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Dynamical Analysis of Holling Tanner Prey Predators Model
with Add Food in Second Level Predators

An Nisa Salsabila1 and Dian Savitri2,∗

1,2Department of Mathematics, Universitas Negeri Surabaya, Surabaya 60231, Indonesia

ABSTRACT. This article discusses the Holling Tanner prey predator model and Holling type II response function
with additional food in the second level predator. The dynamic analysis of the system begins with determining the
equilibrium point, analyzing the stability of the equilibrium point, and numerical simulation with python. The results of
the dynamic analysis obtain seven equilibrium points, namely E1 extinction in three populations, point E2 extinction
in the population of prey and first level predator, pointE3 extinction in the first and second level predator populations,
pointE4 extinction in the second level predator population, pointE5 extinction in the first level predator population,
and point E6 the three populations are not extinction. The results of the stability analysis around the equilibrium
pointE1, E2, E3 are shown to be saddle unstable, thenE4, E5, E6 are asymptotically stable with certain conditions.
Numerical simulation is applied to determine the validity of the analytical results. The simulation results illustrate
changes in the system solution in the form of phase portraits. The bifurcation diagram of the numerical continuation of
the maximum predation rate parameter of the second-level predator (β) shows the existence of Hopf bifurcation when
maximum predation rate parameter of the second-level predator with β = 2.1014232 and Transcritical bifurcation
when maximum predation rate parameter of the second-level predator with β = 3.197.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJBM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

Organisms in the world living side by side and interdepen-
dent, in the life of organisms there are several species that create
a population, in the association of each population with other
populations forming a community, and than community will re-
late to its environment which forms a complete structure called
an ecosystem or ecological system. [1]. In ecosystems there is
an interaction or relation between prey and predator which be-
comes a prey-predators system, where prey is an animal that is
eaten, and predators are animals that eat other animals to sur-
vive. Prey-predators interactions have a positive effect on preda-
tor density and a negative effect on prey density [2].

In ecological studies, the process of interaction between
prey and predator is known as the response function. It is
a food density function for the predator that describes the
amount of food eaten. This response function has been the ba-
sis of many ecological models and population dynamics studies.
Holling (1965) introduced a response function form divided into
3, namely, Holling type I, type II, and type III response func-
tions. Several researchers have used Holling’s response func-
tion in prey-predator interactions by taking into factor that af-
fect the population growth. [3–6]. In the development of the
prey-predator model, there are various modifications in the pre-
dation process. The simple ecological model became the fore-
runner of other predator-prey models, one of which is the Leslie-
Gower model [7, 8], which focuses on a system with two popu-
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lations, one prey and one predator. Next is the Holling Tanner
model, this model was proposed by James T. Tanner, This model
considers factors such as logistic growth and Holling type II re-
sponse function. [9]. Holling Tanner model was studied by [10]
and [11] explains that prey predator dynamics follow the Holling
Tanner model in which a generalist predator eats its favorite food
as long as it is available and grows logistically with an intrinsic
growth rate and carrying capacity proportional to the size of its
prey. Furthermore, in order to provide a better understanding of
the dynamics of complex ecological systems, the study of three-
populationmodels is very interesting. Themodel with three pop-
ulations has been studied by Savitri [12] which discusses prey-
predator interactions with Holling type II response functions and
includes the addition of food and anti-predator defenses.

Predators in prey-predator interactions perform an impor-
tant role in balancing the overall structure of the ecosystem. One
way to maintain and control balance is by additional food for the
predators [13]. Supplementary food is food that is found in the
digestive tract in small amounts [14]. In the process of model
development, there are many modifications of the prey predator
model and the predation process of the predator on the prey.
Several developments of prey-prey models with additional food
for predators have been studied using different response func-
tions [15–17].

An interesting problem in the interaction of prey and preda-
tor populations happens in the aquatic ecosystem in Indonesia
in the Flores Sea. One of the species found in the Flores Sea is
skipjack (Katsuwonus pelamis). The interaction process in skip-
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jack follows Holling’s type II response function by requiring time
to search, eat, and digest food. The interaction starts with the
zooplankton species Euterpina acutifrons (Copepoda) which oc-
cupies the position of prey. The zooplankton species are eaten
by anchovies which are positioned as first-level predators. An-
chovy becomes the main food for skipjack which is positioned as
a second-level predator, according to [18] additional food types
of skipjack in the Flores Sea are squid (Loligo sp.) and other fish.
Skipjack is a Carnivore because it can be seen that the most con-
sumed food and the main food of skipjack are types of fish (an-
chovies, shrimp, squid) [19].

Based on the research reviewed by [12, 20] and [21], there
are additional food parameters for predators. Sahoo modeled a
three population prey predator system using Holling Type II re-
sponse function with additional food. The results showed that
additional food is an effective parameter to control the dynamics
of the three species prey predator system. Basheer’s research
shows the Holling Tanner model with additional food for the
predator and the goals of the additional food are for the preda-
tor to survive when the prey population is low, increase the num-
ber of carrying capacity of the predator, and increase in preda-
tor births. The authors will analyze the model using the Holling
Tanner model and the Holling type II response function in the
existence of additional food for predators.

The main objective of this research is to study the one prey
and two predators model with the dynamic analysis which in-
cludes equilibrium point analysis, local stability, and numerical
simulation used to support the stability analysis and interpreta-
tion. To make it easier to understand the determination of sta-
bility and types is to use the equilibrium point stability criteria
table [22].

The rest of the paper is structured as follows. The research
concept in Section 2. Results and discussion in Section 3 which
includes the model is presented in Section 3.1, the existence of
equilibrium points are discussed in Section 3.2, local stability
analysis is carried out in Section 3.3, numerical simulation are
given in Section 3.4. A Conclusion follows Section 4.

2. Methods

The prey predators interaction model studied is a Holling-
Tanner mathematical model and uses a Holling type II response
function with additional food in the second-level predator. The
following are the stages in the research concept:
1. Literature study
Literature study related to the interaction model in one prey
two predator Holling Tanner system and Holling type II re-
sponse function with the additional food in predators.

2. Model construction
Model construction is made by some literature on the prey
predator system which is then developed into a model.

3. Equilibrium point
Equilibrium point analysis was conducted to determine the
equilibrium point by zeroing the right-hand segment of each
equation of the interaction model in one prey two predator
Holling Tanner system and Holling type II response function
with the additional food in predators.

4. Local Stability
Local Stability is the use of Jacobian matrix to obtain eigen-

values used in determining the Local Stability properties of
the system around the equilibrium point.

5. Numerical simulation
Numerical simulation is carried out to show changes in the
dynamic system around the equilibrium point. Numerical
simulation is also used to determine the suitability of the
results of system analysis and model interpretation. The re-
sults of numerical simulations are graphically represented
using python and matlab programs.

3. Results and Discussion
3.1. Mathematical models

The prey-predator interaction model in this study combine
and modify assumptions based on previous research, namely the
Holling Tanner prey-predator model using a ratio-dependent re-
sponse function in the presence of additional food on predators
[21], and one-prey-two-predators model using Holling type II re-
sponse function in the presence of additional food for the preda-
tors. [20]. The model is categorized into three populations,
namely prey (x), first-level predator (y), and second-level preda-
tor (z). From the ecosystem found in the Flores Sea, it can be
stated as follows, zooplankton are prey, zooplankton are eaten
by anchovies as first-level predators, and anchovies are eaten by
skipjack as second-level predators. The growth of zooplankton
follows logistic growth and is reduced due to the maximum pre-
dation rate by anchovy by following Holling type II response func-
tion. Furthermore, anchovy growth will increase with the conver-
sion of energy from zooplankton and decrease due to the max-
imum predation rate by skipjack and natural mortality, and the
growth of skipjack follows the Holling Tanner model with a car-
rying capacity proportional to the size of the anchovy, next the
growth of skipjack increases with the conversion of energy from
anchovies and with the additional food. Based on the above as-
sumptions, the construction of the Holling Tanner prey-predator
interaction model and Holling type II response function in the
presence of additional food for predators is as follows

dx

dt
= rx

(
1− x

K

)
− αxy

m+ x
,

dy

dt
=

α1xy

m+ x
− µy − βyz

nA+m+ y
,

dz

dt
= β1z

(
ρ+

A− z

nA+ y

)
.

(1)

3.2. Equilibrium point
To determine the equilibrium point of the system eq. (1)

can be determined by solving the equation with dx
dt =

dy
dt =

dz
dt

= 0. From solving eq. (1), seven equilibrium points are obtained
as below.
1. Equilibrium point E1 = (0, 0, 0)
Represents the extinction of the prey, first level predator,
and second level predator populations.

2. Equilibrium Point E2 = (0, 0, A+ ρnA)
Represents the extinction of the prey population and the
first-level predator, while the second-level predator popu-
lation exist.

3. Equilibrium point E3 = (K, 0, 0)
represents the prey population existing, while the first and

JJBM | Jambura J. Biomath Volume 5 | Issue 2 | December 2024



A.N. Salsabila and D. Savitri – Dynamical Analysis of Holling Tanner Prey Predators Model with Add Food in Second Level Predators… 65

Table 1. Description of parameters in the model (1)

Parameters Interpretasion
r Prey intrinsic growth rate
K Environmental carrying capacity
α Maximum predation rate of a first level predator
m time taken by the predator to find, eat and digest the food
α1 Predation conversion of prey by a first level predator
µ Natural death
β Maximal predation rate of second level predators

nA
Quality and quantity of additional food in second level
predators

β1
Predation conversion of first level predators by second-level
predators

ρ Intrinsic growth rate of second-level predator

second level predator population are extinction.
4. Equilibrium point E4 = ( µm

α1−µ ,
rmα1(kα1−Kµ−µm)

(α1−µ)2αK , 0)

Expresses the condition that the population of prey and first-
level predators does not extinction or exist, while the pop-
ulation of second-level predators experiences extinction.

5. Equilibrium point E5 = (K, 0, A(1− ρn))
Represents the situation where the prey population and the
second-level predator exist, while the first-level predator
population experiences extinction.

6. Equilibrium point E6 = (x∗, y∗, z∗)
Expressed the condition that the populations of prey, first-
level predators, and second-level predators do not experi-
ence extinction or exist.

3.3. Local stability
The Jacobian matrix of the prey predator system can be ob-

tained by taking partial derivatives of eq. (1), resulting in the fol-
lowing Jacobian matrix:

J(x,y,z) =


∂f1
∂x

∂f1
∂y

∂f1
∂z

∂f2
∂x

∂f2
∂y

∂f2
∂z

∂f3
∂x

∂f3
∂y

∂f3
∂z

 , (2)

with the following elements

∂f1
∂x

= r
(
1− x

K

)
− rx

K
− αy

m+ x
+

αxy

(m+ x)2
,

∂f1
∂y

= − αx

m+ x
,

∂f1
∂z

= 0,

∂f2
∂x

=
α1y

m+ x
− α1xy

(m+ x)2
,

∂f2
∂y

=
α1x

m+ x
− µ− βz

nA+m+ y
+

βyz

(nA+m+ y)2
,

∂f2
∂z

= − βy

nA+m+ y
,

∂f3
∂x

= 0,

∂f3
∂y

= − β1z(A− z)

(nA+ y)2
,

∂f3
∂z

= β1

(
ρ+

A− z

nA+ y

)
− β1z

nA+ y
.

Theorem 1. The equilibrium pointE1 (0, 0, 0) is always unstable

Proof. By substituting E1 (0, 0, 0) to the eq. (2), we have

JE1
=

 r 0 0
0 −µ 0
0 0 β1

(
ρ+ 1

n

)
 ,

than we get eigen values λ1 = r, λ2 =−µ, and λ3 = β1

(
ρ+ 1

n

)
.

Since λ1, λ2, and λ3 positive, equilibrium point E1 (0, 0, 0) is
always unstable.

Theorem 2. The equilibrium pointE2 (0, 0, A+ρnA) is always
unstable

Proof. By substituting E2 (0, 0, A+ ρnA) to the eq. (2), we have

JE2 =

 r 0 0

0 −µ− β(Anρ+A)
nA+m 0

0 β1(Anρ+A)ρ
An −β1(Anρ+A)

nA

 ,

than eigen values for E2 are λ1 = r, λ2 =
−µnA−µm−βAnρ−βA

nA+m ,

and λ3 = −β1(nρ+1)
n , Since λ1 positive, equilibrium point E2

(0, 0, A+ ρnA) is always unstable.

Theorem 3. The equilibrium pointE3(K, 0, 0) is always ustable

Proof. By substituting E3(K, 0, 0) to the eq. (2), we have

JE3
=

 −r αK
m+K 0

0 α1K
m+K − µ 0

0 0 −β1

(
ρ+ 1

n

)
 ,

than eigen values for E3 are λ1 = −r, λ2 =
α1K−µm−µK

m+K , and

λ3 =
β1(ρn+1)

n . Since λ3 positive, equilibrium point E3(K, 0, 0)
is always unstable.

Theorem 4. The equilibrium point E4

( µm
α1−µ ,

rmα1(kα1−Kµ−µm)
(α1−µ)2αK , 0) is asymptotically stable if

B33 < 0, T1 < 0, dan D1 > 0.
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Proof. By substituting E4 ( µm
α1−µ ,

rmα1(kα1−Kµ−µm)
(α1−µ)2αK , 0) eq. (2),

we have

JE4
=

 B11 B12 0
B21 B22 B23

0 0 B33

 ,

b11 = r

(
1− mµ

(α1 − µ)K

)
+

m2µrα1(α1K − µK −mµ)

(αrµ)3
(
m+ mµ

α1−µ

)2

K

− rmµ

(α1 − µ)K
− rmα1(α1K − µK −mµ)

(α1 − µ)2)
(
m+ mµ

α1−µ

)
K

,

with the following elements

B12 = −
αmµ

(α1 − µ)
(
m+ mµ

α1−µ

) ,

B21 =
α1(rmα1(Kα1 −Kµ−mµ))

((α1 − µ)2αK)m+ mµ
α1−µ

−
α1

2m2rµ(Kα1 −Kµ−mµ)

(α1 − µ)3αK
(
m+ mµ

α1−µ

)2
,

B22 =
α1mµ

(α1 − µ)
(

m+mµ
α1−µ

) − µ,

B23 = −
βrmα1(Kα1 −Kµ− µm)

(α1 − µ)2αK
(
nA+m+

rmα1(Kα1−Kµ−µm)

(α1−µ)2αK

) ,

B33 = β1

ρ+
A

nA+
rmα1(Kα1−Kµ−µm)

(α1−µ)2αK

 ,

than eigen values for E4 λ1 = B33, λ2 and λ3 obtained from
λ2−T1λ+D1 = 0, where T1 = B11+B22 andD1 = B11B22−
B12B21, so equilibrium pointE4 is asymptotically stable ifB33 <
0, T1 < 0, and D1 > 0.

Theorem 5. The equilibrium point E5 (K, 0, A(1− ρn)) is sta-
ble if λ2 < 0 when β > (α1K−µm−µK)(nA+m)

(m+K)(A(1+ρn) , and λ3 < 0

when β1ρ < β1(1−ρn)
n − β1A−β1A(1−ρn)

nA .

Proof. By substitutingE5 (K, 0, A(1−ρn)) to the eq. (2), we have

JE5
=

 C11 C12 0
0 C22 0
0 C32 C33


with the following elements

C11 = − r,

C12 = − αK

m+K
,

C22 =
α1K

m+K
− µ− βA(1 + ρn

nA+m
,

C32 = − β1A(1 + ρn)(A− (1 + ρn))

(nA)2
,

C33 = β1

(
ρ+

A−A(1 + ρn)

nA

)
− β1(1 + ρn)

n
.

than eigen values for E5 are

λ1 = C11 = −r,

λ2 = C22 =
α1K

m+K
− µ− βA(1 + ρn)

nA+m
,

λ3 = C33 = β1

(
ρ+

A−A(1 + ρn)

nA

)
− β1(1 + ρn)

n
.

So stability of equilibrium point E5 are
a. Stable if λ2 < 0 when α1K

m+K − µ − βA(1+ρn)
nA+m < 0 or β >

(α1K−µm−µK)(nA+m)
(m+K)(A(1+ρn) ,

and λ3 < 0 when β1

(
ρ+ A−A(1+ρn)

nA

)
− β1(1+ρn)

n < 0 or

β1ρ < β1(1−ρn)
n − β1A−β1A(1−ρn)

nA

b. Unstable if λ2 > 0 when β < (α1K−µm−µK)(nA+m)
(m+K)(A(1+ρn) ,

and λ3 > 0 when β1ρ > β1(1−ρn)
n − β1A−β1A(1−ρn)

nA

Theorem 6. The equilibrium point E6 (x∗, y∗, z∗) is asymtoti-
cally stable if h1 > 0, h3 > 0, dan h1h2 > h3.

Proof. By substituting E6 (x
∗, y∗, z∗) to the eq. (2), we have

JE6
=

 D11 D12 0
D21 D22 D23

0 D32 D33

 (3)

with each of its components are

D11 = r

(
1− x∗

K

)
− rx∗

K
− αy∗

m+ x∗ +
αx∗y∗

(m+ x∗)2
,

D12 = − αx∗

m+ x∗ ,

D21 =
α1y

∗

m+ x∗ − α1x
∗y∗

(m+ x∗)2
,

D22 =
α1x

∗

m+ x∗ − µ− βz∗

nA+m+ y∗
+

βy∗z∗

(nA+m+ y∗)2
,

D23 = − βy∗

nA+m+ y∗
,

D32 = − β1z
∗(A− z∗)

(nA+ y∗)2
,

D33 = β1

(
ρ+

A− z∗

nA+ y∗

)
− β1z

∗

nA+ y∗
.

This results in the characteristic equation, namely:

λ3 + h1λ
2 + h2λ+ h3 = 0 (4)

where

h1 = − (D11 +D22 +D33),

h2 = D11D22 +D11D33 +D22D33 −D23D32 −D12D21,

h3 = −D11D22D33 +D11D23D32 +D12D21D33.

Based on the Routh-Hurwitz criterion, the equilibrium point E6

(x∗, y∗, z∗) is asymptotically stable if h1 > 0, h3 > 0, and
h1h2 > h3.
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Table 2. Parameter Values

Parameter Values Source
r 0.6 [23]
K 10 [23]
α 5 [20]
m 0.5 [23]
α1 4.6 [20]
µ 0.4 [20]

β
2.1014232

Assumption3.197
5

n 0.28 [21]
A 0.5 [21]
β1 0.5322 [21]
ρ 2.12 [21]

3.4. Numerical Simulation
Numerical simulations are used to show changes in dy-

namic behavior around the equilibrium point. Population growth
among prey, first level predators, and second level predators can
be shown by the following phase portrait that describes the pop-
ulation dynamics with the support of Pyton software. The follow-
ing are the values of the parameters to calculate the simulation.

For the numerical simulation process, there are three
stages, namely the first simulation using the parameter value of
the maximum predation rate of the second level predator with an
assumption of β = 2.1014232, the second simulation assumed
β = 3.179, and the third simulation assume β = 5. The numer-
ical simulation results of each point are presented using a phase
portrait with Python software.

The next simulation to determine changes in the system
solution by performing numerical continuation is shown in the
bifurcation diagram using MatCont. Numerical continuation is
applied to the maximum predation rate parameter of the second-
level predator (β).
a. Numerical simulation through phase portraits
Numerical simulation based on the parameters in Table 2
with β = 2.1014232, illustrated through a phase portrait
using Python software is below.

Figure 1. Phase Portrait β = 2.1014232

Figure 1 with β = 2.1014232 there are six points

of exist, namely E1, E2, E3, E4, E5, and E6 with the
equilibrium point E6 is stable. Shows the phase
portrait with initial value [1.4,0.2,1.2] to the point
E6(1.52433, 0.20589, 1.23328) so it can be con-
cluded that the stability of the equilibrium point
E6(1.52433, 0.20589, 1.23328) in the form of a spi-
ral, asymptotically stable. The stability at the point
E6(1.52433, 0.20589, 1.23328) shows that the population
of zooplankton, anchovy, and skipjack exist or can survive
together. The following graph will show time series with
initial value [1.4,0.2,1.2] with the corresponding parameters
in Table 2 and at the time of maximum predation rate of
second-level predators β = 2.1014232.

(a) Timeseries with t = 50

(b) Timeseries with t = 1000

Figure 2. Timeseries with Parameter Value β = 2.1014232

and Initial Value [1.4,0.2,1.2]

Figure 2 shows when the predation rate carried out by Skip-
jack Fish is 2.1014232 species with an initial value of pop-
ulation [1.4,0.2,1.2] will be stable towards the equilibrium
point E6(1.52433, 0.20589, 1.23328) which is shown in the
Figure 2b. With an initial value of 1.4 zooplankton towards
the equilibrium point x = 1.52433. Anchovy population
with an initial value of 0.2 species to the equilibrium point
y = 0.20589. With an initial value of 1.2 species, skipjack
also goes to the equilibrium point z = 1.23328. Based
on time series pada Figure 2 the maximum predation rate
by skipjack is 2.1014232 with an initial population value
of [1.4,0.2,1.2], indicating that zooplankton, anchovy, and
skipjack populations can coexist.
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Numerical simulations based on the parameters in Ta-
ble 2 with β = 3.197, illustrated through phase por-
traits using Python software is below. Figure 3 with

Figure 3. Phase Portrait β = 3.197

β = 3.197 there are six points of exist, namely
E1, E2, E3, E4, E5, and E6 with the equilibrium point E6

is stable. Shows the phase portrait with initial value
[2.6,5,3] to the point E6(9.99879, 0.00015, 0.79712) so
it can be concluded that the stability of the equilib-
rium point E6(9.99879, 0.00015, 0.79712) in the form of
a node, asymptotically stable. The stability at the point
E6(9.998797031, 0.0001515567043, 0.7971213002) shows
that the population of zooplankton, anchovy, and skipjack
exist or can survive together. The following graph will show
time series with initial value [2.6,5,3] with the correspond-
ing parameters in Table 2 and at the time of maximum pre-
dation rate of second-level predators β = 3.197.

Figure 4. Timeseries with Parameter β = 3.197 and Initial
Vale [2.6,5,3]

Figure 4 shows when the predation rate carried out by Skip-
jack Fish is 3,197 species with an initial value of popula-
tion [2.6,5,3] will be stable towards the equilibrium point
E6(9.99879, 0.00015, 0.79712). With an initial value of 2.6
zooplankton towards the equilibrium point x = 9.99879.
anchovy population with an initial value of 5 species to
the equilibrium point y = 0.00015. With an initial value

of 3 species, skipjack also goes to the equilibrium point
z = 0.79712. Based on time series in Figure 4 the maximum
predation rate by skipjack is 3,197 with an initial population
value of [2.6,5,3], indicating that zooplankton, anchovy and
skipjack populations can coexist.
Numerical simulations based on the parameters in Table 2
with β = 5, illustrated through phase portraits using Python
software is below.

Figure 5. Phase Portrait β = 5

Figure 5 with β = 5 there are five points of exist, namely
E1, E2, E3, E4, E5 with the equilibrium point E5 is stable.
Shows the phase portrait with initial value [2.8, 0.5, 0.8]
to the point E5(10, 0, 0.7968) so it can be concluded that
the stability of the equilibrium point E5(10, 0, 0.7968) in
the form of a node, asymptotically stable. The stability
at the point E5(10, 0, 0.7968)shown in the phase portrait
means that the population of anchovy is heading towards
extinction, while zooplankton and skipjack exist or can co-
exist.The following graph will show time series with initial
value [2.8, 0.5, 0.8] with the corresponding parameters in Ta-
ble 2 and at the time of maximum predation rate of second-
level predators β = 5

Figure 6. Timeseries with Parameter β = 5 and Initial Value
[2.8, 0.5, 0.8]

Figure 6 shows that when the predation rate carried out by
Skipjack Fish is 5 species with an initial population value
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of [2.8, 0.5, 0.8], it will stabilize towards the equilibrium
point E5(10, 0, 0.7968). With an initial zooplankton value
of 2.8 species to the equilibrium point x = 10. Anchovy
population with an initial value of 0.5 species to the equi-
librium point y = 0 or extinction. With an initial value
of 0.8 species, skipjack also goes to the equilibrium point
z = 0.7968. Based on time series in Figure 6 shows that the
zooplankton and skipjack populations have a larger popu-
lation than the anchovy population which results in the an-
chovy population experiencing extinction. The maximum
predation rate by skipjack is 5 with an initial population
value of [2.8, 0.5, 0.8] indicating that the zooplankton and
skipjack populations can coexist, while the anchovy popula-
tion cannot coexist or become extinct.

b. Numerical Continuation of the Parameter β
Numerical continuation is applied to the eq. (1) system by
operating on the value of β, which is the parameter of the
maximum predation rate of the second-level predator. The
result of numerical continuation on the parameter β causes
a change in the stability of the equilibrium point E5 and E6

which is illustrated with Python software using MatCont in
the form of a bifurcation diagram below

Figure 7. Bifurcation Diagram

The numerical continuation results on Figure 7 show the
bifurcation diagram of the equilibrium point of the sys-
tem due to a change in the value of β. Continuation be-
gins when β < 2.1014232 shows that around the equi-
librium points E1, E2, E3, E4, E5, E6 are unstable. Then
when β = 2.1014232 Hopf occurs. The type of stability
of E6 changes from unstable to stable, after crossing a bi-
furcation point called Hopf bifurcation at β = 2.1014232.
The numerical continuation results also match the simula-
tion results shown in the phase portrait. After passing the
bifurcation point, the β is moved forward to meet BP (Branch
Point) at β = 3.197. The BP phenomena is called Transcriti-
cal bifurcation which is characterized by the crossing of two
branches of equilibrium points in the bifurcation diagram,
namely equilibrium pointsE5 andE6. This means that there
is a change in the stability of the two equilibrium points after
passing BP, namely the E5 equilibrium point which was un-
stable becomes stable and theE6 point which was stable be-
comes unstable when passing the maximum predation rate

parameter value of the second-level predator β = 3.197.

4. Conclusion

The results of the dynamic analysis resulted in six equi-
librium points, namely E1 = (0, 0, 0) represents the extinc-
tion of the three populations, E2 = (0, 0, A + ρnA) represents
the extinction of the first level prey and predator populations,
E3 = (K, 0, 0) represent extinction in the first and second level
predator populations, E4 = ( µm

α1−µ ,
rmα1(kα1−Kµ−µm)

(α1−µ)2αK , 0) rep-
resent extinction in the second level predator population, E5

= (K, 0, A(1 − ρn)) represents the extinction of the first level
predator population, and E6 = (x∗, y∗, z∗) represents that the
three populations did not go extinct. The results of the stabil-
ity analysis around the equilibrium point E1, E2, E3 are shown
to be saddle unstable, then E4, E5, E6 are asymptotically stable
with certain conditions. The most interesting of this article is the
numerical simulation carried out by taking the value of the maxi-
mum predation rate parameter in the second level predator (β).
Numerical simulations were carried out with several values of the
parameter β where the equilibrium point that was originally un-
stable became stable and otherwise. The change in the type of
stability of the equilibrium point E6 to stable is characterized by
the Hopf bifurcation when β = 2.1014232, and the Transcriti-
cal bifurcation occurs when β = 3.197 it makes E6 unstable but
changes the point E5 which was unstable to stable.
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