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ABSTRACT. COVID-19, caused by the novel coronavirus SARS-CoV-2, remains a global public health challenge. This
study proposes and analyzes a mathematical model to monitor the progression of COVID-19 and assess the impact of
immunization efforts. The model incorporates key epidemiological factors and is calibrated using publicly available
data on cumulative daily cases of COVID-19 in Indonesia, spanning from July 1, 2021, to July 21, 2022. The basic
reproduction number, Ro, is derived and the equilibrium states are established. Bifurcation analysis is conducted
using the Center Manifold Theorem to understand the potential transition dynamics of the disease. A local sensitivity

analysis reveals that the effective transmission rate (B), the natural mortality rate (1), the vaccination rate (1) and the

Dynamical system
COVID-19 virus
Bifurcation analysis
Sensitivity analysis
Vaccination

treatment rate for symptomatic individuals (6) are the most influential parameters. Model simulations suggest that
reducing transmission, improving treatment, and increasing vaccine uptake significantly reduce disease burden. To
better capture the memory effect inherent in disease transmission, the model is extended to a fractional-order Caputo
derivative framework. The existence, uniqueness, and stability of the fractional model are established via fixed-point

theory. Numerical results demonstrate that the decrease in fractional order slightly shifts the dynamics, suggesting
behavioural changes in response to past outbreaks. These findings provide valuable information on disease control
strategies and highlight the importance of sustained public health measures.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of [JBM: Department of Mathematics, Uni-
BY _NC versitas Negeri Gorontalo, Jin. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

Severe acute respiratory syndrome coronavirus 2 (SARS-
CoV-2) was responsible for the first outbreak of COVID-19 in
Wuhan, Hubei province, China in December 2019 [1-4]. Numer-
ous SARS-CoV-2 variants have been discovered as a result of the
high mutation rate and severity of the virus [5, 6]. However, the
rate at which the virus is distributed has been extremely high as
it can be transmitted from one person to another |7, 8]. This
has been a serious concern and a worldwide burden, eventually
led the World Health Organization (WHO) to eventually announce
the virus as a global pandemic. Having been widely spread world-
wide, it has become a subject of concern for public health prac-
titioners. The governments of nations have also taken serious
precautions, as it causes economic instability [3, 4, 9]. To this
end, people in different societies suffered the negative impact of
pestilence [10]. WHO released statistics totaling approximately
248,467,363 confirmed cases, of which 5,027,183 persons died,
while 7,027,377,238 vaccine doses were administered worldwide
as of November 4, 2021 |2, 10].

Mathematical modelling plays an important role in explor-
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ing the dissemination modalities of diseases and how govern-
ment agents can efficiently set goals to fight against disease out-
breaks. Bernoulli [11] constructed a mathematical model that
serves as an important tool to understand the modalities of in-
fectious diseases. Similarly, Kermack and McKendrick [12] pro-
posed mathematical models to give a framework that can be used
to understand the modalities of infectious diseases. Numerous
scholars have explored the dispatching modalities of viruses and
varied models in their findings by studying and extending the sus-
ceptible, exposed, infected, removed (SEIR) mathematical model
with a significant cavity that can track and communicate real-life
issues. Kemp et al. [13] studied different types of viral infection
and hospitalization, the updated SEIR model, and included inter-
actions between vaccination and social factors. This model con-
sider social interaction criteria to determine the vaccination cov-
erage required to achieve herd immunity in 2021. Treesatayapun
[14] applied the SEIR model to account for the quarantined popu-
lation and the effect of the vaccination rate, and it was concluded
that the application of vaccination at the optimal rate is the best
intervention. Rafiq et al. [15] introduced a new coding system
that produces realistically oriented results from complex bimodal
nonlinear models. Acheampong et al. [16] defined the dispatch
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modalities in Ghanaian with severe acute respiratory failure eval-
uating the fundamental threshold number, a modified compart-
mental model SEIR was built. Liu et al. [17] have put forward
an epidemiological model which is SEIR in nature applying a
Bayesian principle that sheds more light on the dispatching pro-
cedures in England’s nine regions. In Kassa et al. [18] the allevi-
ation techniques for COVID-19 and a sensitivity illustration were
critically examined. These two authors, Sharov [19] and Tong et
al. [20], attempted to determine the shutdown of the potency
to regulate the transmission of viral diseases and recommended
that such a model can be modified. Pai et al. [21] reviewed con-
finement and its consequences, which are used in India to stop
the spread of COVID-19, and assessed infection-transmitting pro-
cedures. Huang et al. [22]| abandoned the disease model that
showed staying indoors was a poorer approach than a coordi-
nated effort of immunization and keeping some distance. Sahin
[23] compiled the relationship between three different models
that specify the accuracy of the total COVID-19 instances that
have been verified to date.

In other similar studies, Kuddus et al. [24] scrutinized the
outcome of two doses of vaccination, progression, and dispatch
rate in the sweep of measles and found that the dispatch rate (3)
from susceptible to exposed individuals had the most substantial
consequence on the prevalence of measles. Sen et al. [25] investi-
gated the impact of double-dose immunization, a new epidemic
SEIR was expressed. In the same line of argument, Gomes et
al. [26] posited that vaccines assist in acquiring of herd immu-
nity among individuals. Moore et al. [27] developed a non-linear
mathematical model to determine the vaccine efficacy in man-
aging the protracted coronavirus patterns, and the model analy-
sis showed that merely double dose vaccination is inadequate to
stop the epidemic. They also said that vaccination would stave off
an estimate of 85% of the infection. Yang et al. [28] surveyed the
impact of alleviation and suppression, which also includes a num-
ber of continuous measures that will curb the spread of COVID-
19 in the UK and other parts of Europe. The authors concluded
that to equalize the demand for healthcare, a rolling intervention
is necessary, which was suggested to be one of the best strate-
gies to curtail general maladies and casualties as a result of the
virus, which also efficiently balances the health needs of the UK
[28]. Sah et al. [23] asserted that the burden caused by multiple
variations of coronaviruses can be reduced by accelerating vac-
cine deployment. Martnez-Rodrguez et al., [29] considered var-
ious burden scenarios caused by the SARS-CoV-2 virus and also
examined the impact of vaccination speed and effectiveness on
coronavirus prevalence, hospitalizations, and casualties.

Fuady et al. [30] demonstrated and started various methods
to make the vaccine available. Ramos et al. [31] also developed
a mathematical model to assess how variations in coronaviruses
and vaccines will affect the situation. Arruda et al. [32] developed
an epidemic model that evaluated virus replication and a variety
of viral tendencies, which are the latest threat to the prevention
of COVID-19. Leodnet et al. [33] explained the various inclina-
tions of COVID-19 and developed a brand-new disease model
that supports two distinct viral variants and the implications of
vaccination-focused programs. In low and middle-income coun-
tries (third world), COVID-19 vaccination is highly cost effective
[24]. Before the beginning of medication and vaccination con-
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trol measures, other management criteria such as self-isolation,
masking of the face, washing hands, social or physical distanc-
ing, complete lockdowns, and closing or restricted openings of
stores and schools have been established [34—40]. In [41], the
author suggested and studied a mathematical model of COVID-
19, considering the available therapeutic measures, vaccinating
the vulnerable, and providing medical service to those who have
contracted the disease. The suggested model includes certain
epidemiological and biological elements of COVID-19, including
demographic parameters, optimal supervision, and description
of sensitivity. To our knowledge, the study without saying pro-
vides the primary in-depth mathematical example of the qualita-
tive modalities of COVID-19 with inadequate vaccine and medi-
cation.

Recent studies have advanced the application of fractional-
order differential equations in epidemiological modeling. Yaseen
et al. [42] developed a fractional-order cholera model incorpo-
rating asymptomatic carriers and a Holling type-II functional re-
sponse, establishing global asymptotic stability and conducting
sensitivity analysis. In a similar vein, Yaseen et al. [43] enhanced
hepatitis B and C transmission models by integrating vaccination
strategies, proving global stability and highlighting the impact of
fractional derivatives on model dynamics. Mohsen et al. [44]
proposed a COVID-19 model incorporating curfew strategies,
demonstrating the model’s global stability and the effectiveness
of quarantine measures in controlling the pandemic. Addition-
ally, Ali and Naji [45] conducted a dynamical analysis within-host
and between-host for HIV/AIDS, applying optimal control strate-
gies to model disease spread. Their study incorporated various
interventions such as vaccination, therapeutic dosing, and pub-
lic health campaigns, demonstrating the effectiveness of these
strategies in controlling HIV/AIDS dynamics. These studies un-
derscore the utility of fractional-order models in capturing com-
plex dynamics and informing public health strategies.

In this study, we propose a comprehensive mathemati-
cal model that integrates vaccination, treatment, and public be-
havioural responses to monitor and predict the transmission dy-
namics of COVID-19 in Indonesia. The model is calibrated with
real-world data from July 1, 2021, to July 21, 2022. We apply
the next-generation matrix method to compute the basic repro-
duction number, investigate the disease-free and endemic equi-
librium states, and perform a sensitivity analysis to identify the
most impactful epidemiological parameters. One of the signifi-
cant contributions of this study is the extension of the integer-
order model to a fractional-order Caputo model to capture mem-
ory effects in disease transmission. We establish the existence,
uniqueness, and stability of the fractional model using fixed-point
theory, and we analyze how fractional-order dynamics influence
the model’s behaviour and the susceptible population. Our find-
ings emphasize the importance of sustained public health inter-
ventions, such as reducing the transmission rate 3, enhancing
treatment capacity, and increasing vaccine uptake, in minimizing
the burden of COVID-19. The insights from this model provide
health authorities with a valuable decision-making framework to
strengthen control efforts in Indonesia and similar epidemiolog-
ical settings.

The rest of this research is sectioned as follows: Section 2
discusses the mathematical formulation of the COVID-19 model

Volume 6 | Issue 2 | June 2025
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Figure 1. Flowchart for the model (2)

and its basic qualitative properties, while the existence of the
model’s equilibrium points, and their stability analysis are con-
sidered in Section 3. The model is further investigated for the
bifurcation property in this section. In addition, in Section 4, the
fitting of the data and the estimation of parameters are discussed.
With appropriate parameter values, the numerical simulations of
the proposed model and the sensitivity analysis are explored in
Section 6. Finally, Section 7 presents some concluding remarks
explaining the results of our modelling framework.

2. Model formation and its basic qualitative properties
2.1. Model formation

This section considers the formulation of an epidemic
model which concentrates on the impact of vaccination on
COVID-19 disease in a population. The total population at any
time ¢ denoted as N (t), is sub-divided into seven mutually ex-
clusive compartments, namely, susceptible class, S(¢) (those
likely to contract COVID-19 infection), exposed class, E(t) (those
contaminated but not infectious yet), asymptomatic class, A(t)
(those infected with mild symptoms and are capable of the dis-
ease spread), infectious class, I(t) (those who exhibits symptoms
of COVID-19 and are capable of the disorder spread), treatment
class, T'(t) (those who are infectious and under treatment due
to COVID-19), recovered class, R(t) (those who have recovered
from COVID-19 infection) and vaccinated class, V' (¢) (those who
have received the vaccine against COVID-19 disease). Thus,

Nt)=St)+E@t)+ A(t)+I(t)+T(t)+ R(t)+ V(). (1)

Table 1 defines the parameters used in model (2) and the model’s
scheme is shown in Figure 1.

ds

D _AAS -

o S—(p+71)8,

dE
E:(lfmfwz))\S*(OHrH)EJFER,
dA

g =W = (e + 0+ p)A+ pak,
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dI

g =woAS+ (1 —p)aE+ o0y A—0+0+p)l, (2
dT

o7 = (1= 0)A+ 0 —(u+ )T,

dR

av

Pk R GRS

with initial conditions when ¢ = 0, and the force of infection is
A= BI4n1 A4n2T)
= & .

Table 1. Definition of each parameter of model (2)

Parameter Description

Recruitment rate

Transmission rate

Natural mortality rate

Vaccination rate of susceptible class

Induced death rate of the asymptomatic and
infected class

Fraction of susceptible class that moves to the
exposed class

S AT ™ >

1—wi — w2

1) Treatment rate of the infected class
0 Progression rate of infected to treatment class
Fraction of vaccination class that moves to
¥ recovered class
o Progression rate of exposed class to asymptomatic
and infected class
Recovery rate of the asymptomatic class due to
m natural immunity
Progression rate of asymptomatic class to infected
72 and treatment class
Rate at which recovered class moves back to the
€ exposed class
Modification parameter for the asymptomatic and
2 exposed class, respectively.
w1 wo Fractions of the susceptible that moves to
’ asymptomatic and exposed classes, respectively.
ol—o Fraction of the of asymptomatic class that moves to
’ infected and treatment class, respectively.
p1—p Fractions of the exposed class that progress to

asymptomatic and infected class respectively

Volume 6 | Issue 2 | June 2025
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2.2. Fundamental qualitative properties of model (2)

The fundamental qualitative trait of the model (2), con-
cerning the positive boundedness of solutions, will now be ex-
plored. Given that all parameters are non-negative, it is imper-
ative to demonstrate the state variables’ non-negativity for all
times.

Theorem 1. For all times t > 0, solutions of said model (2) hav-
ing non-negative initial values S(0), E(0), A(0), 1(0), T(0),
R(0), V(0) remain non-negative.

Proof. We can be rewrite the S class of system (2) as

% +AS(t) 4 (u+7)S(t) > 0. (3)

Integrating eq. (3), gives

% {S(t) exp{(,u+7')t+/0t)\(w)dw}] >0 4

eq. (4) leads to

S(t) > S(0) exp {— [(,u +7)t+ /Ot )\(w)dw} } >0,

for all values of ¢ greater than 0. The same methodology may be
used to demonstrate that the remaining state variables E(t),A(t),
I(t),T(t), R(t), and V (t) are non-negative for all time ¢ > 0. O

Moreover, it is important to mention that the COVID-19
model (2) is shown to be biologically feasible in region

= {(S(t),E(t),A(t),[(t),T(t),R(t),V(t)) ERL:NL %}

and by proven technique from the literature [46—48], the region
T can easily be proved to be positively invariant. Thus, there are
all solutions in the region I' where the COVID-19 model (2) is

mathematically sound and well-posed in terms of epidemiology
[49].

3. Existence of equilibrium and stability analysis

This section establishes the existence of steady-state solu-
tions (equilibrium points) for the model (2) and examines the type
of bifurcation it exhibits.

3.1. Disease-free equilibrium

The model (2) disease-free equilibrium, denoted by Dy, is
provided by

Do = (So, Eo, Ao, I, To, Ro, Vo),
A TA > (5)

= 77(]’07070707—
(/H‘T (Y +p)(u+7)
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The local stability of Dy is proved using the method and the
approach in [50]. It can be seen from model (2) that

E (1—w — wﬁw‘g
d| A w1 /3(1+n1]<[4+772T)S
at | 1]~ (o B ATTT) g
T 0
(e +p)E —€R

(1 + 72+ 0+ p)A — paE
—(1—=p)aE — oy A+ (046 + p)I
~(L=0o)y2 =0+ (¢ +p)T
(6)

Now, using the next generation matrix method study in depth
by [50], widely used in the literature (for example, see [38, 48,
51, 52]), it follows from eq. (6) that the matrix F' of new infection
terms and matrix V" of the transition terms are given, respectively,
as

(I-—wi—w9)Bm  (l—wi—wi)Bp  (l—wi—w2)Bnop

0 ) =) )

0 wi1Bmp w1 Bp w1 Bnap
F = (k+7) (nt7) (kt7)

0 w2Bnip w2 B waBnap ’

ptT (n+7) (n+7)

0 0 0 0

(a4 p) 0 0 0
V= —pa (2 +6+p) 0 0

(1-pa —072 @+d5+p) 0

0 —(I—0)7 —0 (n+¢)

As a result, the effective (or control) reproduction number of the
model (2) is calculated using the formula R = p(F'V 1), where
p is the radius of the spectra of FV~!. Thus,

Br(dsar + azds + azdads + 1m2n1)

dydadzdads ’
a1 = a1l — w1 —w2)(opy2 +d3(1 = p)),
ag = da(ow1y2 + dsws),

Ro =

az =m(ap(l —wi —wa) + dawy),

dy =p+,

dy = p+ o,

d3=m+7+d+pu, )
dy=0+46+p,

ds = p+ o,

de = p + ¢,

dr = p+1,

ny = vyo(ap(l — w1 — ws) + dowy ) (06 + dy(1 — o))
+ds3f(a(l — p)(1 — w1 — wa) + dowo),

which can be expressed further as

R Bular +az) | Buas nyBun
O T didedsds | dyideds | didodsdads’
=Ror +Roa + Ror. ©)

The tested technique establishes the following outcome (see The-
orem 2 of [50]). The spread potential of COVID-19 in a popula-
tion with the presence of vaccination governed by the model (2)
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is quantified by the threshold number Ry. When the control re-
production number R is greater than unity, the disease persists
in the population, but when it is less than unity, the disease dies
out in the population.

Lemma 1. The Dy, which is the disease-free equilibrium of the
model, is locally asymptotically stable in I" if Ry < 1 and unstable
ifRo > 1.

The spread potential of the COVID-19 population in a pop-
ulation under the control of a model (2) is shown by the funda-
mental threshold number Rg. If the initial sizes of the model
subpopulations are in the region of affinity for disease-free equi-
librium, then the epidemiological meaning of Lemma 1 is that the
spread of COVID-19 can be kept in check in the population when
Ro < 1.

3.2.  Existence of endemic equilibrium £**

The steady-state solution of the model (2) when all state
variables are non-zero and positive is referred to as the endemic
equilibrium point (EEP) denoted and given by

g** — (S**’E**7A**’I**7T**’R**’V**). (]0)

Now, let us define the force of infection at the endemic state by

\or B AT 1)
N ** :
So, a special endemic equilibrium point is found when the fol-
lowing condition is met w; = wy = § = 0. Then, setting the
right-hand sides of the model (2) to zero when this condition has
been imposed, the following system is obtained in terms of A\**:

(11)

- I
5= A 4 dy’
E** _ A)\**d3d4d5d6pa
pa(A** + di)(dadsdadsds) — aag)’
A AN dadsdepa
(A** + d1)(d2d3d4d5d6) - aao) ’
[ (1 = p)ads + oy2pa)\** Adsds
(d2d3d4d5d6 — Otao)()\** + dl) ’
e (L= 0)y2dapa + 0((1 - p)ads + 972p0)
(d2d3d4d5d6 — aao)()\** —+ d1) ’
R — yidadspa + ¢((1 — o)vadapa + O((1 — p)ads + Oy2par))
d2d3d4d5d6d7(d4d5d6pa ’
- TA
V= d1d7()\** —l—d1)7
(12)
where

ap = Y1dadspo+ ¢((1 — o)yadapo + 0((1 = p)ads + oy2pa),
and
N™ =S+ E"+ A" + I+ T + R™ + V™. (13)

Substituting eqs. (12) and (13) into equation eq. (11) and after
algebraic manipulations, gives the following

A =0 or XiA™ + X = 0. (14)

| Jambura J. Biomath

When A** = 0 in the model (12), it means that EEP (£**) does
not exist, but there exists EEP when X; \** + X5 = 0. Also, a
unique £** exist when Ry > 1, where

X1 = d2d3d4d5d6a and X2 = d2d3d4d5d60é(1 — Ro)

If Rg > 1, then there exists a unique endemic equilib-
rium.

Lemma 2. The model (2) has a unique endemic equilibrium (£**),
whenever R > 1.

4. Model fitting and parameter estimation

To validate our model and estimate the parameter values,
we fit model (2) to cumulative daily reported new cases of COVID-
19, as discussed in this section. We used the daily COVID-19
incidence data from July 1, 2021 to July 21, 2022, for Indone-
sia publicly available on [53] to parameterize our model after
achieving the best fit to help obtain the unknown model pa-
rameters. The demographic data A and p are estimated from
[53]. We assume the value of the modification parameter for the
treatment class (1)2) relative to the infectiousness of treated indi-
viduals compared to those of infected asymptomatic and symp-
tomatic individuals, the values for parameters «, v1, ¥, ¢ and
11 are taken from established literature, while the set of param-
eters U = (3,7, w1,wae, V2,9, p,0,0) is fitted to the accurate
COVID-19 data reported for Indonesia. To train the COVID-19
model (2) with the cumulative daily reported cases of COVID-19,
C(t) is considered the cumulative number of reported (detected)
cases so that the rate of change of C(¢) with respect to time is
proportional to infected persons asymptomatic and symptomatic
according to the model’s prediction eq. (2). Thus, C(t) can be ob-
tained as the solution of the differential equation given by

dC'(¢)

— = (1— o)y A(t) + 0I(t).

7 (15)

In the sense of [34, 51, 54, 55|, the fitting process is executed with
fmincon software package in MATLAB using the least squares
method with a view to optimizing the summation of squared er-

rors
J() = (C(t,¥) = Crear)?,

subject to the COVID-19 model (2), where C(t, ¥) is the solu-
tion of the model related to the number of daily reported cases
of COVID-19 over time ¢, ¥ is the target set of estimated pa-
rameters, while C...,; is real data of COVID-19 daily reported
cases. The Indonesian population was estimated at 273, 753, 191
in 2021 [53]. Then we fix the total population at time ¢ = 0 at
N(0) = 273753191. In 2021, the average lifespan of Indone-
sians was 71.72 years. Thus, the demographic parameter p is
estimated as = 1/(71.72 x 365) per day. In the absence of
COVID-19 infection, the limiting total population is considered
as % = 273753191, so that A = 10457.46 per day. In addition,
we set « = 1/5.2 per day, ¢ = 1/15 per day and n; = 0.5 [55]
and assume that vy = 1/15 per day and ¢) = 1/15 per day. We
further assume that the transmissibility of treated/hospitalized
infection is 1/4 times that of symptomatic infection, so that
12 = 0.25. On 1 July 2021, there were 24, 836 newly reported

Volume 6 | Issue 2 | June 2025
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Table 2. Estimated values for the parameters used for numerical simulation of model (2) normalized per day.

Parameter  Value Source Parameter Value Source
A 10457.46 Estimated from [53] w1 0.3831 Fitted z
e 1/5.2 [55] v 1/15 Assumed
P 1/15 Assumed ¢ 1/15 [55]
m 0.5 [55] 72 0.25 Assumed
B 0.5232 Fitted T 0.1006 Fitted
H 1/(71.72 x 365)  Estimated from [53]  ws 0.0162 Fitted
€ 0.0011 Fitted Y2 0.1536 Fitted
) 7.9586 x 106 Fitted p 4.2765 x 10~°  Fitted
o 0.2259 Fitted 0 1.2409 x 10—+ Fitted

cases of COVID-19. On that day, 30,184,392 people had re-
ceived at least one vaccine dose, so we set the initial conditions
for symptomatic infected individuals I and vaccinated individu-
als V at time ¢ = 0 as 1(0) = 24836 and V(0) = 30184392,
respectively. To obtain the solution of C(t) in eq. (15), we as-
sume that C(0) = I(0) = 24836. At time ¢t = 0, we assume that
the number of exposed and asymptotically infected individuals
is 20 and 10 times the number of symptomatically infected indi-
viduals, respectively, so that £(0) = 20 x I(0) = 496720 and
A(0) = 10 x I(0) = 248360. We further assume that at time
t = 0, there were 24836 people under treatment (hospitalization)
and recovery of 20808, hence T'(0) = 24836 and R(0) = 20808.
Since N(0) = 273753191, it is convenient to estimate the ini-
tial value for the susceptible population at time ¢t = 0 as S(0) =
N(0)—(E(0)+A(0)+I(0)+T(0)+R(0)+V(0)) = 242753239.
Therefore, the model is fitted to the real COVID-19 data along
with the estimated initial conditions above to obtain the values
of the target parameters fitted ¥ as presented in Table 2. The
estimated control reproduction number for the outbreaks given
in Table 2 is approximately Ry = 0.7908. Figure 2 illustrates the
comparison of real data for COVID-19 reported cases in Indone-
sia and the prediction of the model (2) over the time horizon of
[0, 385] in days. It is observed that the model fitted well with
the cumulative number of daily reported cases of COVID-19.

x10°

wmmm |\|0dlel prediction
4 |{HE indonesia data

445!

w
3
T

w
T

I
3
T

15F

Cumulative number of reported cases

0 50 100 150 200 250 300 350
Time (days)

Figure 2. Graphical illustration of the model fitting to the
real COVID-19 data from Indonesia between July
12021 and July 21 2022

5. Fractional model analysis

This section presents the fractional order of the model.
We also present the basic definitions,model formation, and some
analysis.

| Jambura J. Biomath

5.1. Basics definitions of fractional calculus

This section presents brief essential definitions regarding
fractional calculus in Caputo sense.

Definition 1 (see [56].). Consider y € C™ be function, then
Caputo derivative having fractional order  in (m — 1,m)
where m € N is defined as:

DI = pg [ (1= 9O )
t T(m—k) Jo ’
(16)
with T'(.) is the gamma function and ©D#(f(t)) tends to
£ (t)ask — 1.

Definition 2 (see [56]). The corresponding integral with frac-
tional order x > 0 of the function f:R™ — R is expressed
as follows:

t
IF(f(t) = 1“(1;-;)/0 (t—s)" D f(s)ds, 0< k<1, t>0.
(17)

Definition 3. Let y* denote the equilibrium of the Caputo
fractional model then:

CDy(f(t) = h(t, f(t), &€ (0,1), if h(t, f*) = 0. (18)

5.2.  Fractional model formation

This section significant on the fractional model formulation
of an epidemic model which concentrates on the impact of vacci-
nation on COVID-19 disease in a population which is shown in
Figure 1. The susceptible class, S(¢) (those likely to contract
COVID-19 infection), exposed class, E(t) (those contaminated
but not infectious yet), asymptomatic class, A(t) (those infected
with mild symptoms and are capable of the disease spread), infec-
tious class, I(t) (those who exhibits symptoms of COVID-19 and
are capable of the disorder spread), treatment class, T'(t) (those
who are infectious and under treatment due to COVID-19), re-
covered class, R(t) (those who have recovered from COVID-19
infection) and vaccinated class, V'(¢) (those who have received
the vaccine against COVID-19 disease). The total population at
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any time ¢ denoted as N (), comprising of seven mutually exclu-
sive compartments, named above. The definitions of the param-
eters used in model (2) are given in Table 1 and x denotes the
memory effect, which is mathematically defined as 0 < x < 1.
Thus,

Nit)=St)+ Et)+A@t)+ 1)+ T()+ R(@)+ V(). (19)
The fractional derivative model for the COVID-19 in the presence
of vaccination in the sense of Caputo is given as

BS(I +nfA+nsT
CD?S(t) — AF — ﬂ S( +7§i] + 172 ) _ (HH+TH)S7
" o o B85S +nfA+n5T .
DB = (1 - wf —up) T SITHATED
+u")E 4+ "R,
“DFA(t) = wi ( ka L) (VW +7s+9
wA+ p o E, (20)
g1ty = wg PUE %A BT 11— pr)arE
+o"y5A — (0% + 6% + "),
“DET(t) = (1 — 0")y5 A+ 6°1 — (u* + ¢")T,
CDFR(t) =17 A — (€7 + p )R+ "V + ¢"T,
CDK, (t) RS — (wn +MH)‘/7
where S(t) > 0, E(t) > 0, A(t) > 0, I(t) > 0, T(t) > 0,

> 0,
R(t) =0,V (t) > 0.

5.3. Basic properties of the model

In this section, we established some properties that allow
us to consider the model to be mathematically well-posed. Some
of them are non-negativity, uniform boundedness, the existence
of solutions, uniqueness, disease-free equilibrium, basic repro-
duction number, and Hyers-Ulam stability.

5.3.  Non-negativity, uniform boundedness
Given that

Q= {N(t): N(t) = (S(), B(t), A(t), 1), T(t), R(t),
V() € RT;N(t) > 0}

Theorem 2. Let p(x) € C[u,v] and © D5 € C(u,v] for 0 <
k < 1, then
= (CDin)()(@ —w",  (21)

where u < e < z, for all z € (u, v]

Theorem 2 will be used to prove that all positive solutions to the
model that we are consider are inside the set 2 using the ideas
discussed in [57, 58]
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Corollary 1. Assume that n(z) € [u,v] and § D €
0<r<1If §DEn(0) >0, vt e (0,
does not increase YV € (0,v).

(u,v] for

v), then the function n

Theorem 3. The Q)— oriented solution to the Covid-19 model (20)
has a positive sign.

Proof. Applying Theorem 3, we show that the solution to the
model (20) is positive, thus;

CDES(MS:O =A">0,

CDFE(t)|p=o = (1 —wf — wg)/@”S(IJr%AjLngT)
+&"R >0,

DA =t (I+Z\1KIA+”§T) + pFaE > 0,

DD = = EA BT (- pyarE
+ 05 A >0,

CDfT(t)|T:0 =(1—-0")y5A+0%1 >0,
“DFR(t)|r=0 = 1WA+ "V + ¢"T > 0,
CDEV(t)|y—o = T8 > 0.
Hence, referring to Corollary 1, it can be said that all the

solutions associated with model (20) are nonnegative and belong
to 2. Now, we show that the model is bounded.

Lemma 3. The set of solutions {S, E, A, I, TR, V} is
bounded and positively invariant in

AI{
Q= {(S,E,A,I,T,R,V) eRT :N(t) < u“} (22)

Now, summing the all compartments together, we have the Ca-
puto differential equation for the individual total population as

“DEN(t) = A" — u"N — §"(A+1) (23)
From eq. (23), we have
CDFN(t) < A" — p"N,
CDEN(t) + u*N < A", (24)

Apply the Laplace transform method to the inequality eq. (24)
with N (t9) > 0, we arrive at

LI°DEN(t) + p*N(t)] < LIA®]
5"(s) — s"IN(0) + u"N(s) < ;»
Ny < N N2
(s)—m—’_ ()SH‘FMK'

Volume 6 | Issue 2 | June 2025



— A Non-linear Fractional Model for Analyzing the Impact of Vaccination... 116

Taking the Laplace inverse gives

A" A" ot
N < o+ {vo) - o B,
where E, (—ut') denotes the Mittag-Leffler function, that is,
given any parameter, converge to the same value. Hence, the
solution is in 2*.

Thus, from N (t) the solutions of the model with starting
conditions Q* stay in Q* for all time ¢ > 0, and the function
N(t) converges as long as ¢ — oo. Since all solutions in RY.
tend to congregate around the positively invariant area Q0*, we
have boundedness and the model is well-posed for study. O

5.3.  Existence and uniqueness of the model solution

This section examines the presence and essence of the
solution for the Caputo operator with the aid of fixed point
theory. For this, let B(X’) indicate that a Banach space com-
prises continuous functions with real values over the interval
X = [0,q] ()1,
IE|| = sup,eg|E(1)], = sup;eg|A(L)], = sup,g|I(t)],
1T = sup,eg|T(#)], | RIl = sup,eg| R(®), V]| = sup,eg |V (1)
and the norm [|(5. E, A, 1,7, R,V)| = ||| + | E] + |All +
VI + 1T + IR+ (V]

Proof. The following was obtained after using the Caputo integral
in the model (20)

BESU +nfA+n5T) K
N —(p

S(t) = S(0) +¢ I(’f,tS(t){A’“ —
+ T”)S},
E(t) = E(0) +¢ I(’f’tE(t){ — (@ + " YE+ "R+ (1 —wh

. B“S(I+n’fA+n§"T)}

—ws) N

kS(I A

A0) = 40) +° 15,40 {wp PEEIEASIED) oy

ol 6 ) A p”a”E},
1(t) = 1(0) +€ Igtf(t){wg TS WAL D) 4

— )B4 0" A — (0% 4 6% + u”)f},
T(t) = T(0) +° I, T() {(1 - o™ § A+ 01 — (" + 6T},
R(t) = R(0) +C I§ () Y5 A — (" + 5" R+ 0"V + 6°T},
V() =V(0) + Ig;, V(1) {77 — (" + u*)V},

(25)

Arising from Definition 2, the following were obtained,

S(t) = S(0) + F(lﬁ)/o (t—v)" 'K (v,S(v))dv
E(t) = E(0) + ﬁ/@ (t —v)" 'Ky (v, E(v))dv,
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A(t) = A(0) + L /t(t — V)" K3(v, A(v))dv
— F(K}) o 3\, )
I(t) = I1(0) + L /t(t — V)" Ky (v, I(v))dv,  (26)
- F(Ii) 0 4\, ’
T(t) = T(0) + L /t(t — V)" K5 (v, T(v))dv
F(K,) 0 5\ ’
R(t) = R(0) + 1 /t(t — )" Kg(v, R(v))dv
].—‘(K,) 0 6\, )
V(t) =V(0)+ L /t(t — V)" K7 (v, V(v))dv
L(x) Jo n
The kernels are obtained as follows,
Kt 5(0) = A - PEULBATIED e vy
Kolt, B(0) = (1~ wf — i) "I BAXIL) (o
+u")E 4+ "R,
Kt A(D) = op POUEMAXIT) iy e
WA+ pFaE,
Kt (1) =y PXLEIATIED () ey
+ o5 A — (0% 4 0" + p™)I,
Ks(t,T(t) = (1= 0")y5 A+ 0"1 — (u" + ¢")T,
Ke(t, R(t)) =17 A — (" + p" )R+ "V + ¢"T,
Kt V(1)) =778 — (4" + p")V.
(27)

All the equations in eq. (27) satisfy the Lipschitz conditions with
all the compartments having the upper limit. Suppose the func-
tions S(¢) and S*(t) are considered, applying a similar approach
for other functions, which gives rise to

I3 (0,5(0) = K05 0D | (ST + a4+ 5T)

+ (1" +T)(S(E) = S(1)]),

(28)

Let by =+ (B*S(I+nfA+n5T)+ (u~+7"))||. Using a similar
approach, the remaining equations are obtained as follows

1K1 (2, 5(8) = Ki(t, 5™ (@)1= ba[I(S(2) = S™(@))l;

1Ko (8, E(1) — Ka(t, E* (1)) [|= b2 (E(2) — E* ()],

1 K3(t, A(t)) — Ks(t, A™(1))[|= baH(A(t) AT (@),
K4t 1(8) = Ka(t, (1)) [|= bal| (L) = @), (29)
1652, T(t) — Ks (8, T (1) [|= b5 [ (T'(2) = T* ()],
[1K6(t, B()) — Ko (t, B (1)) [|= bs || (R(E) — R*())]l;

17 (8, V() — Kq(t, V*(0)) = brl | (V(E) = VZ (@)

where by, b, b3, by, b5, bg and b7 denote the Lipschitz constants,
respectively, which correspond to the six kernels and, by this,
the Lipschitz condition is satisfied. The algorithm of equations
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in eq. (26) can be presented as follows:

5u(6) = S0)+ i [ (0= 0 K052 )
En(t) = E(0) + ﬁ/o (t = )" Ko (v, s (v))dv,
A, (t) = A(0) + ﬁ /0 (t —v)" ' K3(v, Ap_1(v))dy,
h@)z[®)+ré01ﬂt—uf_ﬁﬁuqhﬂwyw, (30)
jmwzzun+féyéa—yrﬂKauﬂhgwm%
Iﬁxt)—-lﬁo)%—f%%jjﬁ(t——u)”_lk%(y,Rn,l(uDdu,
vuwszn+f%llu_yr*Kﬂuuhﬂmmu

The form presented below is the successive terms along the initial
conditions of the model with their corresponding differences;

D5, (t) = Sn(t) —
1 t o
- %/0 (t = )" (K1(, Snm1 (1) = K1 (v, Sn—a(v)))dv,

Ppn(t) = En(t

Snfl(t)

— En—l(t)

)
- ' — )L v v
= 105 L - e B )

Pun(t) = An(t) —
- /t(t — )" (K3 (v, An1(v)) — K3 (v, Ap—2(v)))dv
T'(k) Jo o o ,

In()
— F(H / (t —v)* Y Ka(v, In—1(v)) — Ka(v, In_2(v)))dv

Tn(t) Tn— 1(t)
1 e
= ﬁ /0 t— )" Y K5, Tn-1(v)) — Ks(v, Tn—2(v)))dv,

Rn(t) —

— Ka(v, Sp—2(v)))dv,
An_1(t)

Qrn(t) = = In-1(?)

(IDT,n(t)

CDR,n(t) = Rn_l(t)

- ﬁ /ot(t = V)" N (Ko(v, Rn1(v)) = Ko (v, Rn—2(v)))dv,

Py (t) = Va(t) = Va-1(2)

1 t .
= ﬁ/o (t — )" N K7 (v, Vo1 (V) — Kz (v, Viu—a(v)))dv.

(31)

It is noticed that,

Su(t) = Z; 0 Ps.; (), En(t) = Z?:o q’E,j(t)a
An(t) = Z] 0P, t), In(t) = Z?:o <I>1,j(t),
To(t) = Z]_O P (t), Ra(t) = Z?:o Pr,;(t),
Va(t) = 350 Pv,;(1).

Now, we consider that;

‘I)S,n—l(t) = Sn—l(t) - Sn—2(t)a
Qg n_1(t) = En_1(t) — En_a(t),
(I)A,nfl(t) = Anfl t) — An72(t)7
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We obtained form eq. (31),

1 K .
[®s.n(t)]|< F(H)ln/o (t =) P51 (v)dv,

[®0 (1)) < ﬁbz / (t = )" | @0 () v,

12400l < st [ (0= a0 ()

@7, (8)] < ﬁm / (t— ) @ () v,

1 ¢ Kk—1
197,001 < 50 / (t— )" [ D1 ()

(32)

@R ()] < F(lm)bﬁ/o (t =) @R n-1(v)]dr,

1

19001 < gt [ (6= v

Hence, all the model variables depict the bounded functions and

the representation of the kernels satisfies the Lipschitz condition.
O

Theorem 4. The Caputo COVID-19 model stated by model (20)
has a unique solution for all value of t, such that t € [0, a] if

1
—q; 1,5=1,...,7
F(Ii)g]m < 1,7 y e (33)

Proof. From the above theorem, one will notice that all the model
variables depict the bounded functions and the expressions of
the kernels satisfy the Lipschitz condition. Applying the recursive
principle on eq. (33) with respect to the model (20), the model is
obtained:

B, Ol 1501 (st )

@A) < [Eo@)]

1@ an(®)] < [40(®)] F(f<3)b3> ,
2100 < W] (7s50a)
(@7 (O] < I To(0)] (;(”)b) 7

22,0 < 10O (7

[@va (O < 1Vo(0)] (F’(”)b) |
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Hence, the progression exist and satisfies the conditions de-
scribes [ @5, ()| — 0, (@5 ()] — 0, [®an(t)] —
0, @70 — 0, [B1.0(t)] — 0, [ @5, (D] — 0, and
|y, (t)]| — 0, as n — oco.

Jj=n+1 ) Zn+1 . Zn+b+1
7 Z1 1
||Sn+1(t) - Sn(t)HS Z Zy = 1_—217
n+1
Jj=n+1 n+1 n+b+1
i Z - Z
Ep(t) — E,(b)]I< Zy ="
|Bwin(t) = Enll< Y 28 =g,
n+1
j=n+1

n+1 n+b+1
E 7I — Z — 23
3 1—Zs ’
n+1
Jj=n+1 n+1 n+b+1
E Zj _ Zl — Z4
4 1-2, ’
n+1
j=ntl ZnHl _ gnbl
7zl =21 =5
Z o 1— Zs ?
n+1
j=n+1 n+1 n+b+1
e

> A=

||An+1(t) - An(t)HS

Moy (t) = In ()] <

[Tn1(t) = Tu (D)<

[ Rnt1(t) — Ru(t)][<

n+1
Jj=n+1 nt1 n+b+1
A -7
Vogr1(t) = Vo (1)< z2=" =T
Va0 =Vl 3 2= =5=7

So by hypothesis, ﬁbjm < 1,and S, E,, An, I, Ty, Rn, Vi,
is the Cauchy progression. By this, the complete desired result
for the model (20) is obtained. O

5.4. lterative solution and stability analysis

The subsequent hypothesis and solutions have been
furnished to stabilize the outcome of this proposed model
(20)

Theorem 5. Let (B, ||.||) indicate a Banach space and X* define
a selfmap on B. In addition, z,+1 = x(X*, z,) exhibits the
recursive expression while C( X *) implies the fixed point set on X *
indicating the fixed point set on X*. Also, by defining such that
llys 1 — (X", yy)|| such that {y; C B}. Then, in the iterative
approach, y,+1 = ©(X*,y,), X* is stable if lim,,__, ., C,, =
0, that is, lim,,_, o C} = p* for z,41 = X* where n is
regarded as the Picard iteration, then the X * iteration is stable.
The hypothesis can be condensed as follows. Let (B, ||.||) define a
Banach space and X * be a self-map on B, then for all z,y € B,
we have

Sni1(t) = Sa(t) + ﬁ—l{slaﬁ{m SACICRs A 1)

~ e sh .
By r(t) = Bo(t) + £‘1{51a£{ (0" 4 "B+ R+ (1

BESU +nfA+n5T)
N b

— Wi —wy)
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Apt1(t) = An(t) +£—1{51a£{wf18 S(I'HR]A—FUQT)

- f g 40 A+ e

I7l+1(t) = In(t) + El{;ﬁ{wgﬁ S(I * TR]A + b T)

L (1= V0" E + o"agA — (0% 4 5" +m>f}},

T = Tolt) + £ e (1= o pga s =

&
n ¢”>T}},

Ross(t) = Ro(t) +£1{1£{va (4 RV

Sa
o7l

1
Vn+1(t) = Vn(t) + [,_1 {S’G‘E {THS — (¢K + /J/K)V}} .
(34)
Suppose X is defined as a self-map, and the following results are
obtained:

LetTo = p*+ 775,11 = o + uTo = ¥ + 45 + 6% + ut 15 =
(9/{ +5/<; +Mﬁ)y T4 — ,un +¢HyT5 — Eka +Mn

X[Sn(t)] = Sn+1(t)

= Su(t) + c*l{ic{/\” _ BrSU A A+ s T)
n Sa

-ms} ). )

X[En(t)] = En1(t)

1
= En(t) +L*1{§£{ ~TE+e"R+(1—wf

B=S(I +n7A+n5T) }}
N b

—wy)

X[ An(D)] = Anga(0)

*S(1 ~A 5T
:An(t)+c—1{i {wT'B SU L ni A+ g T)

Sa N
—TQA—I—pNo/iE}}7
(35)
X[In(8)] = In+1(2)
1 RS(I 4+ nf A+ 5T
zfn(t)+£*1{§z:{w§’6 ( no )

+ (1 —p")a"E+ o y5 A — Tgl}},

X[Tn()] = Ths1(t)

— T(t)+ L {%c (1= o™ )y5A+0°T — T4T}} :
X[Rn(t)] = Rnya1(t)

= Rn(t)+ L1 {%c{ym - T5R+¢“V—|—¢”T}},
X([Va(t)] = Vo (t)

=Va(t)+L7! {%ﬁ{#s - (" + m)V}} .
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X is stable if the following conditions are satisfied

1>{1-A"—B"(Q14 Q2+ Q3)f1 — B°(Q1 + Q2
+Q3)f2 — ToK1},

1>{1-(1-wf—wf)B(Q1+ Q2+ Qs)f1 — (1 —wf
— w5)B¥(Q1 + Q2+ Qs) f2 — (" + T1) Kz},

1> {1 —wiB™(Q1+ Q2+ Q3)fi — wiB™(Q1+ Q2+ Q3) fo—
(p"a” + Tz) K3},

1> {1 -w§B"(Q1+ Q2+ Q3)fi —wiB"(Q1+ Q2+ Q3) f2
—((1=p")a" + o"y" + T3) Ky},

1> {1—((1=0")5 + 0" + Ta)ks},

1> {1= (0 +T5 + 9" + ¢")ke} ,

1> {1— (7" = (¥" + u"))ks}.

Proof. The following equations were obtained when evaluated
around the map X which is a fixed point,

X[Sn(t)] - X[Sm(t)] = Sp(t) — Sm(t),
X[En(t)} - X[Em(t)] =E, (t) —En (t)7
X[An(t)] = X[An(t)] = An(t) — Am(2),
X[In(t)] - X[Im(t)] = In(t) — I, t), (36)
X[Tn (t)] - X[Tm(t)] =To(t) — Tn(),
X[Rn (t)] - X[RM(t)] =R, (t) - Rm(t)a
X[Va(8)] = X[V ()] = Vau(t) = Vin(t)

Taking the norm of both sides of the above equation

IX[Sh(®)] — X[Sm (D)]|| = HE { E{A"“ -l = TyS, }}
D Sy )
E {Sa‘c{
— TOSm}}Sn(t) — Sm(t)]|,
(37)
where
Il — 5KSn(In +nf A, + nng)
1 N )
o B S+ 15 A+ 15Tm)
2 N
Further simplification of eq. (37), leads;
1
[X[Sn(t)] — X[Sm (]Il < 1S (t) O +L" {S
. 1
1B (SuTn = STl
. 1
18 (Su An = S Am) | -
K, K _ i
+ 18505 (SnTh Sme)”N
T0(0 S0l |
(38)
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Using these assumptions,

[En(t) = Em @) = [1Sn(t) — Sm ()],
[An () = A ()] = 1S (t) = S ()],
(0 = DI =820 = Sn O,
1T (t) — Tm(t)HNIIS () = Sm@®ll,
[ Bn(t) — Run (£)]] = (|50 () = S (D)1,
[Va(t) = Vi ()] = (150 (£) = Sm (D)),
after putting the above relation, leads
I¥10(0)] = X1, 01 < 150) = (0] + £ { g
1% (Suln = Sl
1B (Sud — S Al
+ 1805 (Sn T — Sme)H%
- Ta(S, — S}
(40)

Since the progressions Sy, (t), En(t), Am(t), In(t), Tn(t),
R, (t), Vin(t) are convergent and bounded, their exist seven dif-
ferent constant S; > 0, S5 > 0,53 > 0,54 > 0,55 > 0,5 >0
and Sy > Oforall¢. Then || S;, () ||<|] S1 |, | Em(®) |I<]| S2 I,
| A (&) I<Il S3 |, | I () [I<Il Sa |l ] T () [I<]l S5 I,
| Rn(t) (<[l Se I, [| Va(®) I<Il S7 |I, (m,n) € N x N. Through
the relation, we can achieve the following.

XS ()] = X[Sm (O] < [[Sn(t) = Sm(B)I{1 — A" = B™(Q:
+ Q2+ Q3)f1 — B7(Q1 + Q2
+Q3)fo — ToK1 },

En@)ll < Ea(t) = En(®)[{1 - (1 - wf
—w5)B%(Q1+ Q2+ Q3) f1 — (1
—wi —w§)B(Q1+ Q2} + Q3) f2
— { (e" + T1 Kg}}
m ()]l < [[An(t Ol —w
+ Q2 + Qg)fl —wi B (Q1 + Q2
+Q3)fa — (p"a” + To) K3},
XL (8)] = X [Ln (O] < 1T (t) = In(B)[[{1 — w5 B%(Qn
+ Q2+ Qs)
+Q@3)f2 — (
+ T3) Ky,
T < 1Tn(t) = T (I = (1 = 0™)5
+ 0%+ Ty)ks },

[X[En ()] = X

[X[An ()] — X[A 18%(Q1

fi — w5 B(Q1 + Q2
(1= p")a" +0"y"}

X [T ()] = X[

X[ (8)] = X[Rin (]| < [[Bn(t) = Run()[{1 = (07 + T5
+ P~ 4 ¢") kG}
[X[Va ()] — X[V, ()]||<||lV( OI{1 = (7" = (v~
k:7}.
(41)
Hence, the proof is complete. O
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Figure 7. Time series of compartments of model (2) for different values of treatment rate for symptomatic infectious humans

6. Numerical simulations and discussion
6.1. Numerical simulations and discussion of autonomous model

Here, the numerical analysis of model (2) is carried out to
gain insight into the dynamics of COVID-19 transmission. All
simulations are performed in MATLAB with ode45 routine us-
ing the initial data previously estimated in Section 4 as S(0) =
242753239, E(0) = 496720, A(0) = 248360, I(0) = 24836,
T(0) = 24836, R(0) = 20808, V(0) = 30184392 and the model
parameter as provided in Table 2.

6.2. Sensitivity analysis

To assess the parameters that most drive the dynamics of
transmission and spread of COVID-19 described by model (2), we
conduct a sensitivity analysis of the model by employing the nor-
malized sensitivity index approach as previously used by the au-
thors in [47, 51, 59, 60]. By definition, the normalized forward
sensitivity index of the control reproduction number R depends
differently on the parameter €.
0Ry
20 " Ry’
where € is considered as any parameter of the control reproduc-
tion number Rg. In particular, the analytical sensitivity indices
of the control reproduction number R with respect to the ef-

fective transmission coefficient 5 and the vaccination rate 7 are
calculated as

Ro _
Sq° =

ORo B

R
0o=2"0 2 — 41
Sﬁ aﬁXRo +1,
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:;130 — 522332 X T - _ T .
or 7;10 T+ 1%

Similarly, the analytical sensitivity indices for Ry with respect
to the other parameters of model (2) defining it are computed
but not reported in this paper because the results are complex.
Meanwhile, the numerical sensitivity indices of all parameters are
obtained using the baseline parameter values presented in Ta-
ble 2. The results are summarized in Table 3.

Table 3. Sensitivity analysis of model (2) with respect to Ro.

Parameter  Sensitivity index Parameter  Sensitivity index
B +1.0000000000 T —0.9996204195
u +0.7751419783 0 —0.7281082155
o +0.0890230505 w1 —0.4759456452
Y2 +0.0268808923 é —0.0467307702
72 40.0006593445 o1 —0.0270805785
m +0.0002184361 ¢ —0.0006589675
o 40.0001760801 p —0.0000319173
w2 4-0.0000056105

Table 3 shows that the model parameters are categorized into
two according to the sign of their sensitivity indices. The sensi-
tivity index is positive for some parameters (3, u, o, vz, 11, 12,
«, and wo), while it is negative for the others (7, 0, w1, 9, 71, ¢,
and p). The epidemiological implication of the positive sign of
the sensitivity index of the control reproduction number to the
model parameters is that the control reproduction number will
increase when the value of any of the parameters in this cate-
gory is increased and will decrease when the value of any of the

Volume 6 | Issue 2 | June 2025
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Figure 10. Effect of memory on the S(t), E(t), A(t), and I(t), respectively. Considering x € [0.75 : 0.5 : 1.00]

parameters in this set is reduced. For example, the epidemiolog-
ical implication of SZ;O = +1 is that increasing or decreasing the
transmission rate 8 by 1% will increase or decrease the number
of control reproduction R by 1%. However, the control repro-
duction number will decrease with an increase in the value of
any of the parameters with respect to which the sensitivity index
of the control reproduction number is negative. A decrease in
the value of any of the parameters will increase the value of the
control reproduction number Ry. Thus, the sensitivity analysis of
the COVID-19 model has provided valuable information about the
transmission dynamics of the disease in the host population. In
particular, it will help public health authorities and policy makers
decide where to put more effort in the fight against the further
spread of COVID-19 in the community. We further explore the
impacts of the sensitive parameters on the control reproduction
number, R, and on the compartments of the model (2).

1. Effects of influential parameters on R

Here, we assess the impacts of some key sensitive parame-
ters on the control reproduction number of the COVID-19
model (2).

To demonstrate how changes in two sensitive parameters
affect the control reproduction number, Ry, and in turn af-
fect the community spread of COVID-19 in the population,
Figure 3 presents the contour plots of the control repro-
duction number as a function of two sensitive model pa-
rameters. Figures 3a to 3c confirm that it is possible to
reduce the control reproduction number below the unity
threshold if efforts are made to reduce the transmission rate

| Jambura J. Biomath

B while enhancing the recovery rate of asymptotically in-
fected individuals upon case detection, improving the man-
agement of treated/hospitalized individuals to ensure quick
recovery, and improving the case detection of symptomatic
cases for proper treatment or hospitalization. Furthermore,
Figure 3d shows that the control reproduction number de-
creases with an increase in vaccination rate 7 and treatment
rate for symptomatic infectious people 6.

In Figure 4, how the potential spread of COVID-19 described
by model (2) is driven by the parameters of the model is il-
lustrated. Figure 4a shows that the spread and transmis-
sion of COVID-19 will be under control when g is below
0.673367 so that the control reproduction number is be-
low unity. Above this value of 3, the control reproduction
number increases as the rate of transmission (/) increases.
The effects of reduced coronavirus transmission rate from
asymptomatic and treated individuals, 7; and 752, respec-
tively, on the control reproduction number are shown in Fig-
ure 4b. It is observed that when 7, increases from 0 to 1,
the value of the control reproduction number increases from
0.790358 to 0.790703, while the value of the control repro-
duction number increases from 0.79 to 0.792094 when 7 in-
creases from 0 to 1. It is deduced that the classical necessary
requirement of Ry < 1 is achieved even when n; or 7y in-
creases from 0 to 1, however, the increase in 7, increases R
toward a more serious global epidemic situation compared
to that of n;. This suggests that personal protective equip-
ment should be strictly used by health professionals when
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caring for treated or hospitalized people to avoid spreading
the virus by treated individuals. In Figure 4c it is shown that
when the recovery rate for treated individuals ¢ increases
from 0 to 0.0005, the value of the control reproduction num-
ber drops from 1.70018 to 0.796876. Above this region, the
value of the control reproduction number remains constant
at 0.796876 when ¢ increases to 0.01. Generally, the neces-
sary requirement of Ry < 1 is achieved when the recovery
rate is above the value of 0.004, so that the potential spread
of the disease is under control.

Figure 5 is presented to evaluate the effectiveness of vaccine
uptake in stemming the potential spread of COVID-19 in the
population. Specifically, the impact of the vaccination rate,
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7, on the control reproduction number, R, is assessed. It
is observed from Figure 5b that the necessary requirement
of Ry < 1isachieved when the vaccination rate 7 is above a
value of 0.079648. However, a slowdown of the vaccination
rate from 0.079648 to 0.01 may lead to a serious pandemic
situation as the control reproduction number increases from
0.998383 to 7.92548. Moreover, a worsening situation of
pandemic is possible when no or almost no effort of vacci-
nation is put in place as the value of control reproduction
number becomes very high, as demonstrated in Figure 5a.

Figure 6 demonstrates the effects of recovery rate for
treated individuals ¢ on the dynamics of COVID-19 de-
scribed by model (2). The number of treated individuals

Volume 6 | Issue 2 | June 2025



— A Non-linear Fractional Model for Analyzing the Impact

=x10°

50

100

(a) Varying the transmission
rate on the treated, 7'(¢)

1o %10

of Vaccination. .. 125

> 10%

50 100 150

......

200
(Days)

250 300 350

(b) Varying the transmission
rate on the recovered, R(t)

10

50 100

Ti

(c) Varying t

250 300 350

me

he transmission

rate on the vaccinated, V' (t)

Figure 13. Effect of varying the transmission rate on the 7'(¢), R(t) and V (¢), respectively. Considering k = 0.75

is shown to decrease as the recovery rate for treated indi-
viduals increases and increases when the recovery rate for
treated individuals decreases. These, in turn, lead to a re-
spective decrease and increase in the sizes of asymptomatic
and symptomatic human sub-populations and the final size
of the epidemic at the population level. However, this re-
port omitted these results because they are not very per-
ceptible graphically.

Figure 7 illustrates the effects of treatment rate for symp-
tomatic infectious humans for different values on the dy-
namics of COVID-19 transmission and spread in the host
population. It is confirmed that the number of infectious
individuals reduces (see Figure 7b) as more infected people
are treated (as shown in Figure 7a). On the other hand, more
people are infected when the treatment rate 6 is reduced.
This suggests that improving efforts to treat infectious peo-
ple can be helpful in reducing the burden of diseases in the
population.

Furthermore, the effects of the vaccination rate 7 for dif-
ferent values on the spread dynamics of COVID-19 at the
host population level are evaluated as Figure 9 shows. It is
observed that when the vaccination rate 7 is increased from
0.1006 to 0.1308, the majority of the susceptible individuals
are either protected or vaccinated against COVID-19 infec-
tion (see Figures 8a and 9c) which in turn leads to fewer num-
ber of people at the risk of infection (as shown in Figures 8b
to 8d and 9d) and thereby leading to fewer number of people
getting treated and recovering from COVID-19 infection as
Figures 9a and 9b, respectively, show. However, the case is
contrary when 7 is reduced from 0.1006 to 0.0704. It is con-
firmed, as shown in Figure 9 that more people are infected
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(including asymptomatic and symptomatic infections) as a
result of more susceptible individuals who are not protected
by not getting vaccinated (or not using non-pharmaceutical
protective measures such as face mask, observing social dis-
tancing, ensuring good personal hygiene, among others),
which consequently leads to more people being treated and
recovering from COVID-19 infections. Thus, a high vaccina-
tion coverage rate is strongly advised to help overcome the
community spread of COVID-19.

6.3. Fractional numerical simulation

In this section, we show the vital dynamics of the impor-
tance of fractional Caputo derivatives. Figures 10 and 11 show
the effect of memory on the S(t), E(t), A(t),, I(t),T(t), R(t),
and V' (t) compartments, respectively; when the fractional order,
k € ]0.75,0.80,0.85,0.90,0.95,1.00]. Figure 10a shows that a
decrease in fractional order indicates that the number of suscep-
tibles slightly moves from the equilibrium point of the model
in an integer order. The change in dynamics may be the re-
sult of susceptible individuals changing their behaviour toward
the disease due to previous occurrences of the disease outbreak.
Figures 10b to 10d and 11a show that a drop in fractional or-
der means that the number of people exposed, asymptomatic,
symptomatic, and treated moves away from the equilibrium point
of the model, which is shown in integer order. The change in
dynamics may be the result of exposed, asymptomatic, symp-
tomatic, and treated individuals changing their behaviour toward
the disease due to previous occurrences of the disease outbreak.
Figure 11b shows that as fractional order reduces, the number of
recovered individuals also decreases during the course of disease
spread. Figure 11c shows the dynamics of the vaccinated class
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when considering the integer model and the fractional model.
Figure 11c indicates crisscrossing behaviours during the first 50
days of vaccination implementation in COVID-19 communities.
Figures 12 and 13 show the effect of varying the transmission
rate in compartments S(t), E(t), A(t), I(t), T(t), R(t) and V' (¢),
respectively. Considering the fractional order, k = 0.75. Fig-
ures 12a, 13b and 13c show that an increase in the transmission
rate reduces the number of susceptible, recovered, and vacci-
nated individuals when feeding the memory of COVID-19 in com-
munities. Figures 12b to 12d and 13a indicate that an increase in
the transmission rate increases the number of exposed, asymp-
tomatic, symptomatic, and treated individuals, respectively.

The memory effect presented in this study, captured by frac-
tional differential operators, significantly enhances the precision
of this proposed model by incorporating the long-term effects of
past events, which are often observed in the dynamics of real-
world diseases. This effect allows this model to better account
for the historical context of disease spread, including delayed re-
sponses and the accumulated impact of previous outbreaks. As
demonstrated in the manuscript, the fractional order introduces
amore realistic representation of the population’s behaviour over
time, reflecting changes in susceptibility, exposure, and recovery
based on prior disease experiences. It improves the model’s abil-
ity to predict future trends and offers a more flexible and precise
framework than classical integer-order models, which may over-
look such memory-based effects.

The application of fractional differential operators, particu-
larly fractional Caputo derivatives, enhances the epidemiological
modeling by incorporating the effects of memory and past oc-
currences of the disease on the population’s dynamics. In the
manuscript, Figures 10 and 11 demonstrate how the variation
of the fractional order (x € [0.75,0.80,0.85,0.90, 0.95, 1.00]) af-
fects the dynamics of compartments such as S(t), E(¢t), A(t),
I(t), T(t), R(t) and V (t). Specifically, a decrease in fractional
order causes a slight deviation of the number of susceptible indi-
viduals from the equilibrium, reflecting changes in behaviour due
to the memory of past outbreaks, as shown in Figure 10a. Simi-
larly, Figures 10b to 10d and 11a illustrate that the number of ex-
posed, asymptomatic, symptomatic, and treated individuals also
deviates from equilibrium in fractional order, which is attributed
to changes in behaviour based on prior disease experience. Fur-
thermore, Figure 11b shows that a reduction in fractional order
results in fewer recovered individuals over the course of disease
spread, further highlighting the importance of memory in disease
dynamics. The effect of fractional operators is particularly evi-
dent in the vaccination dynamics, where Figure 11c presents the
crisscrossing behaviour in the vaccinated class in the fractional
model compared to the integer model. This indicates how mem-
ory effects in the model can alter the outcomes of vaccination
implementation, reflecting a more realistic scenario of disease
control in populations with previous exposure.

7. Conclusion

COVID-19, caused by the novel severe acute respiratory
syndrome coronavirus 2 (SARS-CoV-2), continues to pose signif-
icant challenges to global health and society. In this study, we
proposed and analyzed a deterministic compartmental model to
capture the dynamics of COVID-19 transmission. We calculated
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the basic reproduction number, R, established the model equi-
librium, and used the centre-manifold theorem to demonstrate
the existence of bifurcation phenomena. The model was cali-
brated with publicly available data on cumulative daily cases of
COVID-19 in Indonesia from July 1, 2021, to July 21, 2022, to es-
timate key parameters. A sensitivity analysis identified the most
influential parameters in transmission dynamics, including the ef-
fective transmission rate (), the natural mortality rate (), the
vaccination rate (7) and the treatment rate for symptomatic in-
fectious individuals ().

Further analysis revealed that these critical parameters sig-
nificantly impact the disease threshold Ry and the population’s
disease dynamics, providing valuable insights for formulating ef-
fective public health policies. The study highlights the impor-
tance of public adherence to preventive measures, such as reduc-
ing 3, enhancing treatment efforts, and increasing vaccine uptake
to control the disease burden and mitigate the severity of future
outbreaks in Indonesia.

In addition, we extended the integer-order model to a frac-
tional Caputo model to capture the memory dynamics in dis-
ease spread. The existence and uniqueness of the fractional
model were established using fixed-point theory, and stability
was assessed through iterative solutions. Numerical simulations
indicated that a decrease in the fractional order causes devia-
tions from the equilibrium, particularly in susceptible, exposed,
asymptomatic, symptomatic, and treated populations. These dy-
namics suggest that individuals’ behavior may change based on
past disease outbreaks, highlighting the role of memory in dis-
ease transmission.

Based on the findings of this study, we recommend that
the public continues to adhere to preventive measures, including
reducing transmission rates, increasing vaccination uptake, and
seeking timely medical treatment. Furthermore, governments
should strengthen public health campaigns, improve healthcare
infrastructure, ensure greater vaccine availability and accessibil-
ity, and continuously monitor and adapt policies to support on-
going research and development. By implementing these strate-
gies, it is possible to reduce the spread of COVID-19 and protect
the population from future outbreaks.
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