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Dynamical Behavior in Prey-Predator Model with Mutualistic
Protection for Prey

Laras Kinanti Mutiara Putri1, Dian Savitri2,∗, and Abadi3

1,2,3Department of Mathematics, Universitas Negeri Surabaya, Surabaya 60231, Indonesia

ABSTRACT. This article reconstructs the model of predator-prey mutualistic protection based on a journal written
by Revilla and Křivan (2022). The predator-prey model considers mutualistic protection for the prey. The study
focuses on the analysis of equilibrium points and combines an adaptive model to study the influence of both models on
predator-prey dynamics. This research continues the stability analysis and numerical simulations of the predator-prey
model with mutualistic protection to examine the impact of mutualistic protection on prey dynamics in the model.
The research process begins with a literature review, reconstructing the predator-prey model, determining equilibrium
points, analyzing stability at the equilibrium points, conducting numerical simulations including bifurcation diagrams
and phase portraits of the model solutions, and drawing conclusions. The analysis yields three equilibrium points:
the unstable co-extinction of both populations, predator extinction, and the conditionally stable coexistence of both
populations. Based on the analysis results, there are changes in the system solutions, with the originally stable E3

becoming unstable. There is also a change inE2 from being unstable to stable. Through numerical continuation with
variations in the parameter representing the mutualistic protector’s preference for prey resources (u), a transcritical
bifurcation (Branch Point) is obtained at u = 0.888889. The simulation results demonstrate that (u) can influence
the stability of predator and prey populations.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJBM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

One of the powerful tools to study the existence of one or
more populations in an ecosystem is using mathematical model-
ing with a deterministic approach. The popular topic in ecosys-
tems is studying the interaction between prey and its predator,
see [1–4] and references therein. Moreover, the interaction be-
tween two populations is arriving in symbiosis ways such as com-
mensalism, parasitism, and mutualism. Mutualism, a fundamen-
tal concept in ecology, encapsulates the intricate relationships
that can develop between different species in an ecosystem, of-
ten leading to mutual benefits [5–7]. Protection mutualism, a dis-
tinctive subtype of mutualism, revolves around one species offer-
ing protection to another in exchange for resources or other ad-
vantages [8–10]. This type of symbiosis holds intriguing implica-
tions for ecological dynamics, especially when it involves species
such as ants and aphids.

Protection mutualism hinges on a delicate balance of coop-
eration: ants, renowned for their aggressive behavior, provide a
shield for aphids, safeguarding them from natural predators, par-
ticularly ladybirds[11–13]. These aphid colonies, in turn, provide
ants with a valuable source of sustenance in the form of sweet
secretions. This captivating interplay between aphids, ladybirds,
and ants forms the core of our study, as we delve into the intrica-
cies of protection mutualism within a predator-prey framework
[14–16].
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In our investigation, we focus on a specific ecological sce-
nario, where the population participating in protection mutual-
ism comprises prey species and their mutualistic protectors. The
primary actors in this ecological phenomena are ladybirds, the
predators; aphids, their prey; and ants, the mutualistic protec-
tors of the aphids [17–19]. Recent studies have highlighted the
significance of this intricate relationship within various contexts
[20, 21]. Together, they constitute an ecosystem where survival,
predation, and cooperation intersect.

The relevance of protection mutualism to ecological dy-
namics has been well-documented in previous research [22–
24]. In particular, Revilla and Křivan [14] advanced the field by
constructing a mathematical model that explores the intricate
dance between protection mutualism and predator-prey dynam-
ics. Their pioneering work laid the foundation for our study,
which seeks to build upon and extend their insights.

In the pages that follow, we embark on a journey to recon-
struct and analyze the predator-prey model of protection mutu-
alism, drawing from the study established by Revilla and Křivan
[14]. Through rigorous stability analysis and numerical simula-
tions, we aim to unravel the nuanced influence of protection mu-
tualism on the intricate dynamics of predator-prey relationships.
By systematically varying the parameters governing this interac-
tion, we aim to shed light on the subtle shifts and fluctuations
that can occur in ecological systems.

In this article, we not only explore the mathematical under-
pinnings of protection mutualism but also offer practical insights
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into how these dynamics may manifest in real-world ecosystems.
Our study underscores the critical role of protection mutualism
in shaping predator-prey interactions, ultimately contributing to
a deeper understanding of the delicate ecological tapestry that
binds species together.

2. Methods

The research methodology used is presented in the
flowchart in Figure 1.

2.1. Literature Review

The steps taken in the literature review phase are as fol-
lows:

a. Literature review on mutualistic protection interactions
among populations in food chains in ecosystems. This ini-
tial study involves aphids as prey, ladybugs as predators, and
ants as mutualistic protectors of the prey.

b. Literature review to represent population interactions in
mathematical models. This study includes predator-prey
hunting patterns, mutualistic protection patterns on prey,
and the identification of parameters influencing the model.
Influential parameters include the mutualistic protector’s
preference for prey sources, the strength of mutualistic pro-
tector interference in predation, and the size of the mutual-
istic protector population.

c. Literature review based on population dynamics concepts
to analyze the dynamic solutions of the system. The system
analyzed is the dynamics of predator-prey mutualism with
protection for prey.

2.2. Reconstruction of Predator-Prey Interaction Model with
Mutualistic Protection for Prey

In this phase, the interaction model between predator and
prey considering mutualistic protection is reconstructed based
on the mathematical model from the study by Revilla and Křivan
(2022) titled ”Prey-Predator Dynamics with Adaptive Protection
Mutualism”. This study proceeds with local stability analysis and
numerical simulation of the mutualistic protection predator-prey
model to study its influence on predator-prey dynamics. The re-
constructed mathematical model represents the populations of
prey and predators at time t using P (t) and H(t). This model
is then expanded to consider the interaction between aphids as
prey, ladybugs as predators, and ants as mutualistic protectors
of the prey.

2.3. Determination of Equilibrium Points

Equilibrium points are states where the predator and prey
populations are stable, meaning there is no significant change
in population numbers over time. Equilibrium points can be
found by identifying values of P andH that satisfy the equations
dP
dt = 0 and dH

dt = 0. This condition indicates that there are no
changes in predator and prey populations over time, making it an
equilibrium point. The next step is to determine the conditions
or requirements for the equilibrium points in the reconstructed
model to exist.

2.4. Local Stability Analysis
Local stability analysis is performed by determining the

type of stability of the system around the equilibrium points. This
step can be done by analyzing the eigenvalues of the Jacobian
matrix around those points. This step is performed to determine
whether the system solutions are stable (all eigenvalues have neg-
ative real parts) or unstable (at least one eigenvalue has a positive
real part).

2.5. Numerical Simulation
Numerical simulation can be used to confirm the results of

the analysis and visualize the dynamic behavior changes of the
system solutions using PPlane and MatCont software in MATLAB
R2018a. The results of numerical simulations can be illustrated
through phase portraits showing the patterns of solution changes
in phase space and bifurcation diagrams that depict the structural
changes of the system as parameters are varied.

2.6. Conclusion
The conclusion contains the biological interpretation of

changes in the predator-prey model found in the local stabil-
ity analysis phase around equilibrium points. This conclusion is
based on the results of local stability analysis and numerical sim-
ulations of the model’s behavior, particularly in the context of
mutualistic protection phenomena for prey in ecology.

3. Results and Discussion
3.1. Predator-Prey Interaction Model with Protection Mutualism for
Prey

In this study, the author reconstructed a model of mutualis-
tic protection in predator-prey interactions based on the study by
[14]. The predator-prey model the mutualistic protection for the
prey. Themodel focuses on the analysis of equilibrium points and
combines an adaptive model to study the effects of both mod-
els on the predator-prey dynamics. The study continues with the
analysis of local stability and numerical simulations of themutual-
istic protection predator-prey model to investigate the influence
of mutualistic protection on the dynamics of the model.

The species used in the mutualistic protection predator-
prey model are ladybugs as predators, aphids as prey, and ants as
mutualistic protectors for the prey. The assumptions used in this
study are as follows:
1. In the absence of external limiting factors, the growth rate

of the aphid population follows a logistic equation.
2. The growth rate of aphids decreases due to interactions with

ladybugs when ladybugs prey on aphids.
3. The growth rate of ladybugs increases due to interactions

with aphids when ladybugs consume aphids.
4. The death rate of aphids decreases due to interactions with

ants, as ants protect aphids from being eaten by ladybugs.
5. The growth rate of aphids increases due to interactions be-

tween ants and ladybugs, which prevents ladybugs from
preying on aphids.

6. The growth rate of ladybugs decreases due to an increase in
natural death rate.
Based on the above descriptions and assumptions, the

predator-prey model with mutualistic protection for the prey is
as follows.

JJBM | Jambura J. Biomath Volume 4 | Issue 2 | December 2023



L. K. M. Putri, D. Savitri, and Abadi – Dynamical Behavior in Prey-Predator Model with Mutualistic Protection for Prey… 105

Start

Literature Review

Reconstructing Predator-Prey Interaction Model with Mutualistic Protection for Prey

Determine Equilibrium Points

Local Stability Analysis

Numerical Simulation

Conclusion

Finish

Figure 1. Research Flowchart

a. Aphid population as prey (P )
The growth of aphids is assumed to follow a logistic growth
model in the absence of interactions between aphids and
ladybugs. This model involves two important factors: the
carrying capacity of the environment (K) and the intrinsic
growth rate of aphids (r). The growth of aphids is described
by the equation rP

(
1− P

K

)
, where P is the population of

aphids.
When there are interactions between aphids and ladybugs,
the growth of aphids is affected. This interaction can be
described by the function f(P )H , which represents the re-
sponse of ladybugs to the population of aphids. This func-
tion is the product of the ladybug population (H ), which rep-
resents the consumption rate of ladybugs on aphids. There-
fore, f(P )H can be expressed as aPH

1+Mqu , where a is the
predation rate of ladybugs on aphids. The variables M , q,
and u play an important role in explaining the interactions
between aphids, ladybugs, and ants. The variable M rep-
resents the size of the ant colony. The larger the value of
M , the more ants are present in the colony. The variable q
represents the strength of ant interference in the predation
of ladybugs on aphids. The larger the value of q, the greater
the influence of ants on ladybug predation. Finally, the vari-
able u represents the preference of ants for aphid resources.
The larger the value of u, the higher the preference of ants
for aphids.
The parameters r, K, a, M , q, and u are positive values.
If the population density of aphids at each unit of time is

denoted by P (t), then the growth rate of aphids is given by

P (t) =
dP

dt
= rP

(
1− P

K

)
− aPH

1 +Mqu
. (1)

b. Ladybug population as predator (H )
The growth of ladybugs is assumed to increase when there
are aphids present. The interaction between ladybugs and
aphids leads to the absorption of aphid biomass by lady-
bugs. This can be described by the function f(P )H , where
f(P ) is the ladybug’s response function to the population of
aphids, and H is the population of ladybugs. This response
function is expressed as aePH

1+Mqu , where the parameter e rep-
resents the conversion rate of aphid biomass into ladybug
biomass. The larger the value of e, the more efficient lady-
bugs are in converting aphid biomass into ladybug biomass.
The decrease in ladybug growth is caused by natural death
in ladybugs. This factor is described by −mH , where m is
the natural death rate of ladybugs. The larger the value of
m, the higher the natural death rate in ladybugs.
The parameters e and m are positive values. If the popu-
lation density of ladybugs at each unit of time is denoted
by H(t), then the growth rate of the ladybug population is
given by

H(t) =
dH

dt
=

aePH

1 +Mqu
−mH. (2)

Based on eqs. (1) and (2), the mathematical system of equa-
tions for the predator-prey model with mutualistic protec-
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tion for the prey as follows:

dP

dt
= rP

(
1− P

K

)
− aPH

1 +Mqu
,

dH

dt
=

aePH

1 +Mqu
−mH.

(3)

3.2. Equilibrium Points
The equilibrium points are obtained from the conditions

dP
dt = 0 and dH

dt = 0 of eqs. (1) and (2), resulting in the following
equations:

rP

(
1− P

K

)
− aPH

1 +Mqu
= 0,

aePH

1 +Mqu
−mH = 0.

(4)

The system of eq. (4) can be solved to find P and H , yield-
ing three equilibrium points as follows:
1. Equilibrium point E1 exists at (0, 0), indicating the extinc-

tion of aphids and ladybugs.
2. Equilibrium point E2 exists at (K, 0), indicating the extinc-

tion of ladybugs.
3. Suppose that:

η1 = Kae,
η2 = m(Mqu+ 1).

Equilibrium point E3 exists at(
η2

ae ,
r
[
η1(Mqu+1)−m(1+M2q2u2+2Mqu)

]
η1e

)
with the condi-

tion η1(Mqu + 1) > m(1 +M2q2u2 + 2Mqu), indicating
the coexistence of ladybugs and aphids.

3.3. Local Stability Analysis
The first step in determining the stability of each equilib-

rium point is linearization. The stability of the system at each
equilibrium point can be determined by finding the eigenvalues
or roots of the characteristic equation.

The Jacobian matrix of the predator-prey system can be ob-
tained by taking partial derivatives of eqs. (1) and (2), resulting in
the following Jacobian matrix:

J(P,H) =

[
r
(
1− 2P

K

)
− aH

Mqu+1 − aP
Mqu+1

aeH
Mqu+1

aeP
Mqu+1 −m

]
. (5)

The Jacobian matrix (5) is used to perform local stability
analysis of the system by obtaining the characteristic values from
its determinant.

3.3. Stability of Equilibrium Point E1

By evaluating the Jacobian matrix (5) at equilibrium point
E1(0, 0), we obtain

JE1
=

[
r 0
0 −m

]
. (6)

The Jacobian matrix (6) can be used to find the eigenval-
ues by solving the characteristic equation det (JE1

− λI) = 0,
yielding

det

([
r 0
0 −m

]
−
[
λ 0
0 λ

])
= 0,

det

[
r − λ 0
0 −m− λ

]
= 0,

(λ− r)(λ+m) = 0,

and the eigenvalues are λ1 = r and λ2 = −m. As a re-
sult, the equilibrium pointE1 is an unstable saddle point because
λ1 > 0 and λ2 < 0.

3.3. Stability of Equilibrium Point E2

By evaluating the Jacobian matrix (5) at equilibrium point
E2(K, 0), we obtain

JE2 =

[
−r − aK

Mqu+1

0 η1

Mqu+1 −m

]
. (7)

The Jacobian matrix (7) can be used to find the eigenval-
ues by solving the characteristic equation det (JE2

− λI) = 0,
yielding

det

([
−r − aK

Mqu+1

0 η1

Mqu+1 −m

]
−
[
λ 0
0 λ

])
= 0,

det

[
−r − λ − aK

Mqu+1

0 η1

Mqu+1 −m− λ

]
= 0,

and the eigenvalues are λ1 = −r and λ2 = η1−η2

Mqu+1 .
As a result, there are two possibilities for the stability of

equilibrium point E2:
1. If η1 < η2, the equilibrium point E2 is a stable asymptotic

nodal sink.
2. If η1 > η2, the equilibrium point E2 is an unstable saddle

point.

3.3. Stability of Equilibrium Point E3

By evaluating the Jacobian matrix (5) at equilibrium point

E3 =

(
η2

ae ,
r
[
η1(Mqu+1)−m(1+M2q2u2+2Mqu)

]
η1e

)
, we obtain

JE3
=

[
l11 l12
l21 0

]
. (8)

where

l11 = r
(
1− 2η2

η1

)
− r[η1(Mqu+1)−m(1+M2q2u2+2Mqu)]

η1(Mqu+1) ,

l12 = −m
e ,

l21 = r[η1(Mqu+1)−m(1+M2q2u2+2Mqu)]
aK(Mqu+1) .

The Jacobian matrix (8) can be used to find the eigenval-
ues by solving the characteristic equation det (JE3 − λI) = 0,
yielding

det

([
l11 l12
l21 0

]
−
[
λ 0
0 λ

])
= 0,

det

[
l11 − λ l12
l21 −λ

]
= 0,

η1λ
2 + rη2λ+mr(η1 − η2) = 0,
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Table 1. Parameter Values in the Predator-Prey Model with Mutualism Protection for Prey

Variable
Interpretation

Value
Parameter Parameter

r Intrinsic growth rate of aphids as prey 0.1 per day [14]
K Carrying capacity of the aphid population as prey 50 individuals [14]
a Predation rate of ladybirds as predators on aphids as prey 0.01 per day [14]
e Conversion rate of aphid biomass as prey to ladybirds as predators 0.5 per day [14]
m Natural death rate of ladybirds as predators 0.05 per day [14]
M Size of ant colony as mutualistic protectors 150 individuals [14]
q Interference strength of ants as mutualistic protectors against predation 0.03 [14]
u Preference of ants as mutualistic protectors for aphid resources as prey 0 ≤ u ≤ 1 [14]

and the eigenvalues are given by

λ1,2 =
−rη2 ±

√
(rη2)

2 − 4 (η1)mr (η1 − η2)

2η1
.

Therefore, there are two possibilities for the stability of
equilibrium point E3:
1. If η1 > η2, the equilibrium point E3 is a stable asymptotic

spiral sink.
2. If η1 < η2, the equilibrium point E3 is an unstable saddle

point.

3.4. Numerical Simulation
Numeric simulation is used to demonstrate the consistency

of the results of the local stability analysis of the predator-prey
model using PPlane and MatCont in MATLAB R2018a software.
The variables and parameter values used in conducting the nu-
merical simulation are following [14] and are presented in Ta-
ble 1. A numerical continuation of one of the parameter values
is performed to analyze the effect of mutualistic protection on
the dynamics of the predator-prey population. The parameter in
question is u, which represents the preference of ants as mutual-
istic protectors for aphid resources as the main prey, with a range
of values 0 ≤ u ≤ 1. When u = 0, ants specialize in alternative
prey or prey other than aphids, such as plants. When 0 < u < 1,
ants do not specialize in a single type of prey resource but utilize
other resources as well. When u = 1, ants specialize in aphid
resources as the primary prey.

Based on the parameter values used in Table 1, there are
three existing equilibrium points, namely E1, E2, and E3. The
behavior of the solution of the system of equations (3) is demon-
strated through several simulations. The simulations show phase
portraits for varying values of the parameter u.

In the phase portrait displayed in Figure 2, we examine the
dynamics of an ecological system involving ants, aphids, and lady-
birds. When the value of parameter u is set to 0.4, the phase por-
trait reveals the existence of three equilibrium points: E1(0, 0),
E2(50, 0), and E3(28, 12.32). These equilibrium points are criti-
cal in understanding the system’s behavior.

E1(0, 0) and E2(50, 0) represent unstable saddle points.
This means that if the population densities of aphids and lady-
birds were initially at these points, small perturbations could lead
to dramatic changes in the populations, potentially destabilizing
the ecosystem. E3(28, 12.32) is identified as a stable asymptotic
spiral. It signifies a stable coexistence state for aphids and lady-
birds. When the populations of these two species are near this
equilibrium point, they tend to remain there over time, indicating
a balanced and stable ecosystem.

Figure 2. Phase portrait when u = 0.4, the solution of the
system approaches the equilibrium point E3

The phase portrait in Figure 2 analysis reveals that in this
ecological system, when ants do not specialize in a single type of
prey resource, a stable coexistence between aphids and ladybirds
can occur. This insight is vital for understanding the dynamics
and long-term stability of the ecosystem.

Figure 3. Phase portrait when u = 0.888889, the solution of
the system approaches the equilibrium pointE2 =

E3

In the phase portrait depicted in Figure 3, we explore the
dynamics of an ecological system under the parameter setting
u = 0.888889. Within this context, we observe two equilibrium
points: E1(0, 0) and E2 = E3(50, 0). These equilibrium points
play a crucial role in understanding the behavior of the system.

E1(0, 0) represents an unstable saddle point. This means
that if the initial populations of aphids and ladybirds were at this
point, even minor disturbances could lead to significant fluctua-
tions in these populations, potentially destabilizing the ecosys-
tem. E2(50, 0) is identified as a stable asymptotic node. In this
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scenario, it signifies a stable state in which aphids thrive, while
the ladybird population remains extinct. This indicates that, un-
der the given conditions, the stability of the ecosystem occurs
when the ladybird population goes extinct.

The phase portrait in Figure 3 analysis reveals that in this
ecological system, a stable state is achieved when the ladybird
population is extinct, and aphids exist without any predators.
This insight is essential for understanding the dynamics and equi-
librium points in the ecosystem, shedding light on scenarios
where the ladybird population does not play a role in maintaining
balance.

Figure 4. Phase portrait when u = 1, the solution of the
system approaches the equilibrium point E2

In the phase portrait depicted in Figure 4, we explore the
dynamics of an ecological system with a parameter setting of
u = 1. Within this context, we observe two equilibrium points:
E1(0, 0) and E2(50, 0). These equilibrium points are pivotal in
understanding the system’s behavior.

E1(0, 0) represents an unstable saddle point, indicating
that minor disturbances in the initial populations of aphids and
ladybirds can lead to significant fluctuations, potentially destabi-
lizing the ecosystem. E2(50, 0) is identified as a stable asymp-
totic node. This stable point in the phase portrait suggests that,
under the condition where ants specialize primarily in aphid re-
sources as their prey, the ecosystem exhibits stability. Specifi-
cally, it indicates that the ladybird population, acting as preda-
tors, goes extinct. The point E3(50,−5.5) is a theoretical equi-
librium point, but it holds no biological significance because it
predicts a negative ladybird population, which is biologically un-
defined. Therefore, for practical purposes, E3(50,−5.5) is not
considered in our analysis.

The phase portrait in Figure 4 analysis reveals that when
ants specialize in aphid resources as their primary prey, the sta-
bility of the ecosystem occurs when the ladybird population as
predators goes extinct. Our focus remains on the biologically
meaningful equilibrium points, E1(0, 0) and E2(50, 0).

Analysis of the phase portraits reveals a notable shift in sys-
tem stability as the parameter u varies. When u = 0.4, the equi-
librium point E3 exhibits stable asymptotic behavior, while at
u = 0.888889 and u = 1, stability shifts to E2. This transforma-
tion in stability due to parameter u is depicted in the bifurcation
diagram shown in Figure 5.

In this diagram, a transcritical bifurcation occurs precisely
at u = 0.888889, marked as the bifurcation point (BP). Before

Figure 5. Bifurcation Diagram of the system of equations (3).
Transcritical bifurcation occurs at u = 0.888889

(bifurcation point).

reaching this point (0 ≤ u < 0.888889), E2 functions as an un-
stable saddle point, while E3 maintains its stability as an asymp-
totic spiral. Beyond u = 0.888889 (u > 0.888889), the stability
of E2 transitions to that of a stable asymptotic node, while E3

undergoes a shift towards an unstable saddle point. The equilib-
rium point E3 loses biological relevance beyond this bifurcation
due to a negative ladybird population.

These findings underscore the critical role of the interac-
tion between ladybirds and aphids in maintaining population bal-
ance within the ecosystem. They highlight how variations in pop-
ulation dynamics, influenced by factors such as ant preference
for aphid resources (u), can significantly impact the stability of
predator-prey interactions in ecological systems.

4. Conclusion

The analysis of the predator-prey model with mutualistic
protection for prey has provided valuable insights into the dy-
namics of this ecological system. The key findings are as follows:

Firstly, we reconstructed a model based on the framework
proposed in a previous study [14]. This model describes the in-
teractions between aphids (prey), ladybirds (predators), and ants
(mutualistic protectors). It captures the population dynamics of
these species over time.

Secondly, through a local stability analysis, we identified
three equilibrium points within the system: E1, E2, and E3.
These equilibrium points serve as critical reference points for un-
derstanding the system’s behavior. Specifically:
1. E1(0, 0) was found to be an unstable saddle point, indi-

cating that small perturbations in the initial populations of
aphids and ladybirds could lead to significant population
fluctuations.

2. E2(K, 0) showed different behaviors depending on param-
eter values. It behaves as a stable asymptotic node if certain
conditions are met, signifying a stable coexistence of aphids
and ladybirds. However, under different conditions, it can
transform into an unstable saddle point, suggesting a poten-
tial instability.

3. E3 is defined by a set of complex equations, but its stabil-
ity also depends on parameter values. It can be a stable
asymptotic spiral or an unstable saddle point, contingent
upon specific conditions.
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Thirdly, the most intriguing aspect of our findings is the
impact of the parameter u, representing ant preference for aphid
resources. We observed a significant change in the stability of
the equilibrium points E2 and E3 when u reached the critical
value of 0.888889. This transition was identified as a transcriti-
cal bifurcation or branch point. Before u = 0.888889, all three
equilibrium points, E1, E2, and E3, coexisted, with only E3 be-
ing stable. However, after crossing this threshold, the system
exhibited a different behavior. Two equilibrium points, E1 and
E2, remained, with E2 transitioning from instability to stability.
Importantly, equilibrium point E3 ceased to have biological rel-
evance due to a negative ladybird population, underscoring the
ecological significance of this transition. In conclusion, our sim-
ulations emphasize the pivotal role of ant preference (u) in shap-
ing the stability and interactions between ladybirds and aphids
in this complex ecosystem. These insights contribute to our un-
derstanding of predator-prey dynamics and can inform ecological
management strategies in real-world scenarios.
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[14] T. A. Revilla and V. Křivan, “Prey–predator dynamics with adaptive protection
mutualism,” Applied Mathematics and Computation, vol. 433, p. 127368, 2022.
DOI:10.1016/j.amc.2022.127368

[15] G. Gabbriellini, “Aphids, ants and ladybirds: a mathematical model predict-
ing their population dynamics,” Open Journal of Mathematical Sciences, vol.
3(2019), pp. 139–151, 2019. DOI:10.30538/oms2019.0057

[16] S. Swire, E. Pasipanodya, M. A. Morales, and E. Peacock-López, “Complex
dynamics in aminimal model of protection-basedmutualism,” Axioms, vol. 9,
no. 1, p. 26, 2020. DOI:10.3390/axioms9010026

[17] J. Samuel and N. Rastogi, “Consumptive and non-consumptive effects of a
generalist and a specialist arthropod predator on ant-tended aphids,” In-
ternational Journal of Zoological Research, vol. 7, no. 2, pp. 433–439, 2021.
DOI:10.33745/ijzi.2021.v07i02.016

[18] J. Samuel and N. Rastogi, “Do ant-mediated multitrophic interactions en-
hance the fitness of an aphid-infested extrafloral nectary-bearing plant?”
Proceedings of the National Academy of Sciences, India – Section B: Biological Sci-
ences, vol. 92, pp. 1–8, 2022. DOI:10.1007/s40011-021-01312-4

[19] D. Korányi, V. Szigeti, L. Mezofi, E. Kondorosy, and V. Markó, “Urbanization
alters the abundance and composition of predator communities and leads
to aphid outbreaks on urban trees,” Urban Ecosystems, vol. 24, pp. 571–586,
2021. DOI:10.1007/s11252-020-01061-8

[20] A. S. Nelson, R. T. Pratt, J. D. Pratt, R. A. Smith, C. T. Symanski, C. Prenot, and
K. A. Mooney, “Progressive sensitivity of trophic levels to warming underlies
an elevational gradient in ant–aphid mutualism strength,” Oikos, vol. 128,
no. 4, pp. 540–550, 2019. DOI:10.1111/oik.05650

[21] B. Wang, M. Lu, Y.-Q. Peng, and S. T. Segar, “Direct and indirect effects of
invasive vs. native ant-hemipteranmutualism: Ameta–analysis that supports
the mutualism intensity hypothesis,” Agronomy, vol. 11, no. 11, p. 2323,
2021. DOI:10.3390/agronomy11112323

[22] L. Leal, A. Nogueira, and P. E. Peixoto, “Which traits optimize plant benefits?
meta�analysis on the effect of partner traits on the outcome of an ant�plant
protective mutualism,” Journal of Ecology, vol. 111, no. 1, pp. 263–275, 2023.
DOI:10.1111/1365-2745.14031

[23] K. R. Hale, D. P. Maes, and F. S. Valdovinos, “Ecological theory of mutual-
ism: Models generalizing across different mechanisms,” bioRxiv, pp. 2020–
10, 2020. DOI:10.1101/2020.10.25.343087

[24] K. R. S. Hale and F. S. Valdovinos, “Ecological theory of mutualism: Ro-
bust patterns of stability and thresholds in two–species population mod-
els,” Ecology and Evolution, vol. 11, no. 24, pp. 17 651–17 671, 2021.
DOI:10.1002/ece3.8453

JJBM | Jambura J. Biomath Volume 4 | Issue 2 | December 2023

http://ejurnal.ung.ac.id/index.php/JJBM/article/view/8399
http://ejurnal.ung.ac.id/index.php/JJBM/article/view/8399
http://ejurnal.ung.ac.id/index.php/JJBM/article/view/8399
http://ejurnal.ung.ac.id/index.php/JJBM/article/view/8399
https://ejurnal.ung.ac.id/index.php/JJBM/article/view/13820
https://ejurnal.ung.ac.id/index.php/JJBM/article/view/13820
https://ejurnal.ung.ac.id/index.php/JJBM/article/view/13820
https://ejurnal.ung.ac.id/index.php/JJBM/article/view/11264
https://ejurnal.ung.ac.id/index.php/JJBM/article/view/11264
https://ejurnal.ung.ac.id/index.php/JJBM/article/view/11264
https://ejurnal.ung.ac.id/index.php/JJBM/article/view/11264
https://ejurnal.ung.ac.id/index.php/JJBM/article/view/11886
https://ejurnal.ung.ac.id/index.php/JJBM/article/view/11886
https://ejurnal.ung.ac.id/index.php/JJBM/article/view/11886
https://ejurnal.ung.ac.id/index.php/JJBM/article/view/11886
https://ieeexplore.ieee.org/document/9969552
https://ieeexplore.ieee.org/document/9969552
https://ieeexplore.ieee.org/document/9969552
https://ieeexplore.ieee.org/document/9969552
https://link.springer.com/article/10.1007/s10530-021-02484-w
https://link.springer.com/article/10.1007/s10530-021-02484-w
https://link.springer.com/article/10.1007/s10530-021-02484-w
https://link.springer.com/article/10.1007/s10530-021-02484-w
https://link.springer.com/article/10.1007/s10530-021-02484-w
https://books.google.co.id/books?id=rJfgDwAAQBAJ&dq=The+Evolutionary+Ecology+of+Mutualisms+in+Urban+Landscapes&lr=&hl=id&source=gbs_navlinks_s
https://books.google.co.id/books?id=rJfgDwAAQBAJ&dq=The+Evolutionary+Ecology+of+Mutualisms+in+Urban+Landscapes&lr=&hl=id&source=gbs_navlinks_s
https://books.google.co.id/books?id=rJfgDwAAQBAJ&dq=The+Evolutionary+Ecology+of+Mutualisms+in+Urban+Landscapes&lr=&hl=id&source=gbs_navlinks_s
https://www.sciencedirect.com/science/article/pii/S0944501322001756
https://www.sciencedirect.com/science/article/pii/S0944501322001756
https://www.sciencedirect.com/science/article/pii/S0944501322001756
https://esj-journals.onlinelibrary.wiley.com/doi/10.1111/1442-1984.12331
https://esj-journals.onlinelibrary.wiley.com/doi/10.1111/1442-1984.12331
https://esj-journals.onlinelibrary.wiley.com/doi/10.1111/1442-1984.12331
https://www.nature.com/articles/s41598-020-62422-z
https://www.nature.com/articles/s41598-020-62422-z
https://www.nature.com/articles/s41598-020-62422-z
https://www.nature.com/articles/s41598-020-62422-z
https://www.schweizerbart.de/papers/entomologia/detail/40/92492/EncyclopAphid_a_website_on_aphids_and_their_natura?af=crossref
https://www.schweizerbart.de/papers/entomologia/detail/40/92492/EncyclopAphid_a_website_on_aphids_and_their_natura?af=crossref
https://www.schweizerbart.de/papers/entomologia/detail/40/92492/EncyclopAphid_a_website_on_aphids_and_their_natura?af=crossref
https://link.springer.com/article/10.1007/s11258-019-00995-0
https://link.springer.com/article/10.1007/s11258-019-00995-0
https://link.springer.com/article/10.1007/s11258-019-00995-0
https://link.springer.com/article/10.1007/s11258-019-00995-0
https://www.sciencedirect.com/science/article/pii/S0096300322004428
https://www.sciencedirect.com/science/article/pii/S0096300322004428
https://www.sciencedirect.com/science/article/pii/S0096300322004428
https://arxiv.org/abs/1905.05244
https://arxiv.org/abs/1905.05244
https://arxiv.org/abs/1905.05244
https://www.mdpi.com/2075-1680/9/1/26
https://www.mdpi.com/2075-1680/9/1/26
https://www.mdpi.com/2075-1680/9/1/26
https://www.researchgate.net/publication/358426716_Consumptive_and_Non-consumptive_Effects_of_a_Generalist_and_a_Specialist_Arthropod_Predator_on_Ant-tended_Aphids
https://www.researchgate.net/publication/358426716_Consumptive_and_Non-consumptive_Effects_of_a_Generalist_and_a_Specialist_Arthropod_Predator_on_Ant-tended_Aphids
https://www.researchgate.net/publication/358426716_Consumptive_and_Non-consumptive_Effects_of_a_Generalist_and_a_Specialist_Arthropod_Predator_on_Ant-tended_Aphids
https://www.researchgate.net/publication/358426716_Consumptive_and_Non-consumptive_Effects_of_a_Generalist_and_a_Specialist_Arthropod_Predator_on_Ant-tended_Aphids
https://link.springer.com/article/10.1007/s40011-021-01312-4
https://link.springer.com/article/10.1007/s40011-021-01312-4
https://link.springer.com/article/10.1007/s40011-021-01312-4
https://link.springer.com/article/10.1007/s40011-021-01312-4
https://link.springer.com/article/10.1007/s11252-020-01061-8
https://link.springer.com/article/10.1007/s11252-020-01061-8
https://link.springer.com/article/10.1007/s11252-020-01061-8
https://link.springer.com/article/10.1007/s11252-020-01061-8
https://onlinelibrary.wiley.com/doi/10.1111/oik.05650
https://onlinelibrary.wiley.com/doi/10.1111/oik.05650
https://onlinelibrary.wiley.com/doi/10.1111/oik.05650
https://onlinelibrary.wiley.com/doi/10.1111/oik.05650
https://www.mdpi.com/2073-4395/11/11/2323
https://www.mdpi.com/2073-4395/11/11/2323
https://www.mdpi.com/2073-4395/11/11/2323
https://www.mdpi.com/2073-4395/11/11/2323
https://besjournals.onlinelibrary.wiley.com/doi/10.1111/1365-2745.14031
https://besjournals.onlinelibrary.wiley.com/doi/10.1111/1365-2745.14031
https://besjournals.onlinelibrary.wiley.com/doi/10.1111/1365-2745.14031
https://besjournals.onlinelibrary.wiley.com/doi/10.1111/1365-2745.14031
https://www.biorxiv.org/content/10.1101/2020.10.25.343087v1
https://www.biorxiv.org/content/10.1101/2020.10.25.343087v1
https://www.biorxiv.org/content/10.1101/2020.10.25.343087v1
https://onlinelibrary.wiley.com/doi/10.1002/ece3.8453
https://onlinelibrary.wiley.com/doi/10.1002/ece3.8453
https://onlinelibrary.wiley.com/doi/10.1002/ece3.8453
https://onlinelibrary.wiley.com/doi/10.1002/ece3.8453

	Introduction
	Methods
	Literature Review
	Reconstruction of Predator-Prey Interaction Model with Mutualistic Protection for Prey
	Determination of Equilibrium Points
	Local Stability Analysis
	Numerical Simulation
	Conclusion

	Results and Discussion
	Predator-Prey Interaction Model with Protection Mutualism for Prey
	Equilibrium Points
	Local Stability Analysis
	Stability of Equilibrium Point E1
	Stability of Equilibrium Point E2
	Stability of Equilibrium Point E3

	Numerical Simulation

	Conclusion

