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Mathematical Model of the Impact of Home-Based Care on
Contagious Respiratory Illness Under Optimal Conditions

Henry Milimo Wanjala1,∗, Mark O. Okongo1, and Jimrise O. Ochwach2

1Department of Physical Science, Chuka University, Chuka, Kenya
2Department of Computing and Information Technology, Mama Ngina University College, Gatundu, Kenya

ABSTRACT. Mathematical models are vital for understanding real-world phenomena without direct experimenta-
tion, particularly in epidemics, as they predict and analyze the effectiveness of various mitigation strategies. Given
the rapid transmission of infectious respiratory diseases, public health measures aim to curb spread while manag-
ing impacts. This study assesses rapid contact tracing and testing, focusing on isolating confirmed cases through
home-based care or traditional methods, on coronavirus transmission within a community.A deterministic mathe-
matical model using ordinary differential equations segments the population into seven compartments: susceptible,
exposed, asymptomatic, symptomatic, home-based care, hospitalized, and recovered. The basic reproduction num-
ber is determined via the next generation matrix. Local stability of the disease-free equilibrium is analyzed using
the trace-determinant method, while global stability is confirmed with the Lyapunov-Krasovskii approach. A Python-
based numerical simulation on NumPy and PyPlot uses parameters calibrated to previous studies and estimated for
this research. Simulations indicate home-based care delays peak infection days and reduces peak population, providing
time to bolster healthcare facilities. Optimal control methods, including media awareness, reduce susceptibility and
encourage asymptomatic individuals to choose home-based care. Using Pontryagin’s Maximum Principle, the study
identifies optimal strategies, highlighting that media awareness effectively lowers susceptibility and optimal control
directs asymptomatics to home-based care, reducing strain on healthcare facilities. In conclusion, home-based care is
effective for managing mild symptomatic and asymptomatic cases, alleviating pressure on healthcare resources and
prioritizing severe cases. Combining home-based care with other non-pharmaceutical strategies is recommended for
maximum effectiveness.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJBM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction
Our ancestors developed strategies to mitigate the impact

of epidemics, which have persisted throughout history, exhibit-
ing varying rates of spread and decline, thus requiring diverse
mitigation measures [1]. Respiratory pandemics have caused sig-
nificant harm to both individuals and societies, necessitating cru-
cial decisions regarding the management of asymptomatic and
mildly symptomatic cases within the constraints of healthcare fa-
cilities and resources [2, 3]. Due to their active infectious status
and higher viral loads, effective management of these cases is
essential [2], prompting an examination of the potential role of
home-based care in controlling disease transmission.

Monitoring infectious diseases is critical for informing pub-
lic health interventions. The lack of specific treatment programs
for emerging respiratory illnesses, along with vaccine shortages
and unequal distribution, highlights the need for rigorous anal-
ysis using mathematical models to evaluate management strate-
gies [4]. Predicting the severity and timing of epidemics, as well
as minimizing their spread to other regions, are vital considera-
tions [5].

Mathematics has greatly contributed to understanding the
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spread and control of emerging and re-emerging infectious dis-
eases. By estimating variations in transmission rates over time,
researchers can gain valuable insights into the current epidemi-
ological status and assess the effectiveness of outbreak control
measures. This analysis helps predict future trends, evaluate
risks to neighboring regions, and develop alternative interven-
tion strategies [6, 7].

In the absence of treatment options and vaccines for new
epidemics, identifying effective containment strategies is cru-
cial until pharmaceutical interventions become available [8]. Re-
search, such as that by [9], underscores the importance of non-
pharmaceutical measures like social distancing to prevent over-
whelming healthcare systems.

The work of [10] identified multiple sources contributing
to secondary infections, underscoring the need for precautionary
actions. Their study aimed to assess the impact of home-based
care on a subset of symptomatic and tested asymptomatic pa-
tients. It also investigated the influence of undetected infected
individuals on transmission dynamics and analyzes the effects of
reduced infection rates in isolated patients.

Overall, implementing a comprehensive suite of interven-
tions would be most effective in controlling COVID-19 outbreaks,
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Figure 1. Model Flow Chart

though it would inevitably result in increased economic and so-
cial costs [11].

This study aims to develop and analyze a mathematical
model that examines how isolation through home-based care im-
pacts the spread of respiratory infectious diseases. It also investi-
gates the role of hospitalization in reducing disease transmission.
Together, these strategies are assessed for their effectiveness in
controlling the outbreak.

2. Model Formulation and Development

The population is divided into seven distinct groups: sus-
ceptible (S(t)), exposed (E(t)), asymptomatic (A(t)), symp-
tomatic (I(t)), those under home-based care (H(t)), isolated
(J(t)), and the recovered (R(t)). Initially, all individuals entering
the population are susceptible at a rate denoted by Λ. Suscepti-
ble individuals become exposed at a rate of λ, where the effective
contact rate is represented by β. After an incubation period of
ω, a portion of the exposed population, denoted by η, becomes
asymptomatic, while the remainder develop symptoms. Asymp-
tomatic individuals identified through contact tracing are placed
under home-based care at a rate of γ1 and recover at a rate of ρ1.
Those asymptomatic individuals not identified through contact
tracing recover naturally at a rate of ρ3. Symptomatic individu-
als may either be hospitalized at a rate of γ3 if their condition
worsens or placed under home-based care at a rate of γ2. Hos-
pitalized individuals recover at a rate of ρ2. Infections primarily
occur through interactions with symptomatic individuals who do
not take precautionary measures. The infectivity of the exposed
population under home-based care is reduced by factors denoted
as ϵ4, ϵ2, ϵ1, and ϵ3 respectively. Additionally, a natural death
rate of µ applies across all compartments. The model flow chart
is shown in Figure 1. The model equations are represented in
eq. (1)

dS

dt
= Λ− (λ+ µ)S,

dE

dt
= λS − (µ+ ω)E,

dA

dt
= ηωE − (µ+ ρ3 + γ1)A,

dI

dt
= (1− η)ωE − (µ+ γ2 + γ3)I,

dH

dt
= γ1A+ γ2I − (ρ1 + µ)H,

dJ

dt
= γ3I − (µ+ ρ2)J,

dR

dt
= ρ1H + ρ2J + ρ3A− µR. (1)

The force of infection, λ is given by eq. (2):

λ =
β(A+ ϵ1I + ϵ2H + ϵ3J + ϵ4E)

N
(2)

The model parameters and the parameter values are shown in
the Table 1 below

3. Model Analysis
3.1. Positivity of the Solution

The model (1) deals with living organisms and thus the as-
sociated state variables are non-negative for all the time t > 0.
Thus, the solutions to model (1) with initial data is positive for
all time t > 0.

Theorem 1. The region

D =

{
(S(t), E(t), A(t), I(t), H(t), J(t), R(t)) ∈ R7

+ : N(t) ≤
Λ

µ

}
is positively invariant and attracting with respect to model (1).

Proof. Solving the first equation of 1 for S(t) at time, t > 0, it is
obtained that:

dS

dt
= Λ− (λ+ µ)S,

dS

dt
≥ − (λ+ µ)S,∫

dS

S
≥ −

∫
(λ+ µ)dt,∫ S

S(0)

dS

S
≥ −

∫
(λ+ µ)dt,

lnS − lnS(0) ≥ −
∫

(λ+ µ)dt,

In
S

S(0)
≥ −

∫
(λ+ µ)dt,
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Table 1. Parameter values

Symbol Parameter Value Source
Λ Recruitment rate by birth 0.00018 days-1 [12]
µ Natural death rate 4.563 ×10-5 days-1 [12]
ρ1 Rate of recovery of home-based care pa-

tients
0.0714 [13]

ρ2 Rate of recovery of hospitalised patients 0.2992 [14]
ρ3 Rate of recovery of asymptomatic patients 0.98 [13]
ω Latency period 1/10 Assumed
γ1 rate of transfer of A to H 0.1168 [15]
γ2 rate of transfer of I to H 0.98 [10]
γ3 rate of hospitalisation of symptomatic pa-

tients
0.33604 [16]

β Effective contact rate 0.5 days-1 [17]
ϵ1 Infections by the Symptomatics 0.0405 [10]
ϵ2 infections by those under Home - based care 0.0175 [10]
ϵ3 infections by the Hospitalised 0.0050 [10]
ϵ4 infections by the Hospitalised 0.0050 Assumed
η Fraction of those Asymptomatic but Infec-

tious
0.7 [10]

S

S(0)
≥ e−

∫
(λ+µ)dt,

S ≥ S(0)e−
∫
(λ+µ)dt.

Clearly, S(0) e−
∫
(λ+µ)dt is a non-negative function of t, thusS(t)

stays positive.
Equivalent demonstrations can be constructed to affirm the

positivity of various variables by employing the relevant equa-
tions within the system. This implies that the solutions to
model (1), given non-negative initial conditions such thatE(t) >
0, A(t) > 0, I(t) > 0,H(t) > 0, J(t) > 0, and R(t) > 0, will
persist in non-negativity for all time instances t ≥ 0.

3.2. Invariant Region

Theorem 2. There exists a domain H in which the solution set
{S(t), E(t), A(t), I(t), H(t), J(t), and R(t)} of model (1) is
positively invariant.

Proof. The total human population can be determined by,

N(t) = S(t) + E(t) +A(t) + I(t) +H(t) + J(t) +R(t).

Then the time derivatives of N(t) along the solutions of
model (1) gives the following:

dN

dt
= Λ− µN. (3)

In the absence of the disease, in the population,

dN

dt
≤ Λ− µN ⇒ N(t) =

Λ

µ
+

(
N(0)− Λ

µ

)
e−µt,

N(0) = S(0) + E(0) + A(0) + S(0) + h(0) + J(0) +R(0).

Thus if, N(0) ≤ Λ
µ , then N(t) ≤ Λ

µ as t→ ∞. Therefore,

H =

{
(S(t), E(t), IA(t), I(t), H(t), J(t), R(t)) ∈ R7

+ : N(t) ≤ Λ

µ

}
is the feasible solution of model (1) which implies the total num-
ber of human population is positively invariant. Therefore, the
model is biologically meaningful and mathematically well posed
in the region H

3.3. Basic Reproduction Number

The basic reproduction number (R0) serves as a gauge
for the number of new infections generated by an index patient
within a population that is entirely susceptible.

The basic reproduction number,R0, is derived through the
utilisation of the Next GenerationMatrix (NGM). The Jacobianma-
trix, derived from the equations of the model, is instrumental in
computing this reproduction number.

Theorem 3. The basic reproduction number (R0) for the epi-
demiological model (1) is given by eq. (4):

R0 =
mβk4
k1k2

+
mβ(1− η)ωϵ1

k1k3
+

mβγ3ϵ3
k1k3k5

+
mβϵ4
k4

+
mβωϵ2(ηγ1k3k4 + (1− η)γ2k2)

k2k3k5

(4)

where: m = Λ
µ , k1 = (µ + ω), k2 = (µ + γ1 + ρ3), k3 =

(µ+ γ2 + γ3), k4 = (µ+ ρ1), and k5 = (µ+ ρ2).

Proof. The basic reproduction number can be defined as the spec-
tral radius of the matrix productFV −1. To obtain this, we isolate
the infectious subsystem from the model (1) and derive the trans-
mission matrix (F ) and the transition matrix (V ) as outlined in
eqs. (5) and (6):

F =


mβϵ4 mβ mβϵ1 mβϵ2 mβϵ3
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , (5)

V =


−k1 0 0 0 0
ηω −k2 0 0 0

(1− η)ω 0 −k3 0 0
0 γ1 γ2 −k4 0
0 0 γ3 0 −k5

 , (6)

JJBM | Jambura J. Biomath Volume 5 | Issue 2 | December 2024
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and we have

FV −1 =


R0 −l1 −l2 −l3 −l4
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 ,

l1 =
mβϵ2γ1 +mβk4

k4
,

l2 =
mβϵ2k5 + k4(k5mβϵ1 +mβϵ3γ3)

k3k4k5
,

l3 =
mβϵ2
k4

,

l4 =
mβϵ3
k5

.

Thus, the basic reproduction equation is given by

R0 =
mβk4
k1k2

+
mβ(1− η)ωϵ1

k1k3
+

mβγ3ϵ3
k1k3k5

+
mβϵ4
k4

+
mβωϵ2(ηγ1k3k4 + (1− η)γ2k2)

k2k3k5
.

3.4. Equilibrium Analysis
1. Disease Free Equilibrium Point
The Disease-Free Equilibrium (DFE) for model (1) is reached
when all the classes related to infection are set to zero, lead-
ing to the formulation of eq. (7):

E′ = (S0, E0,H0, A0, I0, J0, R0),

E′ =
(
Λ

µ
, 0, 0, 0, 0, 0, 0

)
.

(7)

2. Stability Analysis of the Disease Free Equilibrium Point
[18] presented a theorem for conducting local stability anal-
ysis of a system of ordinary differential equations using nu-
merical methods.

Theorem 4. Assume the first order partial derivatives of f
and g are continuous in some open set containing the equi-
librium point (x̂,ŷ). Then, the equilibrium is locally asymp-
totically stable if,

i. Tr(J) < 0, and
ii. det(J) > 0

where, J is the Jacobian matrix evaluated at the equilibrium.
In addition, the equilibrium is unstable if either Tr(J) > 0
or det(J) < 0.

Computing the Jacobian matrix of eq. (1) at DFE, it yields
eq. (8):

Jf =



k1 mβϵ4 mβ mβϵ1 mβϵ2 mβϵ3 0

0 k2 +mβϵ4 mβ mβϵ1 mβϵ2 mβϵ3 0

0 ηω k3 0 0 0 0

0 (1− η)ω 0 k4 0 0 0

0 0 γ1 γ2 k5 0 0

0 0 0 γ3 0 k6 0

0 0 ρ3 0 ρ1 ρ3 k7


,

(8)

Where: k1 = −µ, k2 = −(µ + ω), k3 = −(µ + γ1 + ϵ3),
k4 = −(µ + γ2 + γ3), k5 = −(µ + ρ1), k6 = −(µ + ρ2),
k7 = −µ, and m = Λ

µ . Based on matrix (8) and numerical
parameter substitution, it is concluded that:
i. Tr(Jf ) < 0, and
ii. det(Jf ) > 0.

Thus, the DFE is locally asymptotically stable. This findings
are in line with the findings of [19].

3. Global Stability Analysis of the DFE
We employ the Lyapunov-Krasovskii method for analysing
the global asymptotic stability.

Theorem 5. Consider the autonomous system defined by
x̂ = f(x), with the equilibrium point of interest being the
origin. Let A(x) denote the Jacobian matrix of the system,
A(x) = ∂f

∂x . If the matrix F = A + AT is negative
neighborhood Ω, then, the equilibrium point at the origin
is asymptotically stable. A Lyapunov function for this system
is

V (x) = fT (x)f(x). (9)

If Ω is the entire state space and, in addition, V (x) → ∞,
[||x||] → ∞, then, the equilibrium point is said to be glob-
ally asymptotically stable.

The global stability analysis is performed by constructing the
Jacobian matrix of the model (1) and solving it at the DFE as
shown in matrix (10).

F (x) =



k1 mβϵ4 mβ mβϵ1 mβϵ2 mβϵ3 0

0 k2 +mβϵ4 mβ mβϵ1 mβϵ2 mβϵ3 0

0 ηω k3 0 0 0 0

0 (1− η)ω 0 k4 0 0 0

0 0 γ1 γ2 k5 0 0

0 0 0 γ3 0 k6 0

0 0 ρ3 0 ρ1 ρ3 k7


,

(10)

where: k1 = −(µ), k2 = −(µ + ω), k3 = −(µ + γ1 + ϵ3),
k4 = −(µ + γ2 + γ3), k5 = −(µ + ρ1), k6 = −(µ + ρ2),
k7 = −(µ), andm = Λ

µ .
From the matrix (10) above, the transpose (FT (x)) of F (x)
is as shown in matrix (11):

F
T
(x) =



k1 0 0 0 0 0 0

0 k2 + mβϵ4 ηω (1 − η)ω 0 0 0

−mβ mβ k3 0 γ1 0 ρ3

−mβϵ1 mβϵ4 0 k4 γ2 γ3 0

−mβϵ2 mβϵ2 0 0 k5 0 ρ1

−mβϵ3 mβϵ3 0 0 0 k6 ρ2

0 0 0 0 0 0 k7


,

(11)

where: k1 = −(µ), k2 = −(µ + ω), k3 = −(µ + γ1 + ϵ3),
k4 = −(µ + γ2 + γ3), k5 = −(µ + ρ1), k6 = −(µ + ρ2),
k7 = −(µ), andm = Λ

µ .

From the matrix above, F̂ (x) is is as follows:

F̂ (x) = FT (x) + F (x).
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This implies that F̂ (x) is as in matrix (12):

F̂ (x) =



F11 F12 F13 F14 F15 F16 0
F21 F22 F23 F24 F25 F26 0
F31 F32 F33 0 F35 0 F37

F41 F42 0 F44 F45 F46 0
F51 F52 F53 F54 F55 0 0
F61 F62 0 F64 0 F66 F67

0 0 F73 0 F75 F76 F77


,

(12)
where

F11 = 2k1, F12 = −mβϵ4, F13 = −mβ,

F14 = −mβϵ1, F15 = −mβϵ2, F16 = −mβϵ4,

F21 = −mβϵ4, F22 = 2k2 + 2mβϵ4, F23 = mβ + ηω,

F24 = (1 − η)ω + ϵ1mβ, F25 = ϵ2mβ, F26 = ϵ3mβ,

F31 = −mβ, F32 = ηω + mβ, F33 = 2k3,

F35 = γ1, F37 = rho3, F41 = −mβϵ1,

F42 = (1 − η)ω + mβϵ1, F44 = 2k4, F45 = γ2,

F46 = γ3, F51 = −mβϵ2, F52 = mβϵ2,

F53 = γ1, F54 = γ2, F55 = 2k5,

F61 = −mβϵ3, F62 = mβϵ3, F64 = γ3,

F66 = 2k6, F67 = ρ2, F73 = ρ3,

F75 = ρ1, F76 = ρ2, F77 = 2k7.

The matrix F̂ (x) is to be checked if it is negative definite.
This is by getting the principal determinants of the matrix
F̂ (x)
i. 2k1 is negative definite, and
ii. det(F̂ (x)) is negative definite.

So, the matrix F̂ (x) is negative definite. This, is a Lyapunov
function for the system F (x),and, thus,

V (x) = fT (x)f(x).

If Ω is the entire state space and, in addition, V (x)− > ∞,
∥|x|| > ∞, then the equilibrium point is said to be globally
asymptotically stable as illustarted by [20].

4. Bifurcation Analysis
Bifurcation analysis is critical in identifying parameter val-

ues or thresholds where qualitative changes in the system’s be-
haviour occur. The changes can signify transitions between dis-
ease free states, endemic states and even periodic outbreaks.
These thresholds are crucial for predicting and controlling dis-
ease dynamics.

Theorem 6. Theorem 4.1 of [25]. Consider the following general
system of ordinary differential equations with a parameter ϕ.

dx

dt
= f(x, 0), f : Rn × R → R and f ∈ C2(Rn × R) (13)

Where 0 is an equilibrium point of the system (that is, f(0, ϕ) =
0, ∀ϕ) and assume
• A = Dxf(0, 0) =

[
∂fi
∂xj

(0, 0)
]
is the linearization matrix

of 2.1 around the equilibrium point 0 with ϕ evaluated at 0,
zero is a simple eigenvalue of A and other eigenvalues of A
have negative real parts.

• Matrix A has a right eigenvector w and left eigenvector v

(each corresponding to zero eigenvalues)
Let fk be k − th component of f and

a =

n∑
k,i,j=1

vkwiwj
∂2fk

∂xi∂xj
(0, 0),

b =

n∑
k,i=1

vkwi
∂2fk
∂xi∂θ

(0, 0).

The local dynamics of the system (13) around 0 is totally deter-
mined by the signs of a and b.
(i) a > 0, b > 0, when ϕ < 0with |ϕ| ≪ 1, 0 is locally asymp-

totically stable and there exists a positive unstable equilib-
rium; when 0 < ϕ ≪ 1, 0 is unstable and there exist a
negative and locally asymptotically stable equilibrium.

(ii) a < 0, b < 0. When ϕ < 0 with |ϕ| ≪ 1, 0 is lo-
cally asymptotically stable and there exists a positive unsta-
ble equilibrium; when 0 < ϕ ≪ 1, 0 is unstable and there
exist a positive unstable equilibrium.

(iii) a > 0, b < 0, when ϕ < 0 with |ϕ| ≪ 1, 0 is unstable, and
there exists a locally asymptotically stable negative equilib-
rium; when 0 < ϕ ≪ 1, 0 is stable, and a positive unstable
equilibrium appears.

(iv) a < 0, b > 0,. When ϕ changes from negative to positive,
0 changes its stability from stable to unstable. Correspond-
ingly a negative unstable equilibrium becomes positive and
locally asymptotically stable.

Let the model (1) be written in the vector form:

dX

dt
= G(X),

where

X = (x1, x2, x3, x4, x5, x6, x7)
T ,

G = (g1, g2, g3, g4, g5, g6, g7),

so that S = x1, E = x2, A = x3, I = x4, H = x5, J = x6, and
R = x7. Then model (1) becomes as in eq. (14):

dx1

dt
= Λ− (λ+ µ)x1,

dx2

dt
= λx1 − (µ+ ω)x2,

dx3

dt
= ηωx2 − (µ+ ρ3 + γ1)x3,

dx4

dt
= (1− η)ωx2 − (µ+ γ2 + γ3)x4,

dx5

dt
= γ1x3 + γ2I − (ρ1 + µ)x5,

dx6

dt
= γ3x4 − (µ+ ρ2)x6,

dx7

dt
= ρ1x5 + ρ2x6 + ρ3x3 − µ7.

(14)

Let β be the bifurcation parameter, then R0 = 1 in eq. (4) and
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solving for β yields:

β = β̂ =
k1k2
mk4

+
k1k3

m(1− η)ωϵ1
+

k1k3k5
mγ3ϵ3

+
k4
mϵ4

+
k2k3k5

mωϵ2(ηγ1k3k4 + (1− η)γ2k2)
.

(15)

So that the disease-free equilibrium, E0, is locally stable
when β < β̂, and is unstable when β > β̂. Therefore, β̂ is the
bifurcation value.

The linearized matrix of model (1) around the disease-free
equilibrium, E0, and evaluated at β̂ is given by:

J (E0|β̂) =



k1 −a1 −a2 −a3 −a4 −a4 0
0 a1 + k2 a2 a3 a4 a5 0
0 ωη k3 0 0 0 0
0 (1− ω)η 0 k4 0 0 0
0 0 γ1 γ2 k5 0 0
0 0 0 γ3 0 k6 0
0 0 ρ3 0 ρ1 ρ1 k7


,

(16)
where k1 = −µ, k2 = −(ω + µ), k3 = −(µ + ρ3 + γ1), k4 =
−(µ + γ2 + γ3), k5 = −(µ + ρ1), k6 = −(µ + ρ2), k7 = −µ,
a1 = mβϵ1, a2 = mβ, a3 = mβϵ1, a4 = mβϵ2, and a5 = mβϵ3.

The eigennalues are six which are real and negative except
zero eigenvalues, which can be obtained by Wolfram Mathemat-
ica software as k1, k2, k3, k4, k5, k6, k7. The zero is a simple
eigen value of the Jacobian matrix J (E0|β̂) and the eigen val-
ues are equal and negative. Therefore, the DFE, E0 is a non-
hyperbolic equilibrium, which is in line with the assumption in
Theorem 4.1 of [25].

As a result, the centre manifold theory can be applied to
detrmine the local stability of DFE point,E0. The right eigen vec-
tor, m = (m1,m2,m3,m4,m5,m6,m7)

T and left eigenvector,
v = (v1, v2, v3, v4, v5, v6, v7) associated with this simple zero
eigen eigenvalues of the matrix J (E0|β̂) such the v.m = 1, can
be obtained by multiplying vJ and mJ and setting each of them
equal to zero. The resulting system of the right eigenvalues be-
come;

m1k1 −m2a1 −m3a2 −m4a3 −m5a4 −m6a5 = 0,

m2b1 +m3a2 +m4a2 +m5a4 +m6a5 = 0,

ηωm2 +m3k3 = 0,

(1− η)ωm2 +m4k4 = 0,

m3γ1 +m4γ2 +m5k5 = 0,

m4γ3 +m6k6 = 0

m3ρ3 +m5ρ1 +m6ρ2 +m7k7 = 0.

(17)

From the eq. (17) above, letm2 = m2 > 0, then;

m3 =
−ηωm2

k3
,

m4 =
−(1− η)ωm2

k4
,

m5 =
−(γ1m3 + γ2m4)

k5
,

(18)

m6 =
−γ2m4

k5
,

m6 =
m3ρ3 +m5ρ1 +m6ρ2

k7
,

m1 =
1

k1
(m2a1 +m3a2 +m4a3 +m5a4 +m6a5).

(19)

Also, the left eigenvector v = (v1, v2, v3, v4, v5, v6, v7) cor-
responding to the zero eigenvalue is obtained fromJ (E0|β̂) = 0
which yields;

v1k1 = 0,

−v1a1 + v2b1 + v3ηω + v4(1− η)ω) = 0,

−v1a2 + v2a2 + v3k3 + γ1v5 + v6ρ3 = 0,

−v1a3 + v2a3 + v4k4 + v5γ2 + v6γ3 = 0,

−v1a4 + v2a4 + v5k5 + v7ρ1 = 0,

−v1a5 + v2a5 + v6k6 + v7ρ2 = 0,

v7k7 = 0.

(20)

From eq. (20) above, v1 = v7 = 0; then; let, v2 = v2 > 0, then;

v6 =
−a5v2
k6

,

v5 =
−a3v2
a2

,

v3 =
−(a2v2 + γ1v5)

k3
,

v4 = − v2a3 + v5γ2 + v6γ3
k4

.

(21)

To satisfy the condition v.m = 1, we determine the value
of v2. To compute the bifurcation coefficients a and b as defined
in Theorem 4.1, we consider model (1) in the following form:

dX

dt
= f = (f1, f2, f3, f4, f5, f6, f7)

T , (22)

where X = (x1, x2, x3, x4, x5, x6, x7)
T .

The coefficients a and b are derived from the partial deriva-
tives in eq. (23), respectively.

a =

7∑
k,i,j=1

vkmimj
∂2fk

∂xi∂xj
(0, 0),

b =

7∑
k,i=1

vkmi
∂2fk

∂xi∂ξ̂
(0, 0).

(23)

Since the components of v1, v7 are zero we do not need to
find the derivatives of f1, f7. From the derivative of the remain-
ing f2, f3, f4, f5, f6, the only ones that have non-zero partial
derivatives are considered such that:

∂2f2
∂x1∂x2

=
∂2f2

∂x2∂x1
= ϵ4,

∂2f2
∂x1∂x3

=
∂2f2

∂x3∂x1
= 1,

∂2f2
∂x1∂x4

=
∂2f2

∂x4∂x1
= ϵ1,

∂2f2
∂x1∂x5

=
∂2f2

∂x5∂x1
= ϵ2,

∂2f2
∂x1∂x6

=
∂2f2

∂x6∂x1
= ϵ1.

(24)
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Considering, the study of [26], the indication of either hav-
ing a forward or backward bifurcation is determined by a. Con-
sequently, it yields eq. (25):

a = 2v1m1m4ϵ4 + 2v3m1m3 + 2v4m1m4ϵ1 + 2v5m1m5ϵ2

+ 2v6m1m6ϵ3 > 0.

(25)

Therefore, a mathematical system consisting of equations
as presented in eq. (1) exhibits a retrograde bifurcation atR′ = 1,
given that β > β̂ (representing the effective contact rate). This
suggests that the complete elimination of thE virus cannot be
definitively achieved solely by ensuring thatR′ < 0. There exists
a potential scenario where a resurgence of the epidemic might
occur at a later time.

5. Numerical Simulation
To understand the effects of various interventions in pre-

venting and managing COVID-19, a numerical simulation of sys-
tem model (1) is conducted. The model incorporates parameter
values from existing studies, with some values estimated to facil-
itate a meaningful analysis for this study.

For this investigation, we utilised the parameter values out-
lined in Table 1 for numerical simulations. The simulations were
conducted over the time span of 0 ≤ t ≤ 100 days, representing
the anticipated duration for the disease to run its course. Python
software, with Jupyter serving as the integrated development en-
vironment (IDE), was employed to conduct the simulations. The
outcomes are depicted graphically.

5.1. Numerical Simulation on the Impact of Isolation
Figure 2 depicts the simulation of infections in the absence

of interventions. The symptomatic population rises and becomes
entrenched within the community. Due to their lengthier recov-
ery period relative to asymptomatic cases, the overall population
is higher. Implementation of interventions such as isolation via
hospitalisation and home-based care extends the peak time while
notably reducing the peak population, as demonstrated in Fig-
ure 3. The implementation of the interventions gives the time
for the public health officials to implement a more robust action
plan. The imperative for interventions is evident whenever infec-
tions occur.

5.2. Numerical Simulation on Impact of Home-based Care
Community mitigation strategies such as home-based care

become imperative in the initial stages of an epidemic or when
the standard treatment protocol is unavailable. Implementing ro-
bust contact tracing measures is crucial to isolate the maximum
fraction of infected individuals, including asymptomatic cases.
Redirecting individuals with mild symptoms to home-based care
instead of hospitalisation is essential to alleviate strain on hos-
pital bed capacity. It also relieves the burden on the health pro-
fessionals on the number of the patients to attend to reducing
fatigue.

Figure 4 demonstrates the impact of home-based care on
the asymptomatic population. Numerical simulations reveal that
increasing the transfer rate of asymptomatic patients from 10%
to 50% results in a decrease in the asymptomatic population from
57 to 34. Further increasing the transfer rate to 90% reduces the

population to 24. Although the peak day shifts from the 31st to
the 30th day, the overall scenario remains consistent when con-
sidering symptomatic cases.

Similarly, increasing the home-based care rate from 10% to
50% lowers the symptomatic population from 33 patients to 18,
shifting the peak day from the 32nd to the 31st day. Further in-
creasing the rate to 90% reduces the population to 12, as depicted
in Figure 5.

5.3. Numerical Simulation on Impact of Hospitalisation
Hospitalisation of the symptomatic patients is important in

the altering the spread of the disease. When the rate of hospi-
talisation is increased from 10% to 50% the symptomatic patients
are lowered from 14 to 10 patients with also lowering the peak
day from the 31st day to the 30thday as illustrated by Figure 6.
When the ate of hospitalisation is increased to 90%the patients
are 7.

6. Extension of the Model into Optimal Control
In this section, we explore the optimal control of model (1),

which characterises the interaction of the level of effectiveness
of the media coverage and the application of the home based
care to the asymptomatic patients. The primary objective of op-
timal control is to reduce the total number of infected individ-
uals while minimising the associated costs. We apply optimal
control to model (1) to examine the effects of implementing con-
tinuous media awareness and vaccination strategies to curb the
COVID-19 outbreak. To achieve this, we introduce a set of time-
dependent control variables, u1(t) and u2(t), where:
1. u1(t) represents efforts directed towards raising awareness
among susceptible individuals through various media out-
lets.

2. u2(t) represents efforts aimed at promoting the continuous
vaccination of susceptible individuals.
For simplicity, we denote u1(t) as u1 and u2(t) as u2. By

incorporating these intervention strategies into model (1), we
obtain an optimal control model described by eq. (26):

dS

dt
= Λ− (λ+ µ+ u1)S,

dE

dt
= λS − (µ+ ω)E,

dA

dt
= ηωE − (µ+ ρ3 + γ1 + u2)A,

dI

dt
= (1− η)ωE − (µ+ γ2 + γ3)I,

dH

dt
= γ1A+ γ2I + u2A− (ρ1 + µ)H,

dJ

dt
= γ3I − (µ+ ρ2)J,

dR

dt
= ρ1H + ρ2J + ρ3A+ u1S − µR.

(26)

The optimal control variables u1 and u2 minimise the ob-
jective function subject to model (26). The objective function is
defined as:

J(u1, u2) = min
u1,u2

∫ tf

0

[
A1S(τ) +A2A(τ) +B1u

2
1(τ) +B2u

2
2(τ)

]
dτ,

(27)
where tf is the fixed final time and the positive coefficients

A1, A2, B1, and B2 are constants that balance the cost and the
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Figure 2. Absence of Interventions Figure 3. Presence of Interventions

Figure 4. Effect of Home-based Care on Asymptomatics Figure 5. Effect of Home-based Care on Symptomatics

number of infected individuals at time t. In this paper, due to the
non-linear measurement of control costs, we adopt the quadratic
form commonly employed in [21, 22]. The primary objective is
to determine the optimal control (u∗

1, u
∗
2) such that

J(u∗
1, u

∗
2) = min (J(u1, u2) : u1, u2 ∈ U) .

The controls u1 and u2 are assumed to be at least Lebesgue
measurable on [0, tf ] as described by the work of [23].

6.1. Existence of Optimal Control Problem

Theorem 7. The model (26) admits u∗ ∈ Uad that verifies

J(u∗) = min
u∈Uad

J(u).

Proof. To show the existence of an optimal control, we have to
check the following assertions.
• The set of solutions to model (26) together with the initial
condition and the corresponding control function in Uad is
nonempty.

• Uad is closed and convex.
• The right-hand side of the proposed model is bounded by a
linear function in control variables and the state.

• The Lagrangian L(S, V, u1, u2) is convex on Uad.

• There exist α1 > 0, α2 > 0, and ρ > 1 such that
L(S,A, u1, u2) satisfies

L(S,A, u1, u2) ≥ α1 + α2(|v|2 + |u|2 + |w|2)
ρ
2 .

6.2. Characterisation of the optimal control
Now, to solve the optimal control problem model (26), we

have constructed the Lagrangian equation as follows:

L(t, x, u) =
dJ

dt
= A1S(t) +A2A(t) +B1u

2
1(t) +B2u

2
2(t).

The necessary conditions that an optimal control should satisfy
are derived from Pontryagin’s Maximum Principle [22, 24].

To minimize the Lagrangian, we have constructed the
Hamiltonian equation by

H(t, x, u, ξ) =
dJ

dt
+

7∑
i=1

Pifi = L(t, x, u) +

7∑
i=1

Pifi,

where L(t, x, u) = A1S + A2A + B1u
2
1(t) + B2u

2
2(t) and fi,

i = 1, 2, 3, 4, 5, 6, 7 are the right-hand side components of model
(26).

The variables P = (P1, P2, P3, P4, P5, P6, P7) ∈ R7 are
costate variables associated with the state variables S, E, A, I ,
H , J and R, which can be determined from the second partial
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Figure 6. Effect of Hospitalisation on symptomatic

derivatives of H with respect to the state variables as follows:

H = L(t, x, u) + P1(Λ− (λ+ µ+ u1)S)

+ P2(λS − (µ+ ω)E)

+ P3(ηωE − (µ+ ρ3 + γ1 + u2)A)

+ P4((1− η)ωE − (µ+ γ2 + γ3)I)

+ P5(γ1A+ γ2I − (ρ1 + µ)H)

+ P6(γ3I − (µ+ ρ2)J

+ P7(ρ1H + ρ2J + ρ3A+ u1S − µR,

where,

dP1

dt
= −∂H

∂S
,

dP2

dt
= −∂H

∂E
,

dP3

dt
= −∂H

∂A
,

dP4

dt
= −∂H

∂I
,

dP5

dt
= −∂H

∂H
,

dP6

dt
= −∂H

∂J
,

dP7

dt
= −∂H

∂R
,

thus,

Ṗ1 = (λ+ µ+ u1)P1 − P2λ− P7u1,

Ṗ2 = (µ+ ω)P2 − ηωP3,

Ṗ3 = (µ+ ω)P3 − u2P5 − ρ− 3P7,

Ṗ4 = (µ+ γ2 + γ3)P4 − γ2P5 − γ3P6,

Ṗ5 = (µ+ ρ1)P5 − ρ3P6,

Ṗ6 = (µ+ ρ2)P6 − ρ2P7,

Ṗ7 = µP7,

with transversality conditions:

P1(tf ) = P2(tf ) = P3(tf ) = P4(tf ),

P5(tf ) = P6(tf ) = P7(tf ),

L(t, x, u) =
1

2
(B1u

2
1 +B2u

2
2).

6.3. Optimal Control
The optimal controls u∗

1 and u∗
2 are found by solving,

∂H

∂u1
= 0,

∂H

∂u2
= 0.

Computing the partial derivatives of H with respect to u1 and u2

∂H

∂u1
= B1U1 − P1S + P7S,

setting,

∂H

∂u1
= 0,

B1U1 − P1S + P7S = 0,

(P7S − P1S)
1

B1
= u1,

similarly for u2,

∂H

∂u2
= B2U2 − P3A+ P5A,

setting,

∂H

∂u1
= 0,

B2U2 − P3A+ P5A = 0,

(P3A− P5A)
1

B2
= u2.

Since, the controls u1 and u2 are bounded between 0 and 1, we
use the projection operator,

u1(t) = min {1,max {0, u∆}} ,
u2(t) = min {1,max {0, u∇}} ,

where:

u∆ =
P7S − P1S

B1
,

u∇ =
P5S − P3S

B2
.

The optimal control set {u∗
1(t), u

∗
2(t)} is given by:

u1(t) = min
{
1,max

{
0,

P7S − P1S

B1

}}
,

u2(t) = min
{
1,max

{
0,

P3S − P5S

B2

}}
.
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Figure 7. Susceptibles Figure 8. Exposed

Figure 9. Asymptomatic Figure 10. Symptomatic

Figure 11. Home-based care Figure 12. Hospitalisation

Figure 13. Recovered
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6.4. Numerical Simulation of the Optimal Control Set

The epidemiological model presented here describes the
dynamics of a population with respect to different compartments
representing various stages of disease progression and interven-
tion measures. Each curve in the plots represents the evolution
over time of a specific compartment in the population. Here are
the real-life meanings of each curve:
1. S (Susceptible): The graph presents the dynamics of a popu-
lation under a disease model, specifically the SEAI (Suscepti-
ble, Exposed, Asymptomatic, Infected) compartments over a
period of 100 days. Each subplot corresponds to a different
compartment:

2. S (Susceptible): The population that is at risk of contracting
the disease. Without controls, the susceptible population
declines steeply, indicating a rapid spread of the disease.
With controls, the decline is more gradual, suggesting that
measures (e.g., vaccination, social distancing) are effective
in reducing transmission.

3. E (Exposed): Individuals who have been exposed to the dis-
ease but are not yet symptomatic or infectious. Without
controls, there is a sharp increase in the exposed popula-
tion, peaking around day 20, followed by a decline. With
controls, the peak is significantly lower and occurs slightly
earlier, indicating that fewer people are getting exposed due
to the implemented measures.

4. A (Asymptomatic): Individuals who are infected but do not
show symptoms. The pattern is similar to the exposed
group, with a sharp peak and decline without controls and a
much lower peak with controls. This suggests that controls
are effective in reducing asymptomatic infections.

5. I (Infected): Symptomatic and infectious individuals. With-
out controls, the infected population peaks around day 25,
while with controls, the peak is much lower and occurs ear-
lier. This indicates that controls help in managing symp-
tomatic cases, reducing the burden on healthcare systems.

6. H (Home-based Care): Without controls, the Home-based
care population peaks at around 120 individuals near day 25,
indicating a significant healthcare burden. With controls,
the peak is much lower, around 20 individuals, showing that
interventions greatly reduce home-based care.

7. J (Hospitalisations): The hospitalised population peaks
around 16 without controls and around 2 with controls, indi-
cating that the disease’s mortality is significantly mitigated
by control measures.

8. R (Recovered): This curve shows the number of recovered
individuals when control measures are applied. While con-
trols might delay the number of new infections, eventually
leading to fewer recoveries initially, it should ultimately lead
to a higher number of recoveries by preventing deaths and
severe cases.

Overall, the dashed lines (”With Controls”) demonstrate that
implementing control measures significantly flattens the curve
across all compartments, highlighting the importance of inter-
ventions in managing disease spread.

7. Conclusion

This paper presents a deterministic model aimed at eluci-
dating the effects of home-based care and hospitalisation on the

transmission dynamics of respiratory diseases. Through quali-
tative analyses, it has been demonstrated that these strategies
can effectively curb the spread of infection, albeit temporarily,
as more refined methods are under development.The paper un-
derscores the importance of both home-based care and hospital-
isation in managing infectious respiratory diseases. Home-based
care serves as a valuable program, alleviating the strain on hospi-
tal resources and personnel by reserving them for severe cases.
Additionally, it proves effective in reducing healthcare costs, al-
lowing households to allocate resources to other essential needs
such as food provision. However, it is noted that the feasibility
of home-based care may be limited in lower-income households.

In summary, while home-based care is recommended as an
interim measure, ongoing efforts to develop more comprehen-
sive strategies are crucial.
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