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ABSTRACT. This paper concentrates on the study of a discrete time model of two competing prey with a shared
predator. The condition for the existence and local stability of positive fixed point are derived. By using an iteration
scheme and the comparison principle of difference equations, it is possible to obtain the sufficient condition for global
stability of the positive fixed point. The sufficient criterion for Neimark-Sacker bifurcation and flip bifurcation are
established. The system admits chaotic dynamics for a certain choice of the system parameters which is controlled by

applying hybrid control method. The intra-specific competition among predators and the intrinsic growth rate of prey
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Bifurcation
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species have major impact for different bifurcation.

For continuous system, handling time spent for prey population plays an important role for obtaining limit cycle
behaviour. The decrease amount of this rate makes the system stable. Global convergence of the solutions to the
coexistence equilibrium point is possible for a particular choice of system parameters. The obtained results for discrete

system are verified through numerical simulations. Also some diagrams are presented for continuous system.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of [JBM: Department of Mathematics, Uni-
BY _NC versitas Negeri Gorontalo, JIn. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

In ecology, predation and competition are two important
inter-specific interactions. These two factors motivated some
researchers to develop mathematical models for investigating
the predation effect on the competitive interactions [1-5]. It
is mostly observed that predator attacks weak competitor. In
that case, strong competitor plays a significant role in structur-
ing communities. Also, the species coexistence in predator-prey
system depends on the choice of functional response. Initially,
Lotka and Volterra first showed in predator-prey model after that
numerous problems have been studied by considering different
types of functional response [6]. In [7], the authors observed
chaotic dynamics in two prey- one predator model with a shared
predator. The effect of delay maintaining the persistence of two
preys and one predator system is studied in [8]. Tripathi et al.
[9] studied the local and global behaviour of a two prey and one
predator system with help. Bhattacharya and Pal [10] analysed a
delay induced two prey and one predator system with Bedding-
ton DeAngelis response function. Khalif and Majeed [11] inves-
tigated the dynamical behaviour of two prey and one predator
mode. Most of the previous studies mentioned above are done
on continuous models. However, some literatures indicate that
discrete models are more reasonable than continuous systems
when the population have non-overlapping generations. In na-
ture, mathematical model for discrete system can be observed in
fish populations which reproduce at specific timed moments or
for insect populations where non-overlapping generations always
take place.
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Discrete-time models also permits additional efficient com-
putational outcomes for numerical computations and reveal a
rich dynamics in respect of continuous systems [12-15]. One can
observe chaotic behaviour in discrete models [12, 13]. Several
works on discrete prey-predator models may be found in [16—
27).

Most of the previous studies are dealt with into two
species. But the dynamics will be more complex when multi-
ple species occur. In this paper, we propose a discrete-time two
competing prey with a shared predator. We study the existence
and local as well as global stability of the positive fixed point.
After then, we identify the system parameters that give Neimark-
Sacker bifurcation and flip bifurcation. Chaos control of the sys-
tem will be investigated.

The model studied in [8], is modified in the following form:

dx e

ks (rl Tt T dy =g + prhidiz +p2h2>\2y> 7

dy P22z

a Y (T2 L I W +pzh2kzy> -0
dz (—d+ T hz) |

i 1+ pihidix + pahaday

Here x and y represent the densities of two competing prey, and
z stands for the density of the shared predator. When there is
no predator, each prey grows logistically. Here 1 and 72 denote
the intrinsic growth rate of the two competing prey species. a1
and a9 represent the intra-specific competition among the prey
species x and y respectively. ai2 and ao; are the inter-specific
competition. Inter-specific competition is a controlling force in


https://orcid.org/0000-0002-5149-5985
https://creativecommons.org/licenses/by-nc/4.0/
https://doi.org/10.37905/jjbm.v5i2.27453
https://doi.org/10.37905/jjbm.v5i2.27453
mailto:mukherjee1961@gmail.com
http://ejurnal.ung.ac.id/index.php/JJBM/index
http://u.lipi.go.id/1593403037

— Complex dynamics in a discrete-time model of two competing prey with a shared predator... 72

interacting species that induces niche shifts in ecological and
evolutionary time. The predation process follows Holling type
Il response function. p; and ps represent the probability that a
predator will attack prey x and y upon an encounter respectively,
A1 and Ay are the search rate of a predator for the prey z and y
respectively. e; and e; are the expected net energy gained from
the prey x and y, respectively, and h; and ho are the expected
handling time spent with the prey = and y respectively. h stands
for intra-specific competition among the predator species. d is
the death rate of the predator species. Specific example illus-
trates the above situation. In real world, zebras and cattle are
two competing species both of them are shared by lions. Here,
all the parameters are assumed to be positive.

For qualitative analysis, including global stability, bifurca-
tion analysis and chaos control for a discrete analogue system
(1), a piecewise constant argument is introduced to describe the
following exponential form of non-linear difference equations:

pl)\lzn
1+ prhidixn + p2hadoyn

— 011%n — alen} ’

DP2A22n, }
1+ prhidizn + pahodoyn |

Tn+1 = Tn €XP {Tl —

Yn+1 = Yn €XP {1"2 — a21Tn — 22Yn —

p1e1MiTn + p2eadoyn ha }
14 p1hidizn 4 p2haXayn "

Zn+41 = Zn €Xp {—d +
2

where z,, and y,, represent the densities of two competing preys
at generation n € N and z,, denotes predator density at a dis-
crete time step n € N.

The rest of the paper is structured as follows: The existence
and stability of the interior fixed point are discussed in Section 2.
Global stability criterion is derived in Section 3. Neimark-Sacker
bifurcation and flip bifurcation are described in Section 4. Chaos
control mechanism is presented in Section 5. Numerical exam-
ples are given in Section 6. Section 7 concludes the paper.

2. Existence of interior fixed point
Clearly, system (2) has six boundary fixed points Ey =
(05070) and El = (%7070)7E2 = (05 %70)5E12 = (jag70)
where 7 = -—TF1%22=T20d12 g = T2011="1021
a1 r1 uai121a227a?112a21;1 alglla227a12a2l
a7 2~ azm O an S S an ,
There exits a unique second prey free fixed point

E15(%,0, 2) where & is a positive root of the equation

By2® + Bea® + Bsx — By =0,

By = aihpihi),

By = hhipiAi(2a11 — ripihiy),

B3 = haiy — 2hripi A + piAier — dpiAiha,

By = hri —dpiAs,
and 2 = (”_a“i))(ll):mh”\li) provided r; > aq1%.

There exists a unique first prey free fixed point Fy3 =

(0,9, 2) where ¢ is a positive root of the equation

Cry® + Cay® + Cay — Cy = 0,

C1 = aghpihi)i,

C2 = hhapaAa(2a11 — ripihii),

C3 = hayy — 2hripes + p3A3es — dp3Asho,
Cy

provided, either

hry — dpaXs,
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(r2—a229)(14+pahaXag)
P2A2
To locate the interior fixed point E* = (x*, y*, z*) of sys-

tem (2), we apply isocline method. x*, y* and z* are the positive
solutions of the following system of equations:

and Z =

provided ry > ag2y.

T1— 1T — a12y — P1h2 =0 (3)
1+ pihidiz + pahaday
D2A2z

1T — gy — —0, (4

T — 21T — A22Y LT pit + ey , 4
P1e1A1T + paeaday
Ay —hz=0. (5)
1+ pihidiz + pahaday
From equation eq. (3), we get

1 A A
z—{—d P1€1A1T + P22 A2y } = 2.(say).

h 1+ pihidiz + pahoday

z>0ifpr ez —|—p2)\262y > d(l + prhi iz —|—p2)\2h2). Now,
we substitute the value of z in egs. (3) and (4) and obtained

plAlze -0
1+ pihidiz + pahaday
(6)

filz,y) =71 —anx — appy —

p2>\226 -0
1+ pihidix + pahaday
(7)

fa(w,y) =12 — @21 — agey —

Now, we have

de _ _0h 0K _ M
dy 9y ' 0xr  Ni’
where
A1 (Zey M — pahoXoze
M1=—a12—p1 1(2ey M2p222 )7
M (ZegM — prhiAze
le_au_]?l 1 M2P1 1AL )7

M =1+ prhi x4+ p2haoy.

It is evident that % > 0 if either (i) M; > 0 and N7 < 0 or (ii)
M; < 0and N7 > 0 hold. Also we get

dZL' - 8f2 af2 o %
Ny’

dy oy ' ox
where

p2)\2(zeyM —p2h2)\22e)
M? ’
p2/\2(zezM _plhl)\lze)
M? ’
M =1+ pihiA\x + pahaXoy.

MQZ — ago —

No = —as —

We note that Z—Z < 0 if either (i) My > 0and Ny > 0
or (ii) My < 0 and Ny < 0 hold. From the above analysis, we
conclude that the two isoclines eqs. (6) and (7) intersect at the
point (z*,y*) under certain restrictions. Throughout this work,
we assume that E* exists.

Volume 5 | Issue 2 | December 2024
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2.1. Stability of interior fixed point
Let E* = (a*,y*, z*) be the interior fixed point of system
(2). The Jacobian matrix for system (2) at E* is given by:

Ju Jiz i3
J($*>y*72*> = j21 j22 j23 )

J31 Js2 Js3
g (g PRAIZT Lt
Jiu 11 M2 y J13 M
o (g — P1AIP2ARRRZ L P2yt
Ji2 12 M2 sy J23 M
Lk P1A1p2A2hy 2 1
Jo1 = Y 021—T y J33 = 1L —hz,

2\2 *

. N PA5hoz
Joz = 1—y <a22—2]\242>7

z*{pre1 A1 + praip2Aay*(e1ha — eahq)}

Js1 = 2 )

. Z{paeada + prAipaox”(e2hy —e1ha)}

J32 = e :
The characteristic polynomial of J(E*) is given by

QN =N +aN +@A+gs (8)
where
) 2)\2h * ) 2)\2h * .

G =z (—pT) Ty (—pT) Che o3,

24\2 *
g2 =(1- hz") {1 —y" (azz — piz)\;;?z )} + {1 —z" (au
242 * 2412 *
N e ) 1)

M2
- Aip2Aahaz* Mpsdahi 2’
- Ty (a12 - p 1p]f422 2 ) (an - & 1p]f422 ! )

)\ * %k %
+ % {presdi + prauperay”(erhs — eaha)},

242 * 24y2 *
(1 —z" {an _ piAizt }) (1 —y" {azz _ padohaz? } (hz*

M? M?
— 1)) — x* (a12

Aipadohez® [ L . .
_ PiAip2A2n2Z [y (hz 71)<a21
Aip2Aahi 2™ Aoy* 2" N
_ fioipacani )+p2 2y {plel)q + p1Aip2 A2y (e1he

q3

e
M?2 M3

pazt [ . . P1A1p2A2h12™ [ D2e2)a
—eh)}| ) = = (v (en -5 2

Aip2dax®(esh1 — e1h N "
+p1 1P Qm]\(;; S 2)>+z {l—y (azz
P3AZhoz* pre1A1 + prAipe A2y” (erthe — e2hi)
M2 M? ’

M =1+ pihihiz” + pahaXoy™.

©)

To determine local stability of the interior fixed point E*, we
require the following lemma.

Lemma 1 (|28]). Consider the cubic equation

)\3+Q1)\2+QQ>\+C]3=0

| Jambura J. Biomath

where q1, g2 and q3 are real numbers. Then necessary and suf-
ficient conditions that all the roots of eq. (8) lie in an open disk
[A| < 1 are:

(i) |lg1 +qs3| < 1+ qa,

(ii). |q1 — 3q3| < 3 — o, and

(ii). g3 +q2 — gzq1 < 1.

We now use Lemma 1 to investigate stability of E*.

Lemma 2. E* is locally asymptotically stable if and only if the
following conditions are satisfied:
(i) |1 + a3l <1+gq
(ii). g1 — 3q3| <3 — g2, and
(ii). ¢3 +q2 — qzq1 < L.
where q1, g2 and g3 are defined in eq. (9).

3. Global stability

In this section, we will utilize the process of iteration
scheme and the comparison principle of difference equation to
investigate the global stability of the positive fixed point of sys-
tem (2). To establish global stability result, we require the follow-
ing lemmas.

Lemma 3 ([29]). Let f(u) = uexp(d — nu), where § and n are

positive constants. Then f(uw) is non-decreasing for u € (07 %]

Lemma 4 ([29]). Assume that the sequence w,, satisfies
Upt1 = Up eXP(d —Nuy,), n=1,2,3, ...,

where § and n are positive constants and ug > 0. Then:

(i). If§ < 2, then limy,_,oou, = g.

(i). If§ <1, then u, < %, n=23,..

Lemma 5 ([30]). Suppose that functions f, g : Z x [0, c0) sat-
isfy f(n,z) < g(n,x) (f(n,x) = g(n,z)) forn € Zy and
g(n, x) is non-decreasing with respect to x. If u,, are the non-
negative solutions of the difference equations x,,+1 = f(n, z,),
Unt1 = g(n,uy,) respectively, and xo < ug (xo > ug) then
ZTn < Up (Tn > uy) foralln > 0.

Theorem 1. Assume that r1 < 1,79 < 1 and p1e1A1r1a00 +
p262>\27’2a11 < a11a22(1 4R d) then the ﬁXé‘d point
E*(x*,y*, z*) of system (2) is globally asymptotically stable.

Proof. Assume that (x,,, yn, 2, ) is any solution of system (2) with
initial values ¢y > 0,y9 > 0,29 > 0. Let

Uy =limsupx,, Vi = liminfzx,,
n—o0 n—oo

Volume 5 | Issue 2 | December 2024
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U = limsupy,, Vo = llm mfym

n—oo
Us = limsup z,,, V3 = liminfz,.
n—00 n—00

In the following, we will prove that Uy = Vi = 2*,Us = Vo =
y*,Us = V3 = z*. First we show that Uy < MY, Uy < MY,
Us < M. From the first equation of system (2), we find

Tnt1 < Tpexp(ry — a11ey), n=0,1,2, ...
Considering the auxiliary equation

Upt1 = Upn €XP(T1 — a11Uy), (10)
by Lemma 4 (ii), because of r; < 1, we get u,, < a—}l for all
n > 2. By Lemma 3, we obtain f(u) = uexp(r1 — ajiu) is non-
decreasing for u € (0, ﬁ] Thus from Lemma 5, we get z,, < uy,
forall n > 2, where u,, is the solution of eq. (10) with initial value
ugy = To. By Lemma 4 (i), we get

U, = limsupz, < lim u, = — = M}.

n—oo n—oo a1

Hence, for any € > 0, there exists a ny > 2 such that if n > n;,
then z,, < MY + e. In the same way, using the second equation
of system (2), we get,

. . ] s Yy

U; =limsupy, < lim w, = — = M/.

n—o00 n—00 a2
Hence, for any € > 0, there exists a no > n4 such that if n > no,
then y,, < M{ + e. The third equation of system (2), yields

Znt1 < zn exp{—d+pre; A1 (M +€)+paeara (M} +€) —hz, }.
Again taking the auxiliary equation
Unt1 = Up eXp{—d+pres A1 (M7 +€)+poeao(M] +€)—huy },

by Lemma 4 (ii), because of

pread (M7 + €) + paearo(M{ +€) <1+d,
we get u,, < % for all n > 2. From Lemma 3, we get
f(u) = uexp{—d+ pres A1 (M{ + €) + paeaXa(M7 + €) — hu}

is non-decreasing for u € (0, %} Lemma 5 yields z, < u, for all

n > 2. Consequently

Us = limsup z,, < llm Up = Py = M7,
n— o0
= —d + pres A (MT + €) + paeada(M{ +¢€)
1= .
h

Thus for given any € > 0, there exists ng > no such that for
n > ng, z, < Mf + €. Now we prove that V; > N¥, V5 > NY,
V3 > Ny. Using the first equation of system (2), we derive

ZTnt1 > Tn expr1 — a112n — a12(MY +€) — pr A1 (M7 +€)], n > ns.
Consider the auxiliary equation

Up+1 = Unp exp[rl — a11Up — alg(Mf/ + 6) — pl)\l(Mlz + 6)]

| Jambura J. Biomath

Since we have

1 — A11Up — alg(Mly + 6) _pl)\l(Mf + 6) <1,

by Lemma 4 (i), we have u,, < a—il
obtain

for n > ngz. By Lemma 3, we

_pl)\l(Mf + 6))

is non-decreasing for u € (0, ] Thus from Lemma 5, we get
Ty > uy, foralln > ng. By Lemma 4 (i), we get

f(u) = uexp(r1 — ajiu — aja(M7 + €)

Vi= llmmfxn > llm Uy = P,
Ty — alQ(Ml + 6) — p1 A (M7 +¢€)

P2 =

ai1

Since € > 0 is arbitrary, we have V; > N = 1. So for any
e > 0, one can find any > ng such thatforn > ng, z, > Ny —e.
Considering the second equation of system (2), we get

Yn+1 = YUn exp[rg—aggyn—azl(Mf—ke)—pg)\g(Mf—Fe)], n > ny.
By the same way, we can get
Vo = liminfy, > lim wu, = 3,
n—oo n—oo
ro — ag1 (MY +€) — paAa (M7 +¢)
a22 '

s =

As € > 0 is arbitrary, we have V2 > N} = 13. So for given any
€ > 0, there exists n; > ny4 such that for n > ns,y, > N{ —e.
Similarly, from the third equation of system (2), we get

Zni1 = Znexp[thy —d — hzp|, n> n5

a = pre1A (NT — €) + preaa(NY —€)
4 1+p1h )\1(Mir+€) +p2h2A2(M% +6)

with X
V3 =liminfz, > nli_)moo Uy = E{¢4 —d}.

n—r oo

As € > 0 is arbitrary, we have V3 > Nf = ;{14 — d}. So for
any given € > 0, there exists ng > ns such that for n > ng, z,, >
Nf —e.

Now we show that U; < M3, Us < MY, and U3 < M3,
where M3 < My, MY < M7, and M5 < M7 respectively. From
the first equation of system (2) for n > ng, we get

Tni1 < Ty XP [rl — a2, —a12(NY —€)

_ p1A(NT —¢€) ]
L4 prhi i (MY + €) 4+ p2hada (M7 +€)

Consider the auxiliary equation

_ y
Upt1 = Up EXP [7“1 — @11y — a12(NY —¢€)

_ A (NVF —€) ]
1+p1h1/\1(M1x —+ 6) +p2h2)\2(M{J —+ 6)

Using the same type of argument as in above, we can get

1
Uy =limsupz, < P [ﬁ —a12(NY —¢)

n— o0 11
B P1A(NF —¢) }
14 prhidi(M? + €) 4+ pahodoa (MY +€) |’
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since

P1A(NF —¢) <1

_ Ny_ —
rm N =) T T RO +6) + pehaa (] 6)

As € > 0 is arbitrary, we claim that

1
U1 S M; = — l:’l“l — alg(Ni] — 6)

a1
B p1AL(NT —€) ]
1+p1h1)\1(M11 +€) +p2h2>\2(M1y+€) .

Thus for any given € > 0, there exists n7 > ng such that for
n > ny, rp < MS + €. Similarly to the above argument, we get

1
U2 <M§/:[r2—a21(Nf—e)

a2
_ p2)\2(N1Z - 6) }
1T+ prha A (ME + €) + pohado (MY +€) |

So for any € > 0, there exists ng > ny such that for n > ng,
yn < MY + €. From the third equation of system (2) for n > nsg,
we get

preiri (MG + €) + paeada (MY + €)
1 +p1h1)\1(Nf — E) +p2h2)\2(Nf —€)

Zn+1 < zp eXp |: —d— hzn} .

Similarly to the above argument, we get

1
oL

preiA (M3 +€) + preada (Mg +6) d}
; )

]. +p1h1)\1(N1$ — 6) +p2h2>\2(N;J — 6)

Hence for any sufficiently small e > 0, there exists ng > ng such
that for n > no, z, < M35 +e.

Now we show that V; > N¥, Vo > NY, and V3 > N3,
where N3 > N, NY > N{, and Nj > Ny respectively. Further,
from the first equation of system (2) for n > ng, we get

Tpi1l = Ty €XP [7“1 —an@y, — ajn(My +e)

- pida (M3 + ) }
1 +p1h1>\1(N11 — 6) +p2h2)\2(Niy) .

Using a similar argument, we get

1
Vi = liminfz, > — [7“1 —apa(MY +¢)

n—00 ail
- pidi (M3 + e) }
1+p1h1A1(N1$ 76)+p2h2>\2(Niy) ’

since

p1da (M5 +e€) 1

o My —
r1— a12(M3 +¢) L+ p1hi A1 (N¥ — €) + paho Ao (NY) —

As ¢ > 0 is arbitrary, we claim that

1
V1 2 N2a: = aill 1 _a12(M§/+€)
piA (M3 +¢€)

B 1+p1h1)\1(Nf —6) +p2h2)\2(Nliu) '

| Jambura J. Biomath

So for given € > 0, there exists n1g > ng such that for n > nqg,
xn > N3 — e. Similarly, from the second equation of system (2)
for n > nqg, we have

Yn+1 Z Yn €XP |:7‘2 — a22yYn — a21(M2$ + 6)

) paha(M5 + ) |
14+ p1ha A (NF — €) 4+ p2hodo(NY) |

with

1
Va = liminfy, > — [7“2 —az1 (M3 + €)
n—oo

az2
P22 (M5 + €) }
L+ prhi\i(NY — €) 4 pahada(NY) |

Since € > 0, is arbitrary, we claim that

B p2A2(M35 +€) ]
L4+ prhi\i(NY =€) 4+ pahada(NY) |

Hence for any ¢ > 0, there exists ny; > nig such that for n >
ni1, Yn > N — e. Similarly, from the third equation of system
(2) for n > nq1, we have

pre1d1 (NS —€) + paeada(NY —€)
14+ prhidi (M3 + €) + pahada (M3 +€)

Zn4+1 > Zn €Xp { —d— hzn} .

with

V3 = liminfz, >

n— o0

l [ pieidi (N3 —¢€) +p262)\2(Ng —€) - d]
h 1+p1h1>\1(M§‘ +6)—|—p2h2)\2(MéU +E) .

Since € > 0 is arbitrary, we conclude that

. 1[ pretdi (N5 —€) + paeada(Ny —¢€)

Vs> Ny = — B —d|.

h |14 prhidi(M$ + €) + pahada(M3 + €)

So for given € > 0, there exists 712 > nq1 such that for n > nqo,
zn > N3j — e. Repeating the above process, we ultimately get six
sequences {MZ}, {MY}, {M7:}, {NZ}, {NY}, and {N}} such
that for all n > 2,

1
Mﬁ = — |:7“1 — CL12(N271 — 6)
ail
B R ) ]
1 +p1h1)\1(M$f_1 + 6) +p2h2)\2(M5_1 + 6) ’
1 )
M;{ = — |:7°2 — agl(szl — 6)
a22
B P2A2(N;  —€) ]
1 —|—p1h1)\1(MfL:_1 + 6) +p2h2)\2(Mg_1 + 6) ’

preidi (M ) +€) + paeado(MY +¢) }
]. +p1h1)\1(N$71 — 6) +p2h2)\2(Nry171 — 6) ’

1
Z\/jz = —
h[
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1
N;f = |:’I‘1 —(112(M$i+6)

aii
piA (M +€) ]
14+ pihidi(NZ_; —€) + pohoda(NY_; —€) ]’
N} = n {7‘2 — a1 (M +¢)
az2
B paAa (M7 + €) }
L+ prhadi(NE — €) + pahada (N —€) |

_ 1|: plel)\l(NTf — 6) +p2€2)\2(N% — 6) _ d:|
hil +p1h1)\1(M,“§ + 6) +p2h2)\2(Mhy + 6) ’
(11)

=

Clearly, we have for any integer n > 0, N* <V} < U; <
M NY < Vo < U, < MY, and N* < V3 < Uy < MZ.
In the following, we will prove that {M?*}, {MY}, and {M?}
are monotonically decreasing and {NZ?}, {NY}, and {N?} are
monotonically increasing, with the help of inductive method.

Firstly, it is clear that M5 < MY, MY < M{, M; < M7,
Ng > N¥, NY > NY, and N; > N7. Forn = k(k > 2),
we assume that M7 < M7, M} < M}, M < M}_,,
NP> NE |, N! >N/ |,and Nf > NZ_,. Now

1 M (NZ —
M;f“—M;f:— r PLA(NE —€)

ai { T +p1hi A1 (ME + €) + p2haXa (MY +¢€)

1
_ alz(N;: — e)] — o [7"1 — a12(Ng_1 —€)

pl)‘l(NIj—l 76) :|
L4+ prhidi(MF_ | +€) 4+ pahada(MY_ | +e)]

_ _piM (Ng_1—¢©)
T an {1 +prhidi(ME_| +€) + pahaXa(MY_| +¢€)
(NE —¢)
14 prin AL (ME + €) + pahada (M} +E)}
7%[1\[&/71*]\[}3]7
< PN, = M)
T 1+ prhadi(MT + €) 4+ pahado (MY +€)
+a£[Ng_1 - NI,
ay

<o.

Similarly we can show that M/, ; — M}/ < 0. Again

preid1 (M7 +e) +p262/\2(Mi.’+1 +e)

14+ p1hidi (NP —¢) +p2h2/\2(Ng —€) h :|

1 [ pre1dt(My_, +€) + pzeada (MY +¢) B d}
h 14+ p1hidi(NT_; —€) +paehada(NY_| —e€) ’
preidt (M — ME_,) + paeada(MY | — M})

{ 14+ prhidi(NE_; —€) +p2haXa(N)_| —¢€) }’

1
Mo - i = 5 |

|: pl)q(MléJrl +€)
B R
a1 | 14+ p1hi A1 (NE —€) + p2ha)da (N —€)

1
_a12(Mlg+1 +e):| — a |:7“1 —a12(M;;I +€)

_ p1A1(MF + €)
14+ prhiA (N571 — 6) +p2h2)\2(N;571 — 6)

)
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_ piM Mg +e
air [14prhidi(NE_| —€) 4+ p2hada(N)_| —¢)
MZ | +e€ a
1+ prhida (NY ft)l+P2h2>\2(N;g - 6)] * Ti[M’g — Ml
2 B[Mg - M) @{ ]\f;f e Y )
ain ai1 L1+ p1hidi(NF —€) + pahada (N —¢)
> 0.

Similarly, we can show that

Y y
Nk+1 - Nk 20,

1 preidi(NE L, —€) +preada(NY | — ¢

h {1 +prhad (M, | +€) +pahada (M| +€) }
1 pre1Ad1(NF — €) + paea Ao (NY —¢€)

" h [1 +p1h1 A1 (ME + €) + p2haXa (M +¢€) B }

z z __
Nip1 —Ng =

h
[p161/\1(N,f+1 — NE) +p2eada(NY — N;?)}
1+ prhidi(MT + €) + pahaa(MY + ¢)

This shows that {M?}, {MY} and {M?} are monotonically de-
creasing and { N7}, {NY} and { N/} are monotonically increas-
ing. Therefore, by the criterion of monotonic bounded, we have
established that every one of this six sequences has a limit.

Let limy, oo MY = x1, limy, oo MY = o, limy, oo M7 =
x3, lim, o Nnx = U1 limy, 00 NTZ{ = Y2, limy, o0 NTZL = Ys.
Passing to the limit as n — oo in eq. (11), we get

T = i {7”1 — a12y2 — P11y }
a1 1+ prhiAizy + pahadaxs
T2 = i {7"2 — a21Y1 — P22y }
as 1+ prhidizy + pahodoms
vy = 1 [ p1re1A1T1 + paeadoTs _ ]
h |1+ pihidiyr + p2hadays ' (12)
Y1 = L {7“1 — G12%2 — LEE }
ar 1+ prhiAiyr + pahaXays
Y2 = L {Tz — 2171 — P2ty }
a2 1+ prhidiyr + pahaXays
1 pre1A1y1 + p2eaalo
BT [1 + prhidiay + pohodozs ] '

It is clear that z; = y1, T2 = ys, and x3 = y3. Thus we obtain
1 = ¥, zo = y*, x3 = z* as a solution of eq. (12). Hence,
the global asymptotic stability of (z*, y*, z*) is obtained. This
completes the proof of the theorem. O

4. Bifurcation analysis

In this section, we investigate Neimark-Sacker bifurcation
and flip bifurcation at the interior fixed point E* of system (2).

4.1. Neimark-Sacker bifurcation

To examine Neimark-Sacker bifurcation in system (2), we
need the following result [31].

Proposition 1. Suppose an n-dimensional system vii1 =
gm (vg) where m € R is a bifurcation parameter. Let v* be fixed
point of g,,, and the characteristic polynomial for Jacobian matrix
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J(v*) = (d;j)nxn of n-dimensional map g.,(vy) is given by
Pn(z)=a"+dia" '+ - +dp1x+dy (13)
where d; = d;(m,«), i =1,2,3,--- ,n and « is a control pa-

rameter or another parameter to be deduced. Let AT (m,a) =

1, Af(m,a), -, AF(m, a) be a sequence of determinants de-
fined by Af(m, a) =det(Dy £ Ds),i =1,2,3,--- ,nwhere
1 dy by - dig
0 1 dp -+ dio
Di=| 0 0 1 di_s |,
0 0 0 1
bn7i+1 dn7i+2 dnfl dn
dn7i+2 dn7i+3 dn 0
D2 = e PR
dn—1 dy, 0 0
dy, 0 0 0
Further assume that
L1 Eigenvalue assignment A__,(mog, a) = 0,
A:Lr_l(mo,oz) >0, Ppy(l) > 0, (=)"Ppy(=1) > 0,
Af(mg,a) >0,i=n—3,n—>5,---, 1(or 2), when n

is even or odd, respectively.

L2 Transversality condition: [W]m:mO £ 0.

L3 Non-resonance condition: cos(2mw/j) # ¢, or resonance
condition cos(2w/j) = ¢ where j = 3, 4, 5, --- and
¢ = ]. — 0.5Pm0(1)A;73(m0, Ck)/AIﬁ2(m(), OZ).

Then Neimark-Sacker bifurcation occurs at my.

Now we state bifurcation result by taking & as a bifurcation pa-
rameter of system (2), we found the bifurcation phenomenon in
the following theorem.

Theorem 2. The fixed point E* of system (2) exhibits Neimark-
Sacker bifurcation if the following conditions hold:

1—q2+q3(q1 —gq3) =0,
1+ g2 —q3(q1 +g3) >0,
1+q+g2+g3>0,
1—q1+qg2—q3>0,

(14)

where q1, g2 and qs are defined in eq. (9).

Proof. Using Proposition 1, we have found the following equali-
ties and inequalities:

Ay (R")=1-q+q(qn —q3) = 0,
AT (h*) =14 q —q3(q1 + g3) > 0, (15)
Pp(1)=14+q +q+q3> 0,
(—1)3Ph*(—1) =1—-q4+¢q—q3> 0
O

| Jambura J. Biomath

4.2. Flip bifurcation

Now we present the criterion for which a unique positive
fixed point of system (2) undergoes a flip bifurcation. Before stat-
ing our result, we require the following result:

Proposition 2 (|32]). In stead of the conditions L1, L2 and L3 in
Proposition 1, all other conditions hold. Further it is assumed that
the following conditions are satisfied:

H1 P, (-1) = 0, Af_l(mo, a) > 0, Af(mo,a) > 0,
i=n—2n—4, -, 1(or 2), when n is even or odd,
respectively.

H2 i D" d; # 0 where d’; denotes the deriva-
Sor (=) (n—i+1)d;—1 @
tive of d;(m) at m = myq. Then a flip bifurcation occurs at
mo.

Theorem 3. The fixed point E* of system (2) admits flip bifurca-
tion at r1 = ry if the following conditions are fulfilled:

1—q2+q3(q1 —q3) >0,
1+q —q3(q1 +g3) >0,
1+q1+g2+g3>0,
1—q1+qg2—q3=0,

14+4q35 >0,
qi—qé+qé7éo
3—2q1 +qo ’

where g1, q2, and g3 are defined in eq. (9) and ¢, stands for the
derivative of q;(r1) with respect to ry at r1 = r.

Proof. Proof follows from Proposition 2. O

5. Chaos control

Here, we show chaos control for system (2). It is more rea-
sonable for model involving biological population. In studying
discrete-time models, one can find chaotic and complicated dy-
namics than the continuous systems. So it is justifiable to ap-
ply control strategy to overcome any uncertainty. We consider
hybrid control method developed in [33]. This method uses a
single control parameter which lies in the open unit interval. In
literature,several types of methods are available for controlling
chaos in discrete systems, for example, state feedback method,
pole-placement technique and hybrid control method [34-36].
Among these, hybrid control method is very easy to apply. Ap-
plying hybrid control method for system (2), we have

p1>\12n
1+ prhidizy, + p2hadoyn

Tpi1 = PTy XP {m —

— 11Ty — a12yn} + (1= p)an,

D2A2zn
1+ prhidizy, 4+ p2haXoy,

Yn+1 = PYn €XP {7“2 -

— a21Tp — a22yn} + (1= p)yn,
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P11 ATy + D2e2 oYy Che d}
1+ pihidizy, + p2hadoyn "
+ (]- - p)zn,

Zn+1 = PZn EXP {

(16)

where 0 < p < 1 is taken as a control parameter. The Jacobian
matrix of controlled system (16) evaluated at £* is given by

lin lio s
Jaty* 2 = lan laa lag |,
l31 l32 33

22 * *
li1 =1~ px (an—l]\lpl)a liz=—p lj\; ;
Lo — oa* [ gus — P1AIP2A2R22T Ioe — _ P202Y"
12=p 12 M2 »  t23 p M
Ap2Aohyz* (17)
lo1 = —py” <a21 - W) ; I3z =1—phz",
2)\2h ¥
log =1 — py* <a22 - 102]\2422> ;

_ pz*{pre1A1 + prAipa Aoy (erhe — exhq)}

l31 M2 )
Loy — pz*{paeada + p1aiparoz* (e2h1 — e1he)}

The fixed point E* of the controlled system (16) is locally asymp-
totically stable if all the roots of the characteristic polynomial of
eq. (17) lie in an unit open disk.

6. Numerical Simulation

In this section, we present some numerical simulations to
validate our analytical findings. First of all, some phase portraits
and time series plots of continuous system (1) are given to com-
pare the results derived in discrete system (2). We show the role
of the parameters r1, hy and h on the dynamical behaviour of the
system.

Example 1. Suppose r; = 3.5, 72 = 2,a11; = 0.1, a15 = 0.2,
a1 = 001, agg = 0.1,p1 = 2,]92 = 2, Cl — 1, Cy = 1.5,
hi = 0.5, hg = 0.05, h = 0.2, d = 1.3, Ay = 1, and
Ao = 1 for system (1). Then limit cycle appears around the
equilibrium point E* = (12.1061,4.64,7.7201) (see Fig-
ure 1). If we decrease the value of A; from 0.5 to 0.35,
then system (1) becomes stable around the equilibrium point
E* = (14.4933,2.2523,9.1789) (see Figure 2).

Example 2. Suppose r; = 2.842, ro = 1.6, a11 = 10, a1 =
0.2, a1 — 2, aoo — ].,pl = 2,]92 = 2, Cl = ]., Cy = 15,
hl = 0.5, hg = 0.5, h = 0.35, d = 1.3, )\1 = 1, and )\2 =
1 for system (1). Then system (1) becomes stable around
the equilibrium point E* = (0.2358,0.8059,0.3291) (see
Figure 3).
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Example 3. Suppose r; = 2.8, 7y = 1.6, a;; = 10, a12 =
0.2, a1 — 01, a99 — 1,p1 = 2, P2 = 2, CcC1 = 1, Coy = 15,
hy = 0.5, ho = 0.5,d = 1.3, A\; = 1, Ay = 1, initial points
(2,1,2),and h € (0.1, 1) in system (2) with the initial condi-
tion (xo, Yo, 20) = (2,1,2). When h is considered as a bifur-
cation parameter, then at h = h* = 0.36, the interior fixed
point E* = (0.1994,0.9827,0.6658) becomes unstable and
system (2) undergoes Neimark-Sacker bifurcation. It shows
that the Theorem 2 is true. Bifurcation diagrams and maxi-
mum Lyapunov exponents (MLE) with respect to the param-
eter h of system (2) are depicted in Figure 4. As h increases,
we observe that a transition from unstable to stable and then
bifurcation within a limit cycle to a periodic window and fi-
nally to chaos.

Example 4. Suppose 7o = 1.6, a;; = 10, a2 = 0.2,
a1 = 2, a2y — 1,p1 = 2,p2 = 2, Cl = 1, Cy = 15,
hi1 = 0.5, hy =05,h=035,d=13, A\ =1, A2 =1,
initial points (0.5,0.5,0.5), and 1 € (2.6, 3.6) in system (2)
with the initial condition (zg, yo, 20) = (2,1, 2). When rq is
considered as a bifurcation parameter, then at r; = 2.842,
the interior fixed point £* = (0.2358,0.8059,0.3291) be-
comes unstable and system (2) undergoes flip bifurcation. It
shows that Theorem 3 is true. Bifurcation diagrams and MLE
with respect to the parameter r; of system (2) are shown in
Figure 5. From Figure 5, it is observed that the system is
stable as log as r; < 2.842 and as r; increases, a series
of period-doubling bifurcation wherein a 2¥ — cycle loses its
stability.

Example 5. Suppose r; = 3.3, ro = 3.2, a1 = 0.01, a2 =
0.02, ae; = 0.01, azo = 0.01, p1 = 2, p2 = 2,¢; = 1,
co =15, hy =035, hy =04, h=1,d =13, =1,
A2 = 1, and initial points (2,1, 2) for system (1). Then the
conditions of Lemma 2 are violated. Thus the fixed point
E* = (0.2627,317.7,2.434) is unstable. Moreover, system
(2) admits chaotic behaviour (see Figure 6a). Suppose p =
0.2 and other parameters are same as in Example 5. Then
the chaotic orbit of system (2) is stabilized at the fixed point
E* = (0.2627,317.7,2.434) (see Figure 6b).

7. Discussion

The relationship with two rival prey and their common
predator plays an important role in structuring communities.
switching of prey increases the predators ability to consume
more prey instead of sticking upto one particular prey and it in-
creases their growth rate with a higher rate. Sometimes it is dif-
ficult to predict the actual picture in continuous model of inter-
acting species. The main reason behind this is non-overlapping
generation of population. In such occurrence, we have proposed
and investigated a three dimensional discrete-time system con-
sisting of two competing preys with a shared predator. System
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Figure 1. Phase portrait along with time series plots of system

(1) with parameter values 71 = 3.5, r2 = 2, a11 = 0.1, a12 = 0.2,

az1 — 0.01, agzo — 0.1, p1 = 2,p2 = 2, CcC1 = 1, C2 = 1.5, hl = 0.5, h2 = 0.05, h = 0.2, d= 1.3, )\1 = 1, )\2 = 1, and initial

points (2,1,2) and (5,4, 5).
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Figure 2. Phase portrait along with time series plots of system
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(1) with parameter values r1 = 3.5, r2 = 2, a11 = 0.1, a12 = 0.2,

a1 = 001, a22 = O.l,pl = 2,])2 = 2, Cc1 = 1, Cy = 15, h1 = 035, h2 = 005, h = 02, d= 13, )\1 = 1, >\2 = 1, and

initial points (2,1, 2) and (5,4, 5).
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Figure 3. Phase portrait along with time series plots of system
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(1) with parameter values 1 = 2.842, ro = 1.6, a11 = 10, a12 = 0.2,

az1 — 2, azo = 1,p1 = 2,p2 = 2, Cc1 — 1, C2 = 1.5, h1 = 0.5, h2 = 0.5, h = 0.35, d= 1.3, )\1 = 1, )\2 = 1, and initial

points (2,1,2) and (5,4, 5).
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Figure 4.
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Bifurcation diagrams and MLE for system (2) with parameter values r1 = 2.8, r2 = 1.6, a11 = 10, a12 = 0.2, a1 = 0.1,
a0 = 1,p1 = 2,p2 =2,¢c1 =1,c0 =15, hy =05, ho =05, d=13, A1 =1, =1,h € (01, 1), and initial point

(2,1,2).
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Figure 5. Bifurcation diagrams and MLE for system (2) with parameter values ro = 1.6, a11 = 10, a12 = 0.2, a21 = 2,a22 = 1, p1 = 2,

p2=2,c1=1,¢2=15h1 =0.5,ha =0.5,d =13, \1 =1, A2 = 1, 1 € (2.6, 3.6), and initial point (2, 1, 2).
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Figure 6. (a). Phase portrait of system (2) with parameter values r1 = 3.3, 72 = 3.2, a11 = 0.01, a12 = 0.02, a21 = 0.01, a22 = 0.01,
p1=2,p2=2,¢c1 =1,c0 =1.5,h1 =0.35,ha =04, h=1,d =13, \1 =1, A2 = 1, and initial points (2, 1,2) and (b).

phase portrait of controlled system (16) for p = 0.2.

(2) is constructed on the basis of continuous system (1), which
was studied in [8]. The stability (local as well as global) of inte-
rior fixed point, Neimark-Sacker bifurcation, flip bifurcation and
chaos control are examined. The basic results of the model have
been studied through phase portrait, bifurcation diagrams and
maximum Lyapunov exponents.

In the continuous system (1), it is observed from Figure 2
that when the time spent in handling time with the prey z is
decreased, the system becomes stable. Furthermore, the system
can be stabilized by decreasing the birth rate of the first prey
and the intrinsic growth rate of the second prey (see Figure 3).
Figures 3 and 5, one can observe that the system which is stable
for continuous case but not stable in the discrete case.

It is identified that the parameter h, representing the intra-
specific competition rate among the predator species z is more
relevant to the emergence of Neimark-Sacker bifurcation when-
ever it is varied in some appropriate interval. In examining bifur-
cation, we have observed that the parameter 1, representing the
birth rate of the prey species x may result flip bifurcation. In real
world, it is observed that shrimps posses a regular structure with
four long narrow tails joined to a central head. Over the outer
surface of a shrimp, the system shows chaos via tangent bifur-
cation, whereas in inner surface, period doubling transition to
chaos appears through flip bifurcation [37]. The proposed model
admits more rich characteristics and more complicated dynam-
ics than that exist in the continuous case. We have derived the
condition for global stability of the positive fixed point by apply-
ing the iteration scheme and comparison principle of difference
equation. Conditions of Theorem 3.1 indicate that when the birth
rate of prey x and intrinsic growth rate of prey y remain below
one and with other restrictions on system parameters then the
positive fixed point is globally asymptotically stable.

Occasionally bifurcation and chaos are in fact undesirable
problem in discrete dynamical systems, because population may
face extinction due to chaos. Hence chaos control is important in
dynamical system. To overcome this situation, we have employed

| Jambura J. Biomath

the hybrid control method so that stability of the system can be
regained.

To our understanding, the dynamical study of discrete time
model considering two competing prey with a shared predator
has not been studied yet.

The major drawback of discrete-time models is related to
data accuracy. In many instances relatively large discretization
step lengths are chosen for tractability, resulting in approxima-
tion errors in the converted problem data, which may lead to
inferior solutions.
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