7“2(12 +a12) and f (ﬁ) _
a1

421 = r2au, Clearly, eq. (7) has a positive root between 0 and

ari
RN if £(0) and f (rl) are of opposite sign. We note that if
ail aii

L
a22 T2 CL21 a22 T2 a21

a12 a11 CL12 a11 8)

then eq. (7) has a positive root. Thus Fi is feasible if (8) and
r1 > a11Z1 hold.
The first prey and predator only equilibrium point

ki3 =
(r1 —a1121)(1 + b121)

(Z1,0,9) where 4 and § =

c1p1 — dby

. It can be shown that F3 is feasible if

b1
db, < C1P1 and r; > a1121.
The second prey and predator only equilibrium point
Es3 = (0,Z2,7). The equilibrium point Es3 can be found in

xo — y plane provided it satisfies the following equations:
P2y
— ———— =0 9
T2 — a22%2 1+ byiy 9)
CoP2T2 QT2
—d+ - =0. 10
1+boxy 14 By (10)

From eq. (9), we find the value of y as

_ (rg — agew2)(1 + boxs)
b2 .

Now using the value of y in. eq. (10), we get the following equa-
tion in zo,

g (w2) = Boxs + P1a3 + Boxa + B3 =0 (11)

where
Bo = Pags (capabs — d) ,
B1 =dp (7‘2 - 2612252) + p2 (Oéb2 + Beaage — 5027‘2[)2) ,
B2 = p2 (dba + o — capa — c2fra) + dB (2rabs — as2) ,
B3 = d(p2 + Bra).

We note that

O)—dp2+ﬁr2)>Oand

(2)-2
() <o

(daga + ara) (az + bara) < coparaaas.

(daga + ara) (azs + bara) — caparaass}

Clearly, g

(12)

If the inequality (12) hold then eq. (11) has a positive root Zs
between 0 and ;—2. Thus Eos is feasible if (12) and r9 > ag2o
hold. .

To locate the coexistence equilibrium point E* =
(a1, x5, y*) of system (2), we use isocline method. 3, 23 and y*
are the positive solutions of the following system of equations:

. ny
1 + blxl

1272

L —ainnry — =0, (13)

1+ a1y
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a21%1 P2y

_ _ — =0 14
T2 Tl T T T T : (14)
C1p171 CoP2T2 [e45))
—d+ - =0. 15
1+b11‘1 1+b21‘2 1+ﬂy ( )
From, equation (13), we get
(T +bym) aiaTe |
Y= -——"—"""197T1 —011T1 — —————— ¢ = Ye. (say)
D1 1+aiz
a12x2

For positivity of y, 71 > a1121 + — . Now, we substitute
1+ a1y

the value of ¢ in (14) and (15) and obtain

2121 DP2Ye
,Tg) =Ty — - - =0, (16
fi (IE1 IQ) T2 — A22T2 1+ apzs 1+ byzo (16)
C1p121 CoP2x2 ax2
T1,T3) = —d+ — =0.
f2 (@1, 22) 1+bixr  14bawa 1+ Bye
(17)

In eq. (16), when x5 — 0, we have r, — as1x1 — paye = 0. Now,
we have

doy __Oh 0K M
dIQ 81‘2 3931 Nl
where
M, = — a9 + %
(1 + (12332)
arz (1+b1xy) baye
+ + :
D2 {pl (1 + alﬂ’;l) (1 + b2$2) (1 + b21‘2)2
a21
Ny = — 21
! 1 + a2

o D2 {bl<r iz — 1222 >
T+bozs \pr 0 0 T4 am

14+ b1z a1201T
+( 171) (—a11+(1 12G1T1

D1 +a1x1)2>} ’

d
It is clear that d—il > 0 if either (i) M7 > 0 and N7 < 0 or (ii)
2
M; < 0and Ny > 0 hold. Also we get,

dvy _ 0fr 0 _ M
dxo 8372 8371 No
where
Cap2 1 Baiazy (1 + bywy)
9 = 3 « + 2 (>
(1+b2£]]2) 1+ﬁye (1+a1x1)(1+ﬂye)
C1P1 by a12T9
=—= tafroy— |11 —anr; — ——
? (1+byzy)? 4 2{101(1 e 1+a1x1>

14+ bz a12a1x
+( 121) (—a11+( 120122

1+ &1]}1)2> } .
dl’l

We note that T < 0 if either (i) My > 0 and N2 > 0 or (ii)

T2
M5 < 0and Ny < 0.
From the above analysis, we conclude that the two isoclines
(16) and (17) intersect at the point (z7, z3) under certain condi-
tions. Throughout this paper we assume that E* exists.

| Jambura J. Biomath

4.2. Stability analysis
The local stability properties of the equilibrium points can
be determined through the Jacobian matrix around each equilib-
rium point. Clearly, Fy is always unstable. Otherwise, we have
1. Ej is locally stable if 70a11 < a2171 and d (a1 + bir1) >

C1p1T1.
2. E5 is locally stable if 7ria90 < aiore and
(dasz + arz) (azs + bar2) > azzcapara. B
. . _ C1p1T1 CoP2T2
3. Ey, islocally stable if d > and
12 y oz 1+b:71 1+ byTo
aiza asa
(1171 + agaTa > T1T2{ 2 i 5 2 i 5
(1+a171) (1 + agm2)
4. Eq3 is locally stable if ro < a91%1 + poy and a1127 >
bip121y
(1+ byiy)?
5. FEa3 is lOCEl“y stable if 1 < a12%9 + 1Y, Aoy >
_ p2bo af Cop2
~ \2 2 T <\ 2 >
(1+b2$2) (1+/3y) (1+b21‘2)
o
146y

To determine the stability of interior equilibrium point E*, we
find out the characteristic equation around E* which is given by

M4y A2+ A +93=0 (18)
where
* ok b %, %
"= anzt — 6112&19313322 iy S+ a7}
(14 ayx3) (14 bya¥)
_asapzizy  bepoxiyt  afaiy”
(1+a0a3)®  (1+bgat)?  (L+By*)"
. Q12a1T7T5 biprxTy*
Y2 = § G111 — 3 3
(1+ayxy) (14 byax?)
. (2102T1T5 bapax5y”*
a22$2 - 2 = P)
(1+ agx}) (14 boxd)
afrsy* Q12012725 biprxiy*

- =7 allx* —
u+ﬁwf{ Yol taa)? (14 b))’

. Ao1a9X; TS bopoxiy*
Fagak — 1*22 _ 2?{k .
(14 agz}h) (1 + box3)
_ pawyy” cop2 o«
L+boxs | (14 boxy)® 1+ By
(120217 T5 Clp%flky*
(1 +arz})(1 +azz3) (14 byaf)®
s = afxsy* B a1202127 75
(1+8y*)°  (L+azy) (1+ agxy)
. Q1201T7T5 bipiriy*
— (o — 2 2
(14 ayx?) (14 bya3)

(14 byzt)?
B Cop2
(1+boa3)® 14 By*
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P2r3y" Lz 12012773 bipraiy”

1+ by Y4 aan)? (14 bat)?
prag1 T Tsy* ) B 1

1—|—b1x1)(1—|—a2x2) 1+ ba)?

S a1 G275 bapazsy*
1 22 -
i 2 (L4 ans)? (1 + byay)?

a12¢2p1p2$1xzy
1+ alxl

/N

From the Routh-Hurwitz criterion, we can say that E* is locally
asymptotically stable if the following conditions are satisfied.

71 > 0,73 > 0and v172 > 3. (19

4.3.  Persistence

If all the solutions of system (2) enter the compact region
M c G ={(x1,22,y) : 1 > 0,29 > 0,y > 0} then the system
is said to be persistent.

We now present persistence criterion.

Proposition 1. Suppose Eyo, F13 and Es3 exist. Further sup-
pose that there are no limit cycles in t1 — xo,x1 —yand o —y

plane. If roa11 > ao1m1, Ta22 > aiaTo, d + aTs <
C1P1T1 CoP2T2 . . -

, To > as1%1 + and r1 > a12%o +
[ T 2 2121 T P2y 1 1272

P19 then system (2) is uniformly persistent.

Proof. Proceeding along the lines in [17], we can prove the theo-
rem and is deleted here. O

Remark 1. System (2) is uniformly persistent when the condi-
tions in Proposition 1 are satisfied. Thus we infer that there
exist a time 7" such that z1 (), 22 (t),y (t) > K,0 < K <

r
L fort>T.
a1

Remark 2. If there are finite number of limit cycles, then per-
sistence conditions in Proposition 1 becomes

/g (—d+ clplijt) a
0 14+ b1 () P (

/ (r2—a2 & (t) — path (¢ )) dt >0,
0

—aw()>dt>0

/00 (r1 — a1 () = pr13(1)) dt > 0.

For each limit cycle, (¢ (t),% (¢)) in the 1 — x5 plane,

) (t), 9 (t))inthe 21 —y plane and (¢ (t) , ¥ (t)) in the zo—y
respectively where o is the appropriate period.

5. Global Stability Analysis

We have already observed that the coexistence equilibrium
point E* will be locally stable when the inequalities (19) are sat-

| Jambura J. Biomath

isfied. So it will be of interest to know whether this equilibrium
point is globally stable or not. Usually Lyapunov function is used
to examine the global stability. But it is not always possible to
find a suitable Lyapunov function to prove global stability. In
that case, an alternative approach developed in [18] is used. Now
we apply a high-dimensional Bendixson’s criterion of Li and Mul-
downey [18], which is demonstrated below.
Let D C R™ be an open set and F' ¢ C''. Consider a system

of differential equations

dX

T F(X).
According to the theory described in [18], it is sufficient to show
that the second compound equation

(20)

du  OFP

dt 00X
with respect to a solution X (¢, Xy) of system (20) is equi-
uniformly asymptotically stable, namely, for each Xy € D, sys-
tem (21) is uniformly asymptotically stable and the exponential
decay rate is uniform for X in each compact subset of D, where
D C R™ is an open connected set. Here 9F /0 X 2! is the second
additive compound matrix of the Jacobian matrix 9F?1 /0X. It

is an < g > X ( g ) matrix and thus (21) is a linear system of

(X (t, X0)) U(t) (21)

dimension 9

general 3 x 3 matrix

" ) (see Fiedler [19] and Muldowney [20]). For a

mi1 M1z Mi3

M= mo mo ma3 |,
m31 Mm32 MM33

Its compound matrix M2 is
mi1 + Ma2 ma3 —m13
2
MP = mso mi1 + ma3 mi2 (22)
—ms31 maoy Moo + M33

The equi-uniform asymptotic stability of (21) implies the expo-
nential decay of the surface area of any compact two-dimensional
surface D. If D is simply connected, then it will not allow any in-
variant simple closed rectifiable curve in D, including periodic
orbits. The following result is proved in [18].

Proposition 2. Let D C R™ be simply connected region. Assume
that the family of linear systems (21) is equi-uniformly asymptoti-
cally stable. Then

(i) D contains no simple closed invariant curves including peri-

odic orbits, homoclinic orbits, heteroclinic cycles;

(i) each semi-orbit in D converges to a single equilibrium.
In particular, if D is positively invariant and contains an unique
equilibrium X, then X is globally asymptotically stable in D.

One can prove uniform asymptotic stability of system (21)
by constructing a Lyapunov function. For example, (21) is equi-
uniformly asymptotically stable if there exists a positive definite
function V(U), such that dV'(U)/dt| ) is negative definite and
V and dV (U)/dt| (-, are independent of Xj.
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We need the following assumptions to show the global sta-
bility of the coexistence equilibrium point E* of system (2).
(A1) There exist positive numbers p and 7 such that

c c
max {011 + %p + c13p, 27177 + C22 + co37,

(A2) All the assumptions of Proposition 1 hold.
We again denote X = (z1,22,y)" and

a2 pP1y
1+ a1y 1+ bll’l ’

F(X) = (:51 <7‘1 —any —

G211 P2y
1+ a9 1+ bQiL’Q ’

Z2 (7“2 — Q2272 —

y(—d+ C1p1T1 Cop2Ty QX2
1+bix1 1+ baxo 1+ By
and by (22)
oF2 ni1 N2 M3
ax N21  TM22 Na23
n31  MN32 N33
where
a2
ni =11+ 72 — 2 (a1 + are) — %
(14 arxq)
L5 py _ p2y
(1+CL2$2)2 (1+b1$1)2 (1 +b21’2)2,
Ny — — P22 e p1xy
12 1+ ngg’ 13 1+ b1$1 )
ng1 =y CoP2 o
21 = -
(]. +b2(L’2)2 1 +By ’
a12T2 Py
Nog =11 — 241101 — 5 — 5 —d
(1+a1m1) (1+b1]}1)
c1p1T CoPoT azx
+1p11+2p22_ 22’
1+ bixy 1+ baxo (1+By)
e @121
23 1+ a1 )
ngy = — c1p1y
(1+byay)?’
Ny = — 2172
32 1+ oo )
_ a2121 p2y
N33 = ro — 22202 — 7~ 5 —d
(1 + CLQiCQ) (1 + b2(172)
C1p1T1 CaPaT2 Qg
L+bizr  1+boza (1 —|—By)2‘
The second compound system is
1}1 gFl2l [ W
U =
12 0X U2
us us
is
. a2
UL = r1+ro—2 (a11$1 + aggxg) — %
(14 ai21)
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2171 Py P2y u
- - - 1
(]. +a29:2)2 (]. +b11‘1)2 (]. +b2172)2
o D22 u P12 u
1+b2.’£2 2 1+b11’1 »
U =y e __ ¢ uy
(1+b29€2)2 1+ By
a12%
+<4ry — 2(111{1}1 — 1272 3 Py 3 — d
(14 aiz1) (1+biaq)
C1p1T1 CoPa X2 QT2
— U 23
1—|—b11‘1 1—|—b21‘2 (1+5y)2} 2 ( )
G121y w
1+ a1y 3
i = a1y 2122
3= = 11— 2
(14 bya1)” 1+ agzs
2121 p2y
+ To — 20,22172 — —
{ (1 —|—a2x2)2 (1 —|—bgl‘2)2

_ C1p1T1
1+ bixy

C2PoX2 QX2 u
L+baws (14 By)?

where X (t) = (21(t), z2(t), y(t))" is arbitrary solution of sys-
tem (2) with Xo () = (210 (t) , @20 (), 90 (t))" € R3. Set
W (U) = max{p |u1|,n|uz|,|us|} where p,n > 0 are constants.
The direct calculations yield the following inequalities:

Ci2p M

d+
Eﬂ lur| < cripfur| + lua| + c13p|usl|,

[ur| + co2 n [ua| + c23 |us|n,

dt co1 Mp
R <
o N luz| < p

C310 w | C32 7]

1|+

d+
E\U:ﬂ < |ug| + c33 us],

where d* /dt represents the right hand derivative and

Kajpc?
c11=1r1+ry— 2K (a11 +a22) — LlQ
(Cl +CL1N)
Kag c3 Kpicf Kpacs
(c24aaN)?  (c1 +bN)?  (ca+byN)?
o1y — _ P20z
12 s +b2N7
NPy
Cl3 = ——"7—,
13 C1 (1+b1K)
Nc2p2 aK
C21 = 2 = )
(14 b2K) 1+ BN
K 2 Kpc?
Cop =171 — 2(111K - @121 5 pier 3
(Cl+a1N) (Cl +b1N)
N N K
—d+ P1 + p2 _ o -,
1+ K 1+bN (14 3N)
Kajacy
Ca3 = — —————
23 c +a1N7
Kpicf
€31 = — 7 3>
(Cl +b1N)
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c _ Ka2102
32 ey + U,QN’
K 2 Kpoc?
33 = T2 — 2022/ — 1% 7 — P2C2 3
(CQ + (IQN) (CQ + bQN)
N pa N aK
—d+ + - .
1+0 K 1+bN (14 8N)°
Therefore,
d+
7V UQ@) <LWU (@)
with

¢ c
L = max {011 + %p + c13p, %ﬂ + c22 + ca37,

Thus under assumptions (A7) and (Asz), we find a positive
constant ¢ such that L < —§ < 0 and thus

W (U () < W (U (s)) exp( — 8(t — 5)),t > s > 0.

This ensures the equi-uniform asymptotic stability of the second
compound system (23) and hence the coexistence equilibrium
point E* is globally stable following Proposition 2. From above
analysis, we now state our global stability result.

Theorem 1. [f the assumptions (A;) and (As) hold then system
(2) has no non-trivial periodic solutions. Furthermore, the coexis-
tence equilibrium point E* is globally stable in R:j_.

6. Bifurcation Study
Set h(a) = 71 (a)y2(a) — v3(a).

Theorem 2. I[fthere exists o« = a* such that (i) y; (o) > 0,4 =
1,2,3, (i) h (a*) = 0, (iii) b/ (a*) > 0 then the positive equi-
librium point E* is unstable if « < o but is stable for o > o*
and a Hopf bifurcation of periodic solution appears at o = o*.

Proof. Proceeding along the lines in [21], we can prove the theo-
rem and is deleted here. O

7. Numerical Simulations

In this section, we will discuss some examples to validate
our results found in this paper. Numerical simulations are carried
out with the help of a Matlab software package for a hypothetical
set of data.

Example 1. Suppose 1 = 2,a;; = 0.6,a12 = l,a; =
0,p1 ES 1,b1 = 0.1,7“2 = 4,@22 = 3,(121 = 2,&2 = 0,p2 =
0.1,bo = 0.1,d = 0.5,¢c;1 = 1,2 = 0.1,a =0and g = 0.
In absence of interfering time and anti-predator behavior, an
oscillation is observed in the system around the equilibrium
point £*(0.0211, 1.3038, 0.4755) (see Figure 1).

| Jambura J. Biomath

Example 2. Suppose r; = 2,a1; = 0.6,a12 = 1l,a; =
3,p1 = 1,b1 = 0.1,7“2 = 4,a22 = 3,&21 = 2,(12 = 1,p2 =
0.1,b0 = 0.1,d = 0.5,¢c;1 = 1,0 = 0.1, = 0.1and 8 =
0.1. In presence of interfering time and anti-predator behav-
ior, an oscillation persist in the system around the equilib-
rium point £*(1.8581, 0.7916, 0.3890)(see Figure 2).

Example 3. Taking o = 0.2, keeping all other parameters in
Example 2, unchanged, we observe multiple limit cycles sur-
rounding the equilibrium point £*(0.4992, 1.1764, 0.7116)
(see Figure 3).

Example 4. Taking o = 0.8, keeping all other parameters
in Example 2, unchanged, a stable behavior is observed and
the solutions converge to the equilibrium point £%(1.2363,
0.8515, 1.2080) (see Figure 4). Bifurcation diagram with re-
spect to the parameter « is depicted in Figure 5.

Example 5. Suppose 11 = 2,a17; = 1.5,a12 = l,a1 =
3,p1 = 1,by = 01,70 = 4,020 = 3,a21 = 2,03 =
].,pg = 0.1,b2 = 017d = 0.5,01 = ].,CQ =
0.1, = 0.1 and8 = 0.1. Then, system (2) has an

equilibrium point E* (0.6314,1.1128,0.7106) . Conditions
of Proposition 1 are satisfied, hence system (2) is uniformly

persistent. We now choose K = 1. With the above
choice of parameters, we obtain ¢;; = —3.8781,¢12 =
—0.028,613 = 2.336,021 = —0.0583,022 = 0.3134, Co3 =
—0.1148, C31 = —0.6328, C32 = —0.07497 C33 =

—0.0334. the positive numbers p = 1, = 4 such that
max{—1.5491, —0.3790, —0.6849} < 0. Therefore E* is
globally stable (see Figure 6).

Example 6. Suppose 11 = 2, a1; = 0.6, a12 = 1, p =
1,b1 = 0.1,7“2 = 4,@22 = 3,(121 = 2,@2 = l,pg = 0.1,[)2 =
0.1,d =0.5,¢c; =1,c0 = 0.1, = 0.1 and 5 = 0.1. Bifur-
cation diagram with respect to the parameter a; is depicted
in Figure 7.

8. Discussion

In this paper, we have proposed and analyzed the dynam-
ical behavior of two competing prey-one predator model where
competition process obeys Holling type Il competitive response
to interfering time and anti-predator behavior. Here we have
assumed that the prey (superior competitor) can counter attack
their predators. There is an upper threshold value of the anti-
predator efficiency of the prey when predator density increases.
Predation process follows Holling type Il response function.

For biological reasons, we have shown positivity and
boundedness of solutions. The existence of all possible steady

Volume 3 | Issue 1 | June 2022
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Figure 1. Phase portrait along with time series plot of system (2) for parameter values 71 = 2,a11 = 0.6,a12 = 1,a1 =0,p1 = 1,b1 =
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Figure 2. Phase portrait along with time series plot of system (2) for parameter values 71 = 2,a11 = 0.6,a12 = 1,a1 = 3,p1 = 1,b1 =
0.1,7‘2 = 4,(122 = 3,0,21 = 2,(12 = 1,p2 = 0.1,(]2 = 0.1,d = 0.5,61 = 1,02 = O.l,a = 0.1 and /8 =0.1
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Figure 3. Phase portrait along with time series plot of system (2) for parameter values 71 = 2,a11 = 0.6,a12 = 1,a1 = 3,p1 = 1,b1 =
0.1,7“2 = 4,0,22 = 3,0,21 = 2,0,2 = 1,p2 = 0.1,b2 = O‘I,d = 0.5,61 = 1,02 = 0.17Ot = 0.2 and ﬂ =0.1

states is described. We have pointed out the existence criteria  uniform persistence criterion can also ensure the existence of the
for positive equilibrium point by isoclines method. Though, the  positive equilibrium point. Still, it is very difficult to find the co-
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Figure 4. Phase portrait along with time series plot of system (2) for parameter values 71 = 2,a11 = 0.6,a12 = 1,a1 = 3,p1 = 1,b1 =
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Figure 5. Bifurcation diagram with respect to the parameter oo where other parameter values are r1 = 2,a11 = 0.6,a12 = 1,a1 =
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ordinates of the positive equilibrium point in a specific form in
system parameters. As it is known to us that if the positive equi-
librium point is globally stable it must be unique. To examine
the uniqueness of the positive equilibrium point, we have devel-

| Jambura J. Biomath

oped the global stability criterion by the use of high-dimensional
Bendixson’s criterion due to Li and Muldowney [18]. By choosing
ant-predator behavior rate « as bifurcation parameter, we have
shown the existence of limit cycles emerging through Hopf bi-
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Figure 7. Bifurcation diagram with respect to the parameter a; where other parameter values are r1 = 2,a11 = 0.6,a12 = 1,p1 =

1,51 = 0.1,7‘2 = 4, ago — 37a21 = 2,&2 = 1,[)2 = 0.1,()2 = 0.1,d = 0.5,(21 = 1762 = 0,1,0( =0.1and ﬁ =0.1

furcation. Bifurcation diagram with respect to the parameter is
shown in Figure 5. From numerical simulation, we observe simi-
lar phenomena with respect to the parameter a; and is depicted

in Figure 7.
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Deka et al. [14], Fujii [12] and Takeuchi and Adachi [13] ad-
dressed an ecological system with the same type of species, but
no interfering time to competitive response and anti-predator be-
havior for obtaining coexistence results. Finally, we note that if

Volume 3 | Issue 1 | June 2022
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competing takes time to both competing species, then compe-
tition pressure becomes low, which enhances the coexistence
when there is no predator. But in the presence of predators
along with the anti-predator behavior of prey, whether the co-
existence is possible or not is chiefly depend on the preference
of the predator. It is noted that due to anti-predator behav-
ior, the growth of prey (inferior competitor) species increases
while the growth of prey (superior competitor) species and preda-
tor species decrease. If the prey can further increase their anti-
predator behavior, the predator population can persist with sta-
ble, positive equilibrium as there is a choice of the other prey in
the system.

The main novelty in our work is the inclusion of compe-
tition term other than the classical competition law and anti-
predator behavior of prey, which are not considered in [12-14].
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