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ABSTRACT. Predator-prey models are essential for understanding ecological dynamics, and fractional-order models
provide a more realistic approach by considering memory effects. This study aims to analyze the discrete dynamics of a
predator-prey model, incorporating predator cannibalism, refuge, and memory effects with a Caputo-type fractional-
order. The Piecewise Constant Argument (PWCA) method was employed for discretization, followed by an analysis of
the equilibrium points and their stability. Four equilibrium points were identified: the origin, prey extinction, predator
extinction, and coexistence. It was found that the origin point was unstable, while the prey extinction, predator
extinction, and coexistence points were conditionally locally asymptotically stable, depending on the parameter values.
The order of the fractional derivative and step size significantly influenced the stability of these equilibrium points.
Numerical simulations confirmed the theoretical findings, showing how parameter variations affect system behavior.

@ @ This article is an open access article distributed under the terms and conditions of the Creative Commons
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versitas Negeri Gorontalo, JIn. Prof. Dr. Ing. B. . Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

Interactions between predators and their prey are critical
to balancing ecosystems [1]. These interactions keep the pop-
ulation in check, prevent species from overpopulating the en-
vironment. Predators regulate prey populations to prevent re-
source overconsumption, while prey species ensure a constant
food reservoir conducive to predator survival [2]. One of the best
documented system in this regard is the relationship between the
brown planthopper (Nilaparvata Iugens) and the wolf spider (Ly-
cosidae). The brown planthopper is among the most damaging
of rice pests and severely reduces yields in many Asian countries,
e.g. Indonesia [3, 4]. Alternatively, the wolf spider is a natural
enemy that can regulate the population of planthopper through
predation [5, 6].

The simple predator-prey relationship is more complex in
this system owing to a number of ecological processes such a can-
nibalism between predators [7-9] and refuge strategies [10-12].
Predator cannibalism, as shown in wolf spiders, can greatly affect
population dynamics [13]. Wolf spiders can sometimes resort to
cannibalising other individuals of the same species, particularly
when food sources are less abundant or in some developmental
stages [14]. Wolf spiders, on the other hand, use refuge strate-
gies for both intraspecific predation (cannibalism) and external
threats.

Mathematical models including the predator cannibalism
and refuge have been previously addressed in multiple studies
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[15-17]. Most predator-prey system dynamics are observed using
integer-order models, but one of the new approaches is the use
of fractional-order models [18-20]. The fractional-order mod-
els can capture memory effects and the influence of all previ-
ous states oh the dynamics. In ecological systems, it is common
for past interactions—predator-prey interactions, environmental
changes, or population densities—have an impact on the current
dynamics. These systems use memory effects, where the current
state is not only affected by prevailing conditions but also by his-
torical trends.

Fractional derivatives, particularly the Caputo derivative,
allows for a memory effect into the mathematical model [21, 22].
While classical derivatives center solely on the current rate of
change, Caputo derivative accommodate the effect from histori-
cal states [23]. Fractional-order can thus be an excellent choice
for biological systems where processes such as reproduction, mi-
gration, and predation take time to have effect [24]. This ap-
proach also provides a useful way of modeling scenarios in which
population responses to environmental changes are not instan-
taneous, but instead build up over time.

Fractional-order models modified by the Caputo deriva-
tive have become common tool for describing ecological sys-
tems more accurately. Additionally, discrete approaches utilizing
the Piecewise Constant Argument (PWCA) method are increas-
ingly employed to represent population phenomena that change
discretely, particularly in environments with high temporal vari-
ability [20]. A more realistic framework for populations where
changes happen at discrete time increments rather than contin-
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ually. Additionally, discrete-time models enable more effective
computational results for numerical calculations and exhibit in-
teresting dynamics with regard to continuous systems. |25, 26].
This strategy is particularly beneficial in ecological studies where
population data are obtained at distinct time periods, such as
seasonal or annual population surveys. Compared to other dis-
cretization techniques, the PWCA method offers the advantage
of being able to readily conduct stability analysis, even in situa-
tions where the system contains fractional-order derivatives. The
use of the PWCA method to solve fractional-order systems was
proposed by [27]. However, this method has rarely been used
in the dynamic analysis of fractional-order predator-prey models
[20, 28, 29]. Therefore, this study contributes to expanding the
reference on the dynamic analysis of predator-prey models in-
volving memory effects, using fractional-order derivatives of the
Caputo type and the PWCA discretization method.

Table 1. Description of parameters

Parameter  Description
r Intrinsic growth rate of prey
K Carrying capacity of prey
a1 Maximum prey predation rate by predator
by Half saturation constant of prey predation by predator
c1 Conversion rate of prey predation into predator biomass
as Maximum predator cannibalism rate
ba Half saturation constant of predator cannibalism
co Conversion rate of cannibalism into predator biomass
m Natural mortality rate of predator
P Proportion of predator cannibalism

The prior study, [15], proposed a predator-prey model with
cannibalism and predator refuge,

X _x (1o X)Xy

dt K) b+X "
Y XY as(1 —p)Y?

= = Y —my - 22" PT

T G L Ny

with X and Y are prey and predator density, respectively. The
parameters of system (1) are positive constant described in Ta-
ble 1. System (1) was motified by [30]. [16] further extended the
model by incorporating memory effects through the fractional-
order Caputo derivative,

X a XY
DX =rX (1-=) -
o (1 3) - oY )
aXY az(1 —p)Y?
DY = +eY -mYy - ——————
bh+X 7 by + (1—p)Y

witha € R, 0 < o < 1, and D¢ is the Caputo fractional deriva-
tive operator defined as

D%x(t) = I'~*2(t),t > 0. 3)

I'~% in eq. (3) represents the Riemann-Liouville fractional inte-
gral, which is defined by

I'2z(t) = ﬁ/{) (t —s)"%x(s) ds. 4
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In this study, we implement a discrete method using PWCA
to modify system (2). This modification allows us to exam-
ine how discrete-time dynamics influence predator-prey stability
when memory effects, refuge, and cannibalism are considered
together.

This study investigates not only the numerical implemen-
tation of the PWCA method but also the ecological implications
of integrating discrete-time memory effects, predator refuge,
and cannibalism. The goal of the modeling is to assess how
these factors impact population stability within a discrete sys-
tem. The paper is structured as follows: Section 2 details the
model discretization using the PWCA method. The results of the
dynamic analysis, including the existence and stability of equi-
librium points, are presented in Section 3. Section 5 provides a
summary of the main findings of the study, while Section 4 pro-
vides numerical simulations to validate the analytical findings.

2. Model formulation

In this section, we employ the Piecewise Constant Argu-
ment (PWCA) scheme to derive the discrete form of the model
(2). We followed a similar approach used in a previous study 28]
to discretize eq. (2).

oy _ox (7 X ([F]h)

pex =ex ([f]) (1- 24
_aX ([FInY ([F]7)
b+ X([F]h)
X ([EmY ([N X

a ‘ h h T

DY = X ([ +aa ([7]n)
T az(1 —p)Y? ([% h)

v ([zn) bt (L—p)Y ([Z]h)
with initial conditions X (0) = X, and Y(0) = Y,. For 7 €
[0,h), % € [0, 1), and according to eq. (5), we get

ay — _Xo) _ aXoYo

DX =X, (1 K> X .
@ o ClXOYO _ _ a2(1 7]))Y02

D* Y= b1 + Xo + CQYO mYO b2 + (1 - p)YO.

By applying eq. (3) to eq. (6), we obtain

_ a XO CL1Y0
Xl(T)—X0+I Xo |:7‘(17?>7b1+X0:|,
o c1XoYo az(1 — p)Ys }
Y; =Y+ 1Y, Yo—-mYy— ———F——1|.
1(7) 0+ O|:b1—|—X0+02 0o —mYo ba + (1—p)Yo
7
Using eq. (4), eq. (7) become
7% X Xo a1Yp
X =X _ 1—-—) - ——
1(7) "t it a) {r< K> b+ Xo |’
TQYO ClX()YO
Y] =Y Yo — mY;
1(7) 0+I‘(1+a) {b1+Xo + oYy — mYy (8)
o 02(1*17)}[02 ]
bg—‘r(l—p)YQ )
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Furthermore, let 7 € [h,2h); thus, 7 € [1,2). Using eq. (5), we

derive
X1 a1 X1Y]
DX =rX;(1—-—) —
* raAq < K) by +X1’ (9)
61X1Y1 a2(1 —p)Y12
DY = +cY] —pY] - ——— .
b+ X, 2P by +(1-p)Y1

By applying eq. (3) to the system (9), we obtain

_X)
K

aXiYi

b1 + X4

Xz(T):Xl +IaX]_ |:’I" <1 alYi :|

b+ X4

YQ(T) =Y +I*Y": |:

+ Y1 —pYi — az(1 =YY } .

bz + (1 — p)Y1
(10)

Using eq. (4), eq. (10) transform into
(T — h)aXl Xl CLlYl
X X+l (1 - 2L -
(1) =X + r(1+ " K) b+x,
a1 X1Yq
Y- =Y+ Y1 — pY) 11
2(T) =Y1+ 1+a {bH—X + Y1 —pY1 (11)
. ag 1 —
b+ (1—p)Yy 1 —
Now, let 7 € [2h, 3h), € [2,3), and according to eq. (5),
we get
Xo a1 X2Ys
DX =rX, (1-22) -
* r 2( K) b1+X2’ (]2)
c1X2Ys az(1 — p)Ys
DY = + Yo —mYy — ————=—,
b1 + Xo iz Mz by + (1 —p)Ya

Applying eq. (3) to the system (12) yields

o Xo a1Ys
X = X I X 1—— | —
3(T) 2+ 2[7“( K) b1+X2]
ay, | C1X2Ya az(1 —p)Ys
Y- =Yy + I?Y: Y- Yo — — |
3(7) 2+ 2 [bl X, +c2Yo —mYs bo+ (1—p)Ya

(13)

Utilizing eq. (4), eq. (13) transform into

(7' - Qh)o‘X2 XQ a1Y2
Xa(r) = Xo+ LW 22\ (1 22
s =X+ o 7 K) b+ Xo
(T — 2h)aY2 ClXQYQ
Y- =Y Y5 — mY-
3(7) 2+ T +a) b1+X2+022 mYs
_ax(l-p)V7 }
by + (1 —p)Ys |’
(14)

By iterating the same process n-times, we arrive at the fol-
lowing system.

DoX =X, (1 An) _ @Xa¥e
K b + X, (15)
aX,Yn, az(1—p)Y;2
Doy = 42nin 4 Y, —mY, — 2 " P)n
* bl + Xn + 2 " b2 + (1 - p)}/n
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forT € [nh,(n +1)h), 7 €
solutions are given by

[n,n 4+ 1). According to eq. (4), the

a Xn
XnJrl(T) = Xn +I Xn |:'I" <1 — ?> — bl Jan

Vi1 (1) = Yo + I°Y, {

Using eq. (3), system (16) become

(1 —nh)*X, X, a1Yy,
Xn = Xn e ——— 1—-—) - ———— ,
+1(7) T TTata | K ) b+ X,
(1 —nh)*Y, [ aX,
Y, =Y,
n+1(T) n T F(1+a) b+ X, +ca—m
_ a2(1 _p)}/n :|
(17)
By taking 7 to approach (n + 1)h, eq. (17) gives
B h* X, X\ | aYa
N ) { (1 K ) bﬁXJ
= Fi(Xn, Ya),
B he c1Xn o a2(l —p)Ya
Yo =Yt 5y ) [bl X, Temm bg—&—(l—p)Yn}
= Fy(Xn, Vo).

(18)

If we set « equal to 1, our model simplifies to a basic type of ap-
proximation called forward Euler. This method is used for models
with first-order derivatives. In the next sections, we determine
equilibrium points and their local stabilities. We also ran numer-
ical simulations to see impact of derivative-order.

3. Model analysis

Lemma 1. [31] Consider a difference equation

Tn+l = F(mn)wx € R2' (]9)
Apoint & € R? is considered an equilibrium point of system (18) if
it satisfies T = F(Z). Let \;,i = 1,2 denote the eigenvalues of
the Jacobian matrix at fixed point T of system (18). The stability
characteristics of T can be classified as follows.

1. locally asymptotically stable (sink) if |\;| < 1,i = 1,2,

2. unstable (source) if |\;| > 1,1 =1,2,

3. unstable (saddle) if \1 > 1and Ay < 1, or \y < 1 and

Aoy > 1,
4. non-hyperbolic if |\1| = 1 or |X2] = 1.

Lemma 2. [32] Consider E = (X,Y) is an equilibrium point
of system. For the quadratic equation \*> — tr(J(E))\ +
det(J(E)) = 0, the roots satisfy |\;| < 1,Vi = 1,2, if and
only if the following three conditions are satisfied.

1. 1+tr(J(E)) +det(J(E)) > 0;

2. 1—tr(J(E)) +det(J(E)) > 0;
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3. det(J(E)) < 1;

There are four equilibrium points, those are:

1. The extinction point for both populations, denoted as £y =
(0,0), is a fixed point that always exists within the positive
quadrant R? .

2. The prey extinction point, given by

B = (o, & _b;,fnj ;ji - p)) '

Ey exists in R3 if 0 < c2 —m < as.
3. The predator extinction point, represented as Fy = (K, 0),
which consistently exists in Ri since K is a positive value.
4. The coexistence point F5 = (X*,Y™*) with

52
V2 3§/in¢@%+%@%

. X5
Y =—[1-22 X
a1< K)(b1+ 3),

X

3AC — B?
R Ve
Qs = 9ABC —2B® — 27A’D
T 27A3 ’
.
A= =p)lez—a-c+m)
T b1
B:a—l(l—p)[(cl—l—cQ—m—ag)—?(cl+2(cz—m

*a2))]7
C = (e1 + 2 — m)bs + %(1 —p)[er + 2 b)(e2 —m)

— 2a2 +

agbl]
K )
D= l:bz(CQ —m)+ %(1 —p)(c2 —m — ag)] ,

(20)

ifag+m # c¢1 +co. The point E3 in eq. (20) is derived using
Cardano’s formula [33] and exists in Ri under the following
conditions.

(@ Q%+ Q% >0,and

(b) 0 < X* < K.
If as +m = ¢1 + co, the values of X* and Y* are given as

follows.
X —C++vVC?—-4BD
N 2B ’
. g 1)
Y =—|(1- X*
ay < K ) (bl - )’
with
B = Cl’/‘bl (1 _ )
= K p),

rb asb
C:a2b2—|— 711(1 —p) <b1(01 —ag) —cC1 + ;{1> s

Tclbl

D=b [bQ(azcl) (1;;)}

(22)
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The coexistence point exists in ]Ri if
(a) C?> —4BD > 0, and
(b) 0 < X* < K.
For any equilibrium point of system (18), E, linearization
of system (18) around E yield the Jacobian matrix

or, oF
A 0X 9Y
0X 09Y Jg
where
8F1 N ha _g _ albll_/
ax B =1 vy {T (1 K) (b1+)_()2}’
oFy =, h® B a1 X
v )= I'(l+a) { b1+X}’
%(E) _ h& Clb117
XV T(+a) [(hh+X)2]’
Oy = he 72a2b2(17p)17+a2(17p)2172
oY (E)’Hr(ua) { (b2 + (1 — p)Y)2 te
+ X fm}
b1 +X )
(24)

The eigenvalues of the Jacobian matrix (23) are utilized to assess
the local stability characteristics of the equilibrium points of sys-
tem (18). These findings are presented in Theorem 1.

Theorem 1. The local stability of the equilibrium points of system

(18) are as follows.
o 2T(1+ o)
m-—cy
Eo(0,0) is

1. Suppose that

(a) source if co > m or co < mand h > hyg,

(b) saddle if co < m and h < hy,

(c) non-hyperbolic if co = m or co < m and h = hy.
2. Let

ho = (25)

2I'(1 + «
hla = « albz(c(zfm) ) 9 (26)
bi(az—(ca—m))(1-p)
2a-1'(1
hip = § a2l + ) @)
(c2 —m)(az — (c2 —m))
b _
Prey extinction point E; (0, 2(m = ¢3) ) is
\ ((02 —731—@2)(1 —p)
. . a102(MM — Co
a) sink ifr < , h < hi,, and
() f b1(62—m—a2)(1—p) 1
h < hip;
b _
(b) saddle if r < mbalm=—ca)

b1(ca —m —az)(1 —p)
albg(m—02)

bi(ca —m —a2)(1 —p)

) and h > hi,, and h < hqp;

and h > hyp; or r > or

aiba(m—csa)
co—m—az)(l—p

r<b1(
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b —
(c) non-hyperbolic if r = a1by(m — c2) or
(m—c2) bi(ez —m —az)(1 = p)
1b2 —c2 )
et and h = ha, or h = h;
albg(m — (32)
ey e Szl ()
ai1ba(m—
Slesem—anya—py Ad b > g, and b > hyy.
3. E5(K,0) is locally asymtotically stable if ¢ <
(e—c)(br + K) b+ K)

) e—c
7 ) and saddle if c; > %

r <

(d) source if r > orr <

K
(@) sink if h < hog, m > co + blc1+ o and h < oy,
. aK
(b) saddle if h < hag, m > 3+ . 1+ > and h > oy
9 ClK
h < haq and m < ;
orif 2q and m 62+b1+K
(c) non-hyperbolic if h = hog, or m > co + %
1
and h = hoy;
. aK
(d) source if h > hag, m > co + bllﬁ and h > hoy.

4. E3(X*,Y™) is locally asymtotically stable if h satisfy all of

the following conditions.

(a) 1+ tr(J(Es)) +det(J(E3)) > 0,

(b) 1 —tr(J(Es3)) + det(J(Es)) > 0,

(c) det(J(E3)) —1 <0,
with tr(J(E3)) and det(J(E3)) are the trace and determi-
nant of characteristic equation of the Jacobian matrix (23) at
E3, respectively. All of the three conditions will be computed
numerically due to the terms’ complexity.

Proof. 1. By substituting F(0,0) into (23), we obtain

h%r
14+ ——— 0
J(Eo) = Il+a) o

1+7F(1+a)(62—m)

Since [A\| =1+ % > 1, Ey is always unstable. Let

W21+ a)
ho = T (28)

(@ If g > morcy < mandh > hg, then |)\2‘ e ‘1 +
F(fi:a)(cQ—mﬂ > 1. Based on Lemma 1, Ejy is source.

(b) Ifea < mand h < hg, then |Xs] = |1 + 11(?75;)(02 -
m)| < 1 and Ej is saddle.

(c) If e = morey < mandh = hg, then |Ao| = |1 +
F(fi:a)(cQ —m)| =1 and Ej is non-hyperbolic.

2. The Jacobian matrix for F; is
S0
= [20)
h* a1b2(02 — m) :|

M= vy [7"‘ bi(as — (2 —m)(1—p)

%= ya) {bdczcibiﬁ _ﬁ - p)} |
h14 F<1hj_ - [(02 — m)(C;Q— m — az)] '

| Jambura J. Biomath

J(E?7) has eigenvalues

B h* arba(m — c2)
/\1_1+F(1+04) [T bl(Cz—m—az)(l—P)}’
No =|1 + F(1h+ - {@2 - m)(cj; m— a2)] ,

The existence E; requires that 0 < ¢ — m < ao. This
condition implies that (co —m)(ca —m —az) < 0. Suppose
that

b A1+
la — A albg(czfm) _ T7
bi(az—(c2—m))(1—p)

i C\X/ 245 (1 + a)
v (c2 —=m)(az — (c2 —m))’

then we can write that

h [e3%
A1:1—2(h1a> , (29)
h [e3

albg(m— CQ)
,h < hig,and h < hqp,
bi(ca —m —az)(1 —p) < fa, ANAR < fhp

then |A1| < 1 and |A\z] < 1. Based on Lemma 1, Ej is
sink.

(b) Ifr <

(a) Ifr <

albg(m — CQ)

,h < hia,and h > hqp,
bi(c2 —m —az2)(1 —p) ! !
then |A\1| < 1 and |\z] > 1. Based on Lemma 1, Ej is

saddle. b )
ai102\Mm — C2
o If r > or r <
© b1(ca —m —as)(l —p)
albz(m — Cg)

and h > hi4, and b < hyy,
bi(ca—m—az)(l—p
then |A1| > 1 and |\z] < 1. Based on Lemma 1, Ej is

saddle. .
(d If r = a1ba(m = c2) or <
b1(ca —m —az)(1 —p)
albg(m — 62)
bi(ca—m—az)(l—p
then |\;| = 1 or || = 1. Based on Lemma 1, Ej is
non-hyperbolic.

and h = hqg, or h = hyp,

albg(m—CQ)
e) If r > or r <
(@) b1(ca —m —az)(l —p)
albg(m—CQ)

dh > hig, and h > hyp,
bl(cz—m—ag)(l—p an ! an 10

then |[A;| > 1 and |[Az| > 1. Based on Lemma 1, E} is

source.
3. The Jacobian matrix for Es is
J(Es) = [ ]\éﬁ %ﬁ) ],
he K
M= T rara) {bf:—K} ’
Ms=1+ r(1h: a) [bIC:LKK G m)] '
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The eigenvalues are 1 — % and Ay = 1 +
o K
ﬁ [ﬁﬁ + (eg — m)} Suppose that
o/ 2I(1 + @)
h2a = 7)

L] 20201+ a)

oy K7
m Co b +K

hay =

then we can write that

h «
AM=1-2(-—
1 <h2a> 9
h «
=1-21—) .
Ao <h2b)

ClK

h+K
|[A1] < 1and |Az] < 1. Based on Lemma 1, E is sink.

(31)

(@ If h < hog, m > co + ,and h < hgp, then

ClK
b) If h hag, —_—
(b) < hg m>62+b1+K

[A\1] < 1 and |[A2] > 1. Based on Lemma 1, E3 is
saddle.

,and h > hgp, then
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K
() lfh<h2aandm<02+blclﬂ

|[A2| > 1. Based on Lemma 1, E; is saddle.

, then |A\;] < 1 and

aKkK
(d) 1fh:hr2a,orm>cz+bllW

|[Ad1] = 1 or |A2| = 1. Based on Lemma 1, E5 is non-

,and h = hgy, then

hyperbolic.
K
(e) If h > hog, m > co + bflﬁ' and h > hag, then
|[Ad1] > 1 and |A2] > 1. Based on Lemma 1, Ejy is
source.

4. The Jacobian matrix for coexistence point is

| N1 N
J(ES) - |: N3 N, :| )
where
h® 2X* a1bY*
Ny =1 1-— —
SR V() [( K) (wa*)?]’

(32)
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Na — h* |: Clbly* :|
T T4 a) [ (b +X9)2)° 3
Ny =14 he (ca —m)(ca —m — az)
: Ir'(l+a) as ’
The eigenvalues of J(F3) are the roots of the characteristic
function
A2 — tr(J(E3))\ + det(J(E3)) = 0, (34)

with tT(J(Eg)) = J11 + Jo2 and det(J(E3)) = Ji1Jog —
J12J91. According to Lemma 2, FEj is locally asymtotically
stable if all of the following three conditions are satisfied.

(i) 1+ tr(J(Es)) + det(J(E3)) > 0,
(i) 1—tr(J(Es)) + det(J(Es)) > 0,
(iii) det(J(E3)) —1 < 0.

(35)

O

4. Simulation

Table 2. Parameters Value of Simulation 1 -3

Parameter Simulation 1 Simulation 2 Simulation 3
r 1 1 1
K 1 1 1
ay 0.3 0.3 0.3
by 0.3 0.3 0.3
c1 0.2 0.2 0.2
as 0.2/0.28/0.35/0.5 0.3 0.28
bo 1 1 1
c2 0.12 0.12 0.12
m 0.02 0.02 0.02
p 0.3 0.2/0.4/0.6 0.3
«a 0.5 0.5 0.4/1

Table 3. Parameters Value of Simulation 4 — 6

Parameter  Simulation 4  Simulation 5  Simulation 6
T 1 1 1
K 1 1 1
al 0.3 0.5 0.3
by 0.3 0.3 0.3
c1 0.2 0.1 0.2
a2 0.2 0.3 0.3
bo 1 1 1
co 0.12 0.2 0.12
m 0.02 0.3 0.02
p 0.3 0.3 0.4
« 0.5 0.5 0.5

In this section, we perform numerical simulations of the
model (18) using Matlab software and PWCA method. Simula-
tion 1, 2, and 3 allow us to observe the effects of cannibalism
rate, proportion of predator refuge, and derivative order, o, on
system behavior. Simulation 4, 5, and 6 aims to illustrate the
dynamic analysis results concerning the stability of equilibrium
points. In this simulation, different step sizes will be used to
demonstrate the occurrence of period-doubling bifurcations nu-
merically. Since there is no existing data related to our proposed
model, the following numerical simulations are performed using
hypothetical parameters in Table 2 and Table 3. Several pairs of
parameter values are taken from [15].

| Jambura J. Biomath

In Simulation 1, a Caputo derivative order of & = 0.5 and
a stepsize of h = 0.1 were used. In Figure 1 (A), with cannibal-
ism rate ay = 0.2, the system’s equilibrium points are Fy(0,0),
E4(0,1.4286), and E»(1,0), while no coexistence point exists.
Since the predator cannibalism rate is low, the primary food
source for the predators remains the prey, causing the preda-
tor population to heavily rely on the prey population for sur-
vival. As a result, the system is driven toward the extinction
of the prey at E7, while the predator population also declines
due to lack of food. Analytically, F; is local stable because
its stability conditions, as outlined in Theorem 1, are satisfied,
those are r < %, h < hi, = 17.1019, and
h < h1p = 1256.6. In Figure 1 (B), where as = 0.28, we have the
coexistence point F3(0.0338,1.0750) exists but it is not asymp-
totically stable since the third condition of (35) is not satisfied,
that is det(J(E3)) — 1 = 0.0016 > 0. Predator self-regulation
begins to reduce the pressure on the prey population. This shift
allows both species to survive and oscillate around the coexis-
tence point E5(0.0338,1.0750). This differs from the result ob-
tained by [15] without considering memory effects, where the
solution converges to the coexistence point with these parame-
ter values. Furthermore, increasing as to 0.35 causes the solu-
tions tend to a limit cycle around F5(0.1423,1.2645) (see Fig-
ure 1 (C)). Finally, in Figure 1 (D), with a; = 0.5, the coexistence
point E5(0.5788,1.2339) becomes asymptotically stable since all
of the conditions in (35) are satisfied.

Simulation 2 also utilizes Caputo derivative order of @ =
0.5 and stepsize of h = 0.1. When the refuge proportion of
cannibalized predator is 0.2, the solutions tend to a limit cycle
around the existence point E3(0.0890,1.1813), while the other
three equilibrium points are unstable (see Figure 2 (A)). Further-
more, Figure 2 (B) shows that when the refuge proportion in-
creases to 0.4, both populations coexist and converge to constant
values: 0.0274 for prey population density and 1.0613 for preda-
tor population density. In Figure 2 (C), the refuge proportion
is 0.6. Due to the substantial refuge proportion, predator can
survive from cannibalism. The significantly high predator pop-
ulation density causes prey extinction, leading to the solution
converging to the prey extinction point (0, 1.2500). This is
consistent with analytical results due to the fulfillment of these
conditions: r < %, h < hi, = 17.1019, and
h < hyp = 706.8583.

Simulation 3 is conducted to demonstrate the impact of
memory effects to the system. In Figure 3 (A), the memory effect
is considered with the Caputo derivative order of @ = 0.4. The
system gradually stabilizes into a limit cycle around the coexis-
tence point F3(0.0338,1.0750). In contrast, Figure 3 (B) shows
that when the memory effect is absent (&« = 1), the solution
directly settles at the coexistence point F5. The emergence of
a limit cycle suggests continuous fluctuations in population lev-
els, indicating a recurring pattern in predator-prey interactions.
Without the memory effect, however, the system stabilizes at a
steady coexistence state. This comparison underscores the sig-
nificance of memory in sustaining long-term population fluctua-
tions.

Subsequently, Simulations 4 — 6 were conducted to con-
firm the analytical results of the local stability of the equilibrium
points £, Fs, and E3 as presented in Theorem 1. Figure 4 shows
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how the step size (h) from Simulation 4 affects the stability of
the prey extinction point. h = min{hi4, h1p} = 17.1019 is the
bifurcation point. A value of 2 < 17.1019 maintains the prey ex-
tinction point. However, it becomes unstable when h surpasses
17.1019. Phase portraits for two distinct values of 4: 0.1 and 17.5
are provided in Figure 5 to illustrate this. The system settles at
E1(0,1.4286) at h = 0.1. However, at h = 17.5, the solution
begins to oscillate and shifts away from Fj.

The stability shift also takes place at the predator extinc-
tion point for Simulation 5 parameter levels. The stability shift
is shown to occur at A = min {hag, hop} = 3.1416 in Figure 6.
The extinction point of the predator is asymptotically stable for
h < 3.1416. In contrast, it becomes unstable when /A > 3.1416.
Phase portraits are shown in Figure 7 for A = 0.1 and h = 4
to illustrate this phenomena. The solution approaches the equi-
librium point E5(1,0) with a step size of h = 0.1. At h = 4,
on the other hand, the solution deviates from E5 for the prey
population density and displays oscillating behavior.

Like the extinction points for prey and predators, the co-
existence point F53 may likewise experience stability variations.
Figure 8 shows the graphs of each condition as functions of h:
1+ tr(h) + det(h), 1 — tr(h) + det(h), and det(h) — 1. This
shows the change in the fulfillment of the stability conditions
for F5. Any step size h satisfies the first two requirements
(1 + tr(h) 4+ det(h) > 0 and 1 — tr(h) + det(h) > 0). Nev-
ertheless, the third requirement (det(h) — 1 < 0) is only satisfied
when i < 0.9691. The phase portraits for h = 0.1 and h = 2
are displayed in Figure 9 to illustrate this. When the step size is
h = 0.1, the coexistence point Ej3 is locally asymptotically stable,
while the solution approaches a limit cycle around Es for h = 2.

5. Conclusion

In this study, we discretized a Caputo-type fractional-order
predator-prey model involving predator cannibalism and refuge,
using the Piecewise Constant Argument (PWCA) method. We
then analyzed the dynamics of the resulting discrete system by
determining the equilibrium points and their stability. Four equi-
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librium points were identified: the origin (where both popula-
tions are extinct), prey extinction, predator extinction, and coex-
istence. The stability properties of these equilibrium points were
found to be more intricate compared to the continuous model.
Specifically, the origin point was unstable, while the prey extinc-
tion, predator extinction, and coexistence points were condition-
ally locally asymptotically stable, depending on the parameter
values. Furthermore, it was demonstrated that the stability of
these equilibrium points was influenced by the order of the frac-
tional derivative, which complicated the behavior of the system.
The stability of the equilibrium points was also significantly influ-
enced by the step size selection. These theoretical conclusions
were validated by numerical simulations, which showed how ad-
justments to the model’s parameters affect the dynamics of the
system. With possible uses in biodiversity management and con-
servation, this work paves the way for additional investigation of
fractional-order models in ecological and biological systems.
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