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ABSTRACT. The growth dynamics of various species are affected by various aspects. Harvesting interventions and
the spread of disease in species are two important aspects that affect population dynamics and it can be studied. In
this work, we consider a stage-structure Leslie—-Gower model with linear harvesting on the both prey and predator.
Additionally, we also consider the infection aspect in the predator population. The population is divided into four
subpopulations: immature prey, mature prey, susceptible predator, and infected predator. We analyze the existences
and stabilities of feasible equilibrium points. Our results shown that the harvesting in prey and the disease in predator
impacts the behavioral of system. The situation in the system is more complex due to disease in the predator population.
Some numerical simulations are given to confirm our results.
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@ Attribution-NonComercial 4.0 International License. Editorial of |[BM: Department of Mathematics, Uni-
BY NC

versitas Negeri Gorontalo, JIn. Prof. Dr. Ing. B. . Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

In ecological science, the behavioural of species interac-
tion is an essential. One of other factors that impact the recip-
rocal influence of predator and prey is stage-structure, referring
to a size of body species. Regarding to the reason, some re-
searchers have successfully developed and analyzed the stage-
structure problem in the species population based on the math-
ematical model. For examples: Chen and Shi [1], Zhao and Yuan
[2], Ma et al. [3] and Liu et al. [4] study dynamics of the stage-
structure Lotka-Volterra model. Due to the stage-structure for
interaction between prey and predator, Beay and Saija [5], Beay
et al. [6], and Moustafa et al. |7] studied the dynamics behavior
by using Rosenzweig-MacArthur model. Additionally, the dynam-
ics of the stage-structure Leslie-Gower model studied by Lin et al.
[8], Pratiwi et al. [9], Beay and Saija [10], Meng et al. [11], and
Salamah et al. [12].

In fact, harvesting intervention could be influence the be-
haviour of population dynamics of species. By considering stage-
structure in species, several works are done. Song and Chen
in [13] analyzed optimal harvesting and effect of delay. Next,
applying the Monod-Haldane type of functional response and
stage-structure for predator species investigated by Pratama et
al. [14]. The harvesting on prey species and Allee effect on preda-
tor species is introduced and studied by Li et al. [15]. Using
the Beddington—DeAngelis functional response and harvesting is
worked by Li and Cheng [16]. The combination of the effects
of linear harvesting in prey and cannibalism in predator for a
Rosenzweig—MacArthur model has studied by Beay and Saija [17],
and others problem [18, 19].
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On other side, some researchers have investigated the ef-
fects of disease on a predator-prey system with stage-structure.
Infected population and the death due to disease will be change
the number of a species. Mathematically, the disease effect is
very interest for studied. In 2019, Majeed studied the impacts
of disease on a stage-structured predator-prey model including
prey refuge and harvesting [20]. Next, the effects of disease in
prey and stage-structure in predator was analyzed by Babakordi
and Zangeneh [21]. Kafi and Majeed have studied the dynamical
analysis of stage-structure model with disease and refuse in prey
[22]. In 2021, Sundari and Valliathal studied the stability of an
epidemiological stage-structure system considering Michaelis—
Menten funsional response and prey refuge [23]. Due to the ap-
plication, by using ecoepidemiological SIN model, Kalra and Kaur
have studied the stage-structure in predator and control for pest
management [24].

Realizing the important role of harvesting and disease that
can threaten the existence of species, a study of the interaction
behavior of species is carried out mathematically. The model
studied takes into account the stage-structure. In addition, the
spread of disease among predator species is also a concern in
this research. On the other hand, the roles of harvesting parame-
ters on immature prey and susceptible predators that have com-
mercial value are a special subject to be studied. A Leslie-Gower
model that integrates the stage-structure in prey, harvesting for
immature prey and susceptible predators, as well as the spread
of disease in predators is the novelty in our research.

In this paper, we extended the system model (1) in [10].
We considering linear harvesting in the immature prey and sus-
ceptible predator. Next, we involving the infected predator in
the system. More detail, we organize this paper as follows. In
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Table 1. Description of variable and paremeter

Parameter

Biological interpretation

r The intrinsic growth rate
c The growth rate of predator
K The environmental carrying capacity
The maximum value of the per capita reduction rate of

T @ LR3I <

I K
[

predator

The environmental protection for immature prey

A conversion rate of the immature prey into mature prey
The transmission coefficient from susceptible predator to
infected predator

The death rate of mature prey

The death rate of predator

A harvesting rate of immature prey

A harvesting rate of predator

Section 2, we will show how to construct the a stage-structure
Leslie-Gower model considering linear harvesting and infected
predator. Furthermore, the fixed point and local stability are in-
vestigated in Section 3. In Section 4, we carry out the numerical
simulations. Finally, we reach conclusions about our work in Sec-
tion 5.

2. Model Formulation

In this section, we propose the novelty of our model, i.e.
the modification of the stage—structure Leslie-Gower model with
linear harvesting and disease in predator. Further we modify the
model in [10] as follows:

Ty = rx l—m —ax —kx—vxlyl
1 2 K 1 121 T
1:2 = Qxry 76502, (])
. Y1+ Y2
g1 = ey (1= =———=, | = Byry2 — kavn,
n—+ x
Y2 = Byiys — py2,

where: z; and x5 are the populations of immature and mature

prey at time ¢, Next, y; and y» are the populations of susceptible

predator and infected predator at time ¢. The following assump-

tions are taken in deriving model (1):

(A1) The growth rate of the immature prey depends entirely on
the reproduction by the mature prey, where the growth is
assumed to be logistically with constant intrinsic rate » and
constant carrying capacity K > 0.

(A2) The immature prey is more vulnerable so predators only con-
sume immature prey. The predation mechanism is nonlinear
form based on the Holling Type Il functional response, where
the maximum predation rate is v and the environmental pro-
tection for immature prey is denoted by n.

(A3) The immature prey have prospects with the rate of harvest-
ing k1. Additionally, the immature prey grow up and turn
into mature prey with a conversion rate a.

(A4) The growth of mature prey population depends only on the
conversion of immature prey into mature prey. The mature
prey do not have arisk to be attacked by predator. The death
rate of the mature prey population is d.

(A5) The predator consumes only the immature prey and the
growth rate of predator population is assumed to be logis-
tically with constant intrinsic rate c¢. Next, the susceptible
predators have prospects with the rate of harvesting ko.

| Jambura J. Biomath

(A6) The number of susceptible predators will decrease due to in-
fection with rate 3, and the disease causes predatory species
to die with a rates p.

System (1) describes a predator-prey interaction where the
susceptible predator only consumes immature prey. One ecolog-
ical example of such a predator-prey system is the interaction
between Moluccan megapode (Eulipoa wallacei) and cats Felis
Catus. Felis Catus is reported to prey upon Eulipoa eggs and
chicks, and it not easy to attack adult Eulipoa, see [25]. On other
side, cats as predator can be infected Feline Leukimia Virus. Con-
tinuously, the transmission process serve as sources of infection
for other cats. The virus is shed in saliva, nasal secretions, urine,
feces, and milk of infected cats. Cat-to-cat transfer of the virus
may occur from a bite wound [26]. In addition, cat meat has the
prospect of being commercialized. This encourages human hunt-
ing for wild cats [27]. For more clarity, the compartment diagram
of the model is represented in Figure 1. Next, we explain the all
variables and parameters in system (1) by Table 1.

3. Existence of Equilibrium Points and Basic Reproductive
Number

3.1. Existence of Equilibrium Points

It is easy to show that system (1) has six non-negative equi-
librium points as follows.

* Equilibrium point P, = (0,0,0,0), which all species has
gone to extinction.
* Equilibrium point

(6K (ra—-d(a+k)) K(ra—oi(a+ki))
P= ( ra(a+9) 7 r(a+9) 70’0) 7

provided ra > §(« + k1), which there is no predator popu-
lation in the ecosystem.
el . i, Ben—(c nk .

* Equilibrium point P, = (07 0, ’37 %), provided
Ben > (cu + Pnks), which there is no prey population in
the ecosystem.

* Equilibrium point P; = (O, 0, @, O), provided ¢ > ko,
which there is no prey population in the ecosystem and free
disease.

Volume 4 | Issue 2 | December 2023
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ax, 8x;
VX1 )1 i
n+x; :
.‘| Byiy: | |y,
cy, (1 - yl-'-—yz) L | | yz

n+ X1
kays

Figure 1. Compartment diagram of the model (1) described the growth of immature prey, mature prey, susceptible predator, and infected

predator

Equilibrium point Py = (214, Z24, Y14, 0) where:
Ko([k2 — c]dv + acr — cdla + k1))

= acr(a+0) ’
. _ K([k2 — cJov + acr — cd[a + k1))
M cr(a+9) ’
i = i o)dra ([k2 = ][K82(v + cla + k1))

—(acr(n(d + a) + K9))]),

provided ky > ¢, acr > cb[a + ki), and K6%(v + c(a +
k1)) > (aer(n(d + a) + K9)),

which there is no infected predator in the ecosystem.

The interior equilibrium P, = («%, 23, y7,v3), where:

* « *
1:2 = glxl,
1 = E» .
? B(ma + M*)
where:
M* = zjacr(a+9),
m; = Keco*(a+v+ky) — Ké(acr + dvks),
my = Kecd?(a+ ki) — Kd(acr + dvp).
Next, z7 is the roots from eq. (2):
biA2 4+ bod + bg =0, )
where
by = raf(a+9),
by = Kpi(a(d—r)+ dki),
by = Kapfnd(d —r)+ K& (Bnki + pv).

Further, we have the following conditions:
(i) For b3 — 4b1b3 = 0 and by < 0, there is an interior
point.
(ii) For b3 — 4b1b3 > 0 and bs < 0, there is an interior
point.
(i) For b2 — 4b1b3 > 0, by < 0, and b3 > 0, there are two
interior point.

| Jambura J. Biomath

3.2. Basic Reproductive Number

A key parameter of the system is the basic reproductive
number of the disease in the predator, Ry |28, 29], defined by:

Ry = BY13 7 3)

I

where, Sy, 3 is the infection rate of new infectives appearing in a
totally susceptible predator population and p is the death rate of
infected predator because of natural death and disease induced
mortality.

4. Stability of Equilibrium Points

Let us study the behaviours of local stability of the equilib-
rium points by the Jacobian matrix:

—ji1 Jiz —Ji3 0

« - 0 0
J=1 . . . 4
J31 0 J33 —J34 )
0 0 By2—p Py
where: - wny
. 2 1
J11 K+a+ 1+(n+x1)2a
o | Tt 22
Jiz2 = T K ;
. . VT
Jiz = ntz
ey )
JB1 =
7
. 291 + Yo
jaz = c— LT By — ky;
x1

. C
Jsa = W1 (3 + —) .
Z1

Theorem 1. The extinction point Py is unstable.

Volume 4 | Issue 2 | December 2023
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Proof. The Jacobian matrix of the system (1) at P, has eigenval-
ues:

N
a o = l2t VE—dhly

20y
A3 =[h,
A\ =¢,
where:
Lh=1 lh=a+¢, l3=ald+k).
Consequentially, point Py is unstable. O

Theorem 2. Py is locally asymptotically stable if:
(i) g; >0, where j = 0,1, ..., 4

(i) q192 > qogs

(i) 19293 > ¢34 + qog3-

Proof. The Jacobian matrix of the system (1) at P, has a charac-
teristics of the polynomial is

QoA + @1 + A% + g3\ =0,

where:
0 = 1,
q = k2+d+ 11 —o
@2 = Juip k2 +0(J11p, +k2) — (0 + ji1p1) — Q12515
g3 = (c—k2)(ajizp, —0j11p),
“w =0
. 21
J11p1 +a+ ki,
. T11 + 2291
J12p, = T 1-— T .

For A\;,i = 1,2,3,4 will be negative whenever ¢; > 0,j =
0,1,...4, 12 > qogs, and q1¢2q3 > ¢7q4 + qoq3- O

Theorem 3. P is locally asymptotically stable if:
(i) g; >0, where j =0,1,...,4

(i) 9192 > gogs

(iii) 919293 > 9794 + 9og3-

Proof. The Jacobian matrix of the system (1) at P, has a charac-
teristics of the polynomial is

oA + G1A* + g2 A% + gsA + g4 = 0,

where:

go = 1,

g1 = 6+j11p2 —(9*+ﬂy12)7

g2 = PByi2 (g* +u— (5+j11p2 +By22))+(57g*)jllp2
—(ar +4g%),

g3 = Bi1ipy12(g* +p—0) + g*(ar — §j11) + Byiz(ar
+0g" 4 6p) — B2y12522(8 + J11ps)

g4 = Béji1e,y12((¢% + 1) — By22) + aByi2(Bryze
—r(g" + ),

g = c—PByaa— ke,

Jlips = a+k1+ Uy%

| Jambura J. Biomath

For A\;,i = 1,2,3,4 will be negative whenever g; > 0,5 =
0,1,...,4, 9192 > gogs, and g1929s > g7 g4 + gog3- O

Theorem 4. Ps is locally asymptotically stable if:
(i) s; >0, where j =0,1,...,4

(i) s1S89 > SpS3

(iii) s18983 > 5%84 + sosg.

Proof. The Jacobian matrix of the system (1) at P3 has a charac-
teristics of the polynomial is

S())\4 + 81>\3 + 82)\2 + 83)\ + 84 = 0,
where:

so =1,

s1=n" 4+ 6+ ka — (c+ By1a),

s2 =ka(d +n*) + on" + Bry1s(c — (0 + p+n* + k1 + k2))
—c(04+n*) —ar,

s3 =py1z(ar + cd +en* — (dp + on™ + 0ka + pn™ + n*ks))
+ acr 4+ on*ks — (arks 4+ cn™9d),

sa =(c = (1 + k2))(Byrs(6n™ — ar)),

n* =a + k1 + vy13.

For X\;,i = 1,2,3,4 will be negative whenever s; > 0,7 =
0,1,....,4, s182 > Sos3, and s1 5983 > 5%54+sos§. O

Theorem 5. Py is locally asymptotically stable if:
(i) w; >0, where j =0,1,...,4

(ll) U1U2 > UQU3

(iii) uyuguz > udug + uoug.

Proof. The Jacobian matrix of the system (1) at P4 has a charac-
teristics of the polynomial is

U0>\4 + U1>\3 + UQA2 + Ug)\ + Ug = 0,

where:
(%) = 1,
(75} = 6+j11p4 - (j33p4 +ﬁy14)7
Uz = J13p,J31ps T BI33p,a Y14 + 0511 — (6 + J11p,)BY12
—(j12p, + 0733ps + MJ34ps + J11p4033p4)s
uz = Byra(ajize, + 05335, T 51110330 — (J13p4J31p4
+6J11P4)) + AJ12p4733pa + 6-713P4]31P4 - 5(/12734194
+J11p4J33ps) = HI11paJ34p4s
ur = Boy1a(juipidszes — N13padaie.) + Gize, (s,
75‘733P4y14) - 5;“;711134‘734194’
. TX24 UnYi4
Nips = K +a+k1+m§
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Figure 2. Local asymptotic stability of interior point P.

. T14 + 2T2q \
j12p4 = r 1 - T )
. _ VT4
J13ps = n+ $14’
2
. CY14
J31 = —3
P4 $%4
. 2y14
J33ps = €— —— — Byag — ko;
T14
. C
.]34}34 = Y14 /6 +— .
T14
For A\;,1 = 1,2, 3,4 will be negative whenever u; > 0,j =
0,1,....,4, uius > ugus, and ujugug > ufuz;Jruou%. O

Theorem 6. P, is locally asymptotically stable if:
(i) w; >0, where j =0,1,...,4

(i) wiwe > wows

(iii) wiwowsz > w%w4 + wowg.

Proof. The Jacobian matrix of the system (1) at P, has a charac-
teristics of the polynomial is

'LUO)\4 + wl)\3 + ’U)g)\2 + w3z +wy =0,

where
wy = 1,
w1 = 04 jup — (Jszp, + BvD),
Wy = Jaip, J13p, + 011, + B (J33p, Ui + Jap, U3)
—Byi (0 + ji1p,) — (f12pn + 033, + Hisap,
+J11p, J33p, + J13p. J315. ) 5
wy = Byi (r2p, — 0j11p. ) (64 j11p, ) (Yidssp,
+y;j34p*) ﬂ - j13P*j31P* (5 - /ByT)
+aji2p, J33p, — Hisap, (04 J11p,) — 0j11p, 3335, »
wy = (yijssp, + Y3dsap, ) (6j11p, — 12, ) B
+apgiep, J34p, — (Wllp*134p* + 5%]13,:*]31,:*) ;
. ray *
Jiip, = K2 +a+k1+%;

| Jambura J. Biomath

T+ 2x)
1_ 1 2 .
(-15)

Ji2p, =

. _ v _

J13p, = o erf
o = cyi(Yi +43)

31lp, 1'1(2 )

) 2y + yi .
Jasp, = €— -2 — Bys — ko

. . c
J34p, = Y1 <5+ a:*> .
For \;,i = 1,2,3,4 will be negative whenever w; > 0,7 =
0,1,....4, wiwg > U)()’Ujg,and wi1waWws > w%w4+w0w§. O

4.1. Disease Control

Lemma 1. If ﬂyf < 1, then the disease will be eradicated from
the ecosystem.

Proof. Using the fourth equation of system (1), we get

Yo = Yo (Byr — ) .

Thus, if% < 1, then ‘%2 < 0and I — 0ast — oo. Hence
ultimately there will be no infection and disease will disappear
from the ecosystem. To explain it conveniently we recall the basic

reproductive number Ry defined by

_ By13
I
Thus Ry < 1 implies that infected predator will disappear from

the ecosystem and disease will be eradicated from the predator
population. O

Ry (5)

5. Example and Numerical Simulation

For examples to confirm the previous analytical results, sev-
eral numerical simulations have been carried out. The model (1)
is solved using the initial conditions and some hypothetical val-
ues of the parameters. We first consider the following parameter
values:

r=19¢=05; K=1; v=0.25; n=0.4; a = 1.5;
B8=0.5;0=0.5; ©=0.12; k&, =0.1; ks =0.1.

Volume 4 | Issue 2 | December 2023



160

— A Stage-structure Leslie-Gower Model with Linear Harvesting and Disease in Predator...

Figure 3. The relationship among £, u, and Ry

o
T wn
]
o o o
" 1] 1]
LT
JANN,
L 4 ©
<
. 41 O
@
L 4 ©
N
L 4 ©
=
’ o
™~ © 0 < © N b
o o o o o o o
Aald ainep
o
. . 3
]
o o o
" 1] 1]
S
JCACN,
L 4 ©
<
. 41 O
@
L 4 ©
N
L 4 o
=
; i o
- @ ®© N~ © ;v ¥ ©o o o
o o o o o o o o o

Aa1d ainrewiw|

Time
(b)

Time

(a)

a4 3 o

o o o

n n n

-

[NV,

e
| | | | | | o
0 n ~ To} ™ T} o~ 0 —
[S) < S « o N [S) = =}
o <] o IS}

0.55

Joyepald a|qndassng

Time

(

Figure 4. Effects of parameter harvesting k; for: (a) Immature prey; (b) Mature prey; (c) Susceptible predator

)

C

Volume 4 | Issue 2 | December 2023

| Jambura J. Biomath



L. K. Beay et al. — A Stage-structure Leslie-Gower Model with Linear Harvesting and Disease in Predator... 161

k2=0.1
k,=0.4 | 4
k,=0.9

o
©

o o o
(2] ~ =]

Immature Prey
o
(92
|

Susceptible Predator

I
~
I

o
w
I

I

";f

5 10 15 20 25 30 35 40 45 50
Time Time

(a) (b)

Figure 5. Effects of parameter harvesting ks for: (a) Immature prey; (b) Susceptible predator
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Based on the simulation results for above parameter val-
ues, we get the conditions of Theorem 6 are satisfied and conse-
quently P, = (0.1752;0.5257;0.2403; 0.0834) is locally asymp-
totically stable (see Figure 2), where:

wy =1,
wy =3.380056109,
wo =2.676998194,
ws =0.491531614,
wy =0.045520489,
wyws =9.048404099,
wows =0.491531614,
wrwowsz =4.447576674,
wiwy + wow? =0.761664874.

For this case, we obtained that Ry = 1.333333334. It is
indication that the existence of disease transmission in the pop-
ulation. We can see in the Figure 3 that parameter 3 (infection
rate of predator ) and parameter p (the death of predator due
to disease) are two parameters has important role in the spread
of disease. The higher the value of infection parameter (3, the
greater the number of infected predators. This is parallel to the
value of Ry which continues to increase. Changes in parameter p
also cause changes in population dynamics in predators related
to death due to disease.

The increasing parameter k7 (harvesting for immature prey)
causes the prey population to decrease. Increased harvesting of
immature prey has a direct impact so that the population size is
increasingly smaller. At the same time, an indirect impact occurs
on mature preys which continues to shrink due to the number of
immature prey into adults which are significantly reduced due to
harvesting. Moreover, the predator population is also decreasing
due to the decreasing number of prey as a food source. This case
is illustrated in the Figure 4.

Next, the increasing parameter ko (harvesting for suscepti-
ble predator) causes the predator population to decrease. Nev-
ertheless, this provides benefits to the ever-increasing prey pop-
ulation (see Figure 5). The number of immature prey populations
as a food source for predators will grow larger because the value
of parameter ko continues to increase. In other words, harvest-
ing for susceptible predators has a positive impact on prey popu-
lation growth, generally. Furthermore, the presence of disease
in the predator population also provides an advantage to the
prey which increases in number. As the value of parameter
increases, the immature prey population size will decrease. Con-
versely, the population density of susceptible predators is getting
smaller. Thus, disease transmission in predator populations has
a significant impact on the growth of prey population. This case
illustrated in Figure 6.

6. Conclusion

The dynamical behaviour of a stage—structure Leslie Gower
model with linear harvesting and disease in predator has inves-
tigated. The model has six equilibrium which are conditionally
locally asymptotically stable, i.e. the non-predator point (P;);
the non-prey point (P); the existence of susceptible predator
point (Ps); the disease-free point (Py); and the interior point
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(Py), except the extinction of all species point (P) is always
unstable. The parameters k1, k2, and $ has been shown the in-
fluence for dynamics of population’s size. Increasing the value
of parameter k; will reduce the population densities of imma-
ture prey and susceptible predator. Furthermore, increasing the
values of parameters ko and (8 will reduce the predator popula-
tion, but the prey population will be increases. In addition, if the
value of parameter [ increases then the value of Ry will follow
suit. The value of Ry is threshold for disease spread in predator
populations.
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