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Cost-effectiveness with Optimal Strategies for Enhancing
Population Birth Rate Trends in Japan

Pulak Kundu1 and Uzzwal Kumar Mallick2,∗

1Department of Computer Science and Engineering, Northern University of Business and Technology Khulna, Khulna-9100, Bangladesh
2Mathematics Discipline, Khulna University, Khulna-9208, Bangladesh

ABSTRACT. Japan faces one of the major challenges as its declining birth rate and aging population threaten long-
term demographic and economic stability. To address this challenge, a mathematical model with optimal control
has been formulated, employing awareness programs and incentives to maximize population growth at minimal
policy costs. Along with analyzing the model’s positivity, boundedness, existence of a unique solution, and stabil-
ity at equilibrium points, the optimal control was characterized using Pontryagin’s Maximum Principle. Using the
forward-backward sweep method, the numerical simulation demonstrated that the objective is maximized by applying
awareness programs and incentives at full capacity until 2042 and 2046, respectively, before gradually reducing them.
Then, a cost-effectiveness analysis was conducted to determine the most efficient approach, revealing that awareness
programs are more cost-effective than the alternative strategy. Therefore, the findings of this study provide valuable
guidance for policymakers to develop practical, cost-effective strategies that address Japan’s demographic challenges
and promote sustainable population growth for society.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJBM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

Japan, a country known for its scientific breakthroughs,
strong economic base, and high quality of life, is presently con-
fronting a huge population crisis. The nation’s population growth
has slowed, owing mostly to a decreased birth rate, resulting in
an aging population. This tendency has major ramifications for
Japan’s economic and social structures, compromising its sustain-
ability over the long term.

Japan’s progress after the extensive destruction of World
War II is a remarkable achievement, marked by rapid economic
growth, groundbreaking technological innovations, and a signif-
icant increase in its global influence across various sectors [1].
By the 1980s, Japan had emerged as one of the world’s leading
economic powers, boasting a strong industrial base, a robust ex-
port market, and an increasingly affluent population [2]. In re-
cent decades, however, this progress has been overshadowed
by a persistent decline in the birth rate, which has significantly
impacted the demographic landscape of the nation [3] and re-
grettably, in recent years, the annual number of births has been
gradually falling below the number of deaths, as shown in Fig-
ure 1a. As of 2023, demographic statistics from the Ministry
of Health, Labour, and Welfare reveal that Japan’s fertility rate
dropped to a record low of 1.20 children per woman, marking
the eighth consecutive year of decline (see Figure 1b), with all
47 prefectures seeing decreases, including Tokyo falling below
1.0 for the first time (0.99) and Saitama, Chiba, and Kanagawa
recording rates below 1.2 [4]. In 2024, Japan recorded a historic
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low of 720,988 births, marking the ninth consecutive year of de-
clining birth rates. This figure represents a 5% decrease from
the previous year and is the lowest since records began in the
Meiji era in 1899 [5]. Concomitantly, Japan is witnessing an in-
crease in the elderly population to 36.25 million, with citizens
aged 65 and above comprising one-third of the total population,
as declared by Japan’s Ministry of Internal Affairs and Commu-
nications [6]. This alarming trend is part of a broader demo-
graphic shift, as Japan’s population has been steadily declining
from a peak of approximately 128 million in 2010 to below 124
million in 2024 (see Figure 1c) [7]. Declining birth rates and aging
populations have become critical challenges for developed coun-
tries such as Japan, South Korea, and Italy, posing significant eco-
nomic and social concerns, as by 2050, Japan’s population is ex-
pected to decrease from 122 million to 100 million, while South
Korea’s will shrink from 51.6 million to 46 million [8]. This demo-
graphic shift, influenced by technological advancements and the
increasing busyness of work, has led to a decline inmarriage rates
and a reluctance to have children in Japan, resulting in a shrink-
ing working-age population and an aging population [9]. While
a smaller population may reduce employment and production,
strategies like increased capital intensity, productivity improve-
ments, and higher labour force participation could help mitigate
the impact on per capita income [10]. Additionally, the Japanese
government acknowledged these demographic changes during
Respect for the Aged Day, highlighting the growing importance
of the elderly in national policy [11].

According to Rahman [12], the Japanese government is in-
troducing different policies to ease the burden on Tokyo, includ-
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Figure 1. (a) Yearly birth and death trends in Japan from 1970 to 2024, showing a decline in birth rates and a rise in death rates over
time. (b) Total fertility rate (TFR) in Japan from 1970 to 2024, highlighting a gradual decline with slight fluctuations in recent
decades. (c) Japan’s population grew until the mid-2000s, then declined monotonically, with a slight rise from 2005 to 2010
due to migration despite the death rate remaining higher compared to the birth rate [? ].

ing offering up to 1 million yen per child for families relocating
from the metropolitan area, with the program set to begin in
April 2023. Families with two parents and two children under 18
who establish a business in another region will receive ¥500,000.
Additionally, the government will provide free medical care for
schoolchildren until age 8. Furthermore, mathematical models
are becoming valuable tools for analyzing the impact of natural
events on regions and populations [13, 14]. Among these, mathe-
matical modeling using systems of ordinary differential equations
has been extensively employed to study this phenomenon includ-
ing disease dynamics, ecological processes [15, 16]. In 2022, a
multi-regional Leslie matrix model has been developed for an-
alyzing the effects of fertility rates and interregional migration
on population dynamics, and was observed that migration from
urban areas to high-fertility regions and fertility rates in urban ar-
eas significantly impact population growth, especially for people
under 30 and over 30 [17]. After, Oliver [18] investigated the rela-
tionship between Japan’s aging population and immigration from
1975 to 2019, finding that a decrease in the 60–64 age group and
an increase in those aged 65+ are linked to a rise in foreign res-
idents. Again, a newly proposed mathematical model has been

formulated by Kundu and Mallick [19] using ordinary differential
equations, considering birth rate as a variable, to analyze Japan’s
declining birth rate and aging population, and the findings em-
phasize the urgency of awareness campaigns and policy interven-
tions to sustain population growth. Again, a research has been
conducted to investigate Japan’s aging process using SAPP (The
Web System of Small Area Population Projections) for Japan data,
identifying four stages of population aging and finding that areas
with higher elderly populations experience stage shifts earlier,
driven by long-term fertility decline and youth migration, with
the results suggesting that similar trends will occur in other de-
veloped countries after their demographic transitions [20]. Be-
sides, Respatiadi et al. [21] examined Japan’s demographic cri-
sis, emphasizing the long-standing shoushika phenomenon of de-
clining birth rates and a growing elderly population, attributing
it to post-World War II development strategies and highlight-
ing the urgent need for strategic solutions to address the is-
sue. Not only in Japan, but also in other developed countries,
low birth rates and aging populations pose challenges as Kim et
al. [22] analyzed South Korea’s population imbalance, predict-
ing depopulation risks for 30+ cities by 2072 and highlighting
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public transportation’s role in mitigating regional decline, offer-
ing insights for sustainable development. Cost-effectiveness is
increasingly crucial for ensuring quality, sustainability, and ef-
ficient resource use, especially in finding better strategies. In
this track, Samui et al. [23] highlighted the effectiveness of
self-monitoring, increased awareness, and improved treatment
as cost-effective non-pharmaceutical and therapeutic strategies
in controlling COVID-19 transmission through a compartmental
model and optimal control analysis. Again, the study by Igbo et
al. [24] explored strategies for continuous professional develop-
ment in healthcare to improve cost-effective, high-quality, and
sustainable healthcare delivery, emphasizing the need for a digi-
tal ecosystem in South Africa.

However, following a comprehensive review of the exist-
ing literature, this study employs optimal control theory to de-
vise strategies aimed at maximizing profitability in efforts to in-
crease Japan’s population through birth rate enhancement. Fur-
thermore, a cost-effectiveness analysis is conducted to identify
the most economically viable strategy for achieving this objec-
tive.

The rest of the paper is structured as follows: Section 2 in-
troduces the mathematical model and optimal control problem
formulation. In Section 3, we conduct a mathematical analysis
of the model. The characterization of the optimal control prob-
lem is discussed in Section 4. Section 5 presents the results of
the numerical simulations and the discussion of various cases.
The next step, Section 6, evaluates different control strategies
for cost-effectiveness. Finally, Section 7 provides a summary and
conclusion of the findings.

2. Formulation for Optimal Control Problem
In a previous study Kundu and Mallick [19], a mathematical

model was newly proposed using a system of ordinary differential
equations to analyze the critical issue of Japan’s declining birth
rate. By exploring various demographic factors and their impact
on population dynamics, the study aimed to provide actionable
insights for policymakers to address the pressing challenges of
an aging population and a shrinking workforce.

In the above study, a mathematical model has been pro-
posed using the two state variables, the population in Japan
(N(t)) and the birth rate (B(t)).

dN

dt
= αBN − γN2 − µN,

dB

dt
= τ + σB − ξB − ωB − δB,

where α represents the population growth rate influenced by im-
migration and birth rate, while the logistic growth rate and natu-
ral death rate are denoted by γ and µ, respectively. Additionally,
τ and σ represent the rates of awareness programs and incen-
tives, respectively, while ξ, ω, and δ correspond to the decline
in birth rate attributed to workaholism, technological advance-
ments, and price inflation, accordingly. Regrettably, this study
does not incorporate a control approach to optimize population
growth while minimizing the cost of strategies, such as imple-
menting awareness programs and incentive schemes—one of the
key challenges associated with this issue. Addressing this limita-
tion necessitates the application of two optimal control strate-
gies to identify the minimal cost function.

If we provide a lower amount of incentives and arrange
fewer awareness programs, the rise in the population can be less,
and the associated cost can also be reduced. However, during
this time, it is important to evaluate whether the objective of
increasing the population is being achieved or not. To address
this, we will apply the concept of optimal control in this study.
Within this framework, the optimal control problem is formu-
lated by considering two time-dependent control variables u1(t)
and u2(t), specifically, u1(t) defines the execution of awareness
programs while u2(t) regulates the allocation of incentives.

Generally, population growth is influenced by higher birth
rates and immigration, as individuals seek better opportunities.
However, this growth is constrained by resource depletion from
intraspecies competition, while natural deaths contribute to pop-
ulation decline. In addition, birth rates, a critical factor in pop-
ulation growth, can be boosted through public awareness cam-
paigns about the negative impacts of population decline on na-
tional development, which are controlled by u1(t). In countries
like Japan, high career demands and the rising costs of raising a
family, exacerbated by inflation, discourage family planning. To
address this, the government may offer incentives to encourage
higher birth rates, with the allocation of these incentives con-
trolled by u2(t). By effectively managing these controls, the fol-
lowing system of nonlinear differential equations (for flow dia-
gram, see Figure 2) seeks to maximize Japan’s population while
optimizing the associated costs.

dN(t)

dt
= αB(t)N(t)− γN2(t)− µN(t), (1)

dB(t)

dt
= u1(t)τ + u2(t)σB(t)− ξB(t)− ωB(t)− δB(t), (2)

with the initial conditions N(0) = N0 and B(0) = B0.

N(t)

B(t)

αBN

γN2

µN

δB

ωBξB

u1τ u2σB

Figure 2. Flow Diagram of the eqs. (1) and (2)

Our goal is to identify control strategies that minimize
the costs for the government and policymakers associated with
awareness programs and incentives, while maximizing the pop-
ulation growth in Japan. We have used the square of the control
variables to calculate the policymaking costs, as this approach
not only optimizes population growth but also helps stabilize the
optimal control state. Therefore, we adopt a linear approach in
this context. Since our objective is to maximize the population,
the following functional objective is chosen:

Maximize J (u1(t), u2(t)) =

∫ tf

ts

[
A1N(t)−A2u

2
1(t)

−A3u
2
2(t)

]
dt.

(3)
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The policymaking cost is a non-linear function involving u1(t)
and u2(t), which are quadratic cost functions that ensure concav-
ity. Since u1(t) and u2(t) are constrained, the right-hand sides
of eqs. (1) and (2) are linearly bounded in relation to u1(t) and
u2(t) [Subsection: 3.2]. These boundaries provide the compact-
ness necessary for the existence of optimal control, as outlined
by Fleming and Rishel [25]. Pontryagin’s maximum principle, dis-
cussed in Pontryagin et al. and Vinter [26, 27], is applied to the
model, allowing us to simulate the optimal solution. Further-
more, the parameters A1, A2, and A3 ≥ 0 are used as weights
to determine the optimal cost. Our objective is to identify the
control profiles that meet the following condition:

J
(
u∗1(t), u

∗
2(t)

)
= max

{
J(u1(t), u2(t))|0 ≤ u1(t), u2(t) ≤ 1

}
.

Hence, our newly proposed eqs. (1) and (2) can be formu-
lated using objective functions eq. (3) in the optimal control prob-
lem as

(P )



Maximize J (x(t), u(t)) =

∫ tf

ts

L(t, x(t), u(t))dt

subjected to

ẋ(t) = f(x(t)) + g(x(t))u(t), ∀t ∈ [ts, tf ]

u(t) ∈ U , ∀t ∈ [ts, tf ]

x(0) = x0

where,

x(t) =

[
N(t)
B(t)

]
,

L = (t, x(t), u(t))

= A1N(t)−A2u
2
1(t)−A3u

2
2(t),

f(x) =

[
αB(t)N(t)− γN2(t)− µN(t)

−ξB(t)− ωB(t)− δB(t)

]
,

u(t) =

[
u1(t)
u2(t)

]
,

g(x) =

[
0 0
τ σB(t)

]
.

3. Mathematical Analysis
In order to demonstrate the mathematical and biological

significance of the proposed eqs. (1) and (2), it is vital to provide
evidence of the existence, non-negativity, and bounded nature
of its solutions.

3.1. Positivity of the model

Lemma 1. IfN(0) ≥ 0 andB(0) ≥ 0, thenN(t) andB(t) will
remain non-negative for all tϵ[0, T ] within R+

2 where T > 0.

Proof. From the eq. (2), we can write

dB(t)

dt
= τu1 + (u2σ − ξ − ω − δ)B(t)

dB(t)

B(t)
≥

(
u2σ − ξ − ω − δ

)
dt

After integration, we find that

B ≥ B0e
(u2σ−ξ−ω−δ)t

∴ B(t) ≥ B0e
(u2σ−ξ−ω−δ)t > 0

Thus, we conclude that B(t) > 0. Similarly, it can be observed
from eq. (2) that

∴ N(t) = e−µt+
∫
(αNB−γN)dt > 0

3.2. Boundedness of the model

Lemma 2. All the solution (N(t), B(t)) of the eqs. (1) and (2)
are bounded.

Proof. Let S(t) be the sum of the solutionsN(t) and B(t) in our
proposed model. That means,

S(t) = N(t) +B(t) (4)
dS

dt
+ΩS =

dN

dt
+
dB

dt
+Ω(N +B) (5)

Putting the values we get,

∴ dS

dt
+ΩS = αNB − γN2 − µN + u1τ + u2σB − ξB

− ωB − δB +ΩN +ΩB.
(6)

Let us now have a look at a function of h(x, y) that is put out in
the following manner:

h(x, y) = αxy−γx2−µx+u1τ+u2σy−ξy−ωy−δy+Ωx+Ωy.
(7)

Here, h(x, y) is a surface in the domain 0 ≤ x ≤ T1 and 0 ≤ y ≤
T2. Now, we want to analyze the local maximum or minimum at
the critical point by applying the theorem presented in Anton et
al. [28].
For this reason, let us consider (x0, y0) is a critical point of
h(x, y). So, we have to determine the value ofZ = hx0x0

hy0y0
−

hx0x0
h2x0y0

. Thus we get

Z = −(−2γ)(α)2 = 2γα2 > 0. (8)

Due to the fact that Z > 0 and hx0x0 = −2γ < 0 with
hy0y0 = 0, hx0y0 = α, h(x, y) holds a local maximum. Hence,
according to the theorem mentioned in Anton et al. [28], taking
the maximum value ψ of h(N,B) to be taken into consideration
eq. (6) states that,

lim
t→∞

Sup{S(t)} ≤ ψ

Ω
. (9)

This leads to the conclusion that the solutions of the statesN(t)
and B(t) of the system remain within bounded limits.
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3.3. Existence and uniqueness of the model solution

Theorem 1 (Existence and uniqueness of the model solu-
tion). Let D be a domain that satisfies the Lipschitz condition.
Then, for all non-negative initial conditions, the system’s solutions
exist and remain unique for every T ≥ 0 within the domain D.

Proof. The theorem described in Sowole et al. [29] and Kundu
and Mallick [30] has shown that it is necessary to adhere to the
suggested Lipschitz criteria in order to ensure the existence and
uniqueness of a solution inside a domain, denoted as D. Let,

f(N,B) =
dN

dt
= αBN − γN2 − µN, (10)

g(N,B) =
dB

dt
= u1τ + u2σB − ξB − ωB − δB. (11)

Using above system’s equation, we get

∂f

∂N
= αB − 2γN − µ,

∣∣∣∣ ∂f∂N
∣∣∣∣ = ∣∣∣∣αB − 2γN − µ

∣∣∣∣ ≤ ψ

Ω
<∞,

(12)

∂f

∂B
= 0,

∣∣∣∣ ∂f∂B
∣∣∣∣ = 0 <∞. (13)

Again,

∂g

∂N
= 0,

∣∣∣∣ ∂g∂N
∣∣∣∣ = 0 ≤ ν

Λ
<∞, (14)

∂g

∂B
= u2σ − ξ − ω − δ,

∣∣∣∣ ∂g∂B
∣∣∣∣ = ∣∣∣∣u2σ − ξ − ω − δ

∣∣∣∣ ≤ ψ

Ω
<∞.

(15)

Hence, we have demonstrated that all partial derivatives are both
continuous and bounded, ensuring compliance with the Lips-
chitz condition. Consequently, following the theory outlined in
Sowole et al. [29], the eqs. (1) and (2) exhibits a unique solution
within the region D.

3.4. Equilibrium points
After solving the following equations,

f(N,B) = αBN − γN2 − µN = 0, (16)

g(N,B) = u1(t)τ + u2(t)σB − (ξ + ω + δ)B = 0, (17)

we obtain two non-negative equilibrium points as follows:

• Axial equilibrium point: E1 =

(
0,
u1(t)τ

κ

)
, exists if δ +

ω + ξ > u2(t)σ, where κ = δ − u2(t)σ + ω + ξ.

• Interior equilibrium point: E2 =

(
u1(t)ατ − µκ

γκ
,
τ

κ

)
, ex-

ists if u1(t)ατ+u2(t)µσ > µ(ξ+ω) and δ+ω+ξ > u2(t)σ.

3.5. Stability analysis

Theorem 2 (Stability of the Axial Equilibrium Point). The axial
equilibrium point E1 of the dynamical system is unstable.

Proof. The jacobian matrix for the system based on the eqs. (16)
and (17) would be

J =
∂(f, g)

∂(N,B)
=

(
∂f
∂N

∂f
∂B

∂g
∂N

∂g
∂B

)
J =

(
αB − 2γN − µ αN

0 u2(t)σ − ξ − ω − δ

)
For the equilibrium pointE1 =

(
0, τκ

)
, we obtain

J|E1
=

(
α τ

κ − µ 0
0 u2(t)σ − ξ − ω − δ

)
(18)

∴ J|E1
=

(
α τ

κ − µ 0
0 −κ

)
(19)

where κ = ξ + ω + δ − u2(t)σ and u2(t) is always positive as it
varies from only [0, 1]. Therefore, the characteristic equation for
the equilibrium point E1 would be∣∣J|E1

− λI
∣∣ = 0, (20)∣∣∣∣α τ

κ − µ− λ 0
0 −κ− λ

∣∣∣∣ = 0, (21)

∴ λ1 =
ατ − µκ

κ
, λ2 = − κ. (22)

It is easily observed that λ2 is negative, while λ1 can vary (ei-
ther positive or negative). Under the conditions in the subsec-
tion entitled “Equilibrium points”, λ1 must be positive to ensure
a positive equilibrium point. Hence the equilibrium point E1 is
a saddle point, and the system is unstable at this point.

Theorem 3 (Stability of the Interior Equilibrium Point). The
dynamical of eqs. (1) and (2) is asymptotically stable at the point
E2 when αu1(t)τ + µu2(t)σ > µ(ξ + ω) and δ + ω + ξ >
u2(t)σ, otherwise unstable.

Proof. The Jacobin matrix at the equilibrium point becomes,

J|E2
=

(
α τ

κ − 2γ ατ−µκ
γκ − µ αατ−µκ

γκ

0 −κ τ
κ

)
, (23)

where κ = δ − u2(t)σ + ω + ξ.
After solving the characteristic equation obtained from equilib-
rium point E2, we get two values of λ

λ1 = −κ, λ2 = − (ατ − µκ)

κ
. (24)

Under the conditions mentioned previously
(
ατ + µu2(t)σ >

µ(ξ + ω) and δ + ω + ξ > σu2(t)

)
, all eigenvalues (λ1, λ2) are

negative, ensuring that the system is asymptotically stable at that
equilibrium point.
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Figure 3. Effects of parameter variations on R0

Table 1. Parameter value and their descriptions [19]

Symbol Parameter’s Description Value (year−1)
α rate of population based on by immigration and birth rate 0.001
γ logistic growth rate of Japan human population 3.0× 10−10

µ natural death rate 0.012
τ the increasing birth rate by making awareness program 0.0056
σ rising birth rate as a result of incentives 0.0012
ξ declining birth rate caused by workaholism (business in work) 0.0083
ω decreasing birth rate due to technological progress 0.00415
δ Decreasing peace in birth rate resulting from price inflation 0.00142

3.6. Sensitivity analysis
Sensitivity analysis plays a vital role in identifying the

parameters that most influence the model outcomes for the
Japanese population to support more effective and informed pol-
icy decisions, particularly through the future status represented
by the basic reproduction number R0 =

α τ
κ

2γ ατ−µκ
γκ +µ

. This anal-

ysis can be done using sensitivity indices. These indices provide
a quantitative measure of the responsiveness of a state variable
to variations in a specific parameter. Following the approach de-
scribed in Omoloye and Adewale [31], the sensitivity index is de-
fined using partial derivatives as:

Λq
x =

∂x

∂q
× q

x
,

where x represents the state variable and q is the parameter un-
der consideration. Particularly,

ΛR0
α =

∂R0

∂α
× α

R0
ΛR0

δ =
∂R0

∂δ
× δ

R0

= 1 = −0.1121

ΛR0
τ =

∂R0

∂τ
× τ

R0
ΛR0
ω =

∂R0

∂ω
× ω

R0

= u1(t) ∗ 1 = −0.3275

ΛR0
σ =

∂R0

∂σ
× σ

R0
ΛR0

ξ =
∂R0

∂ξ
× ξ

R0

= u2(t) ∗ 0.0947 = −0.6551

ΛR0
γ =

∂R0

∂γ
× γ

R0
ΛR0
µ =

∂R0

∂µ
× µ

R0

= −5× 10−8 = −1

where the value of control parameters u1(t) and u2(t) varies from
0 to 1.

From Figure 3, it is observed that a variety of factors influence
the sensitivity index within our system. Notably, the parameters
(τ, σ) associated with providing incentives and organizing aware-
ness programs exhibit positive sensitivity indices. This implies
that boosting these initiatives could significantly contribute to in-
creasing Japan’s population in the future. In contrast, parameters
such as ξ and δ, which are linked to workaholism and price infla-
tion, show negative sensitivity indices—highlighting the need to
mitigate these factors to help reverse Japan’s population decline.

4. Characterization of the Optimal Control Problem
To find the optimal solution, we will analyze the necessary

optimality conditions of the maximum principle [26]. At first, the
Hamiltonian function for maximizing J(u1(t), u2(t)) is defined
as follows:

H [x(t), p(t), u(t)] = λL(x(t), u(t)) + ⟨p(t), f(x), λ ∈ R
+ g(x)u(t)⟩

(25)

where, the adjoint variables are denoted by p = (pN , pB).
Assume that (x∗(t), u∗(t)) is an optimal solution. Therefore,
from the maximum principle, there appears a scalar λ ≥ 0, an
absolutely continuous function p(t), with the time argument ⌊t⌋
denoting the evaluation along the optimal solution:

i. max {|p(t)| : t ∈ [ts, tf ]}+ λ > 0 (26)

ii. ṗ(t) = −Hx[x] = −λLx[t]− ⟨p(t), fx(t) + gx(t)u
∗(t)⟩

(27)

iii. p(tf ) = (0, 0, 0) (28)

iv. H(x∗(t), p(t), u∗(t)) = max
u

{H(x∗(t), p(t), u(t)) : 0 ≤

u(t) ≤ 1} (29)
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Figure 4. When implementing a control strategy that allocates half the capacity to organizing awareness programs without providing
incentives, as depicted in (c) and (d), the corresponding simulated solution curves for population and birth rate are displayed
in (a) and (b), respectively, with their associated adjoint profiles shown in (e) and (f). [Case-1]
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Figure 5. In the absence of awareness programs and incentives, as shown in (c) and (d), the resulting simulated solution curves for
population and birth rate unfold in (a) and (b), with their corresponding adjoint profiles elegantly captured in (e) and (f). [Case-
2]
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Figure 6. The solution curves from simulation for population and birth rate, shown in (a) and (b), respectively, result from allocating
50% of the total capacity to organizing awareness programs and providing incentives, as depicted in (c) and (d), while the
corresponding adjoint profiles are displayed in (e) and (f). [Case-3]
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Figure 7. The adjoint profiles, presented in (e) and (f), result from allocating 50% of the total capacity to incentives without arranging
awareness programs (as shown in (c) and (d)), with the simulated solution curves for population and birth rate displayed in (a)
and (b), respectively. [Case-4]
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The adjoint eq. (27) with adjoint variables p = (pN , pB) in nor-
mal form (i.e.λ = 1) are explicitly provided by the following
equation:

˙pN = −∂H
∂N

,

∴ ˙pN = −A1 − αpNB(t) + 2γpNN(t) + µpN , (30)

˙pB = −∂H
∂B

,

∴ ˙pB = −αpNN(t)− u2(t)σpB + ξpB + ωpB + δpB , (31)

where

H = A1N(t)−A2u
2
1(t)−A3u

2
2(t) + pN

{
αB(t)N(t)− γN2(t)

− µN(t)

}
+ pB

{
u1(t)τ + u2(t)σB(t)− ξB(t)− ωB(t)

− δB(t)

}
.

Again, We deduce from eq. (29) and get an explicit characteriza-
tion of optimal control pair in normal form i.e(λ = 1) given in
terms of the multipliers p = (pB , pE) and we get,

⟨p, f(x∗(t)) + g(x∗(t))u∗(t)⟩ ≥ ⟨p, f(x∗(t)) + g(x∗(t))u(t)⟩
+L(x∗(t), u∗(t)) +L(x∗(t), u(t)).

(32)
Based on the inequality of eq. (32), we have Theorem 4 and its
proof shows the values of two optimal controls.

Theorem 4. There exists two optimal controls u∗1(t) and u
∗
2(t)

that maximize the objective function J over the region U is given
by

u∗1(t) = max
[ts,tf ]

{
min

{
−τpB
2A2

, 1

}
, 0

}
u∗2(t) = max

[ts,tf ]

{
min

{
σpBB(t)

2A3
, 1

}
, 0

}

Proof. By optimality conditions, we have

∂H

∂u1(t)
= 0,

−2A2u1 + τpB = 0,

∴ u1(t) =
τPB

2A2
,

and

∂H

∂u2(t)
= 0,

2A3u2 = σpBB(t),

∴ u2(t) =
σpBB(t)

2A3
.

According to the property of U , the control u∗1(t) is bounded with
upper bound 1 and lower bound 0. Therefore

u∗1(t) =



0 ; u1 ≤ 0

τpB

2A2
; 0 < u1 < 1

1 ; u1 > 1

This can be written in compact form as

u∗1(t) = max
[ts,tf ]

{
min

{
τpB
2A2

, 1

}
, 0

}
Similarly,

u∗2(t) =



0 ; u1 ≤ 0

σpBB(t)
2A3

; 0 < u1 < 1

1 ; u1 > 1

leads to the compact form as

u∗2(t) = max
[ts,tf ]

{
min

{
σpBB(t)

2A3
, 1

}
, 0

}
Thus, it completes the proof.

5. Model Simulations and Discussion
The optimal solution of the controlled problem (eqs. (1)

and (2)) has been formulated (see Section 4) and numerically com-
puted using the forward-backward sweep method [32]. In a pre-
vious study related to this work [19], the first weight parameter
in the objective function was set to A1 = 20. Additionally, the
weight parameters A2 = 220, A3 = 300 were chosen to reflect
the cost per person for awareness campaigns and incentive pro-
grams, corresponding to 220 Taka and 300 Taka, respectively, in
Bangladeshi currency. Therefore, the optimal numerical solution
for the state and adjoint equations associated with the objective
function has been obtained using MATLAB (R2021b). This cal-
culation is based on the parameter values from Table 1, along
with the corresponding weight parameters and initial conditions
N(0) = 126255.866 (in thousands) and B(0) = 7.493 (per thou-
sand) [19].

If the birth rate increases to τ = 0.0081 and σ = 0.0057
due to incentives and awareness programs after 2023 keeping all
other values the same as mentioned in Table 1 , the projected
population will reach 1.06× 105(in thousands), which is aligned
with the predictions of The World Counts [33]. Now, we will
explore different phenomena based on various cases of control
strategies, analyzing their effects and implications.

Case-1
(
u1(t) = 0.5 and u2(t) = 0

)
: Allocating 50% of Total

Capacity to Awareness Programs Without Incentives

Figure 4 depicts a case where 50% of the total capacity is al-
located to awareness programs, while no incentives are provided
to increase the population growth rate. From Figures 4a and 4b,
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Figure 8. Impact of the optimal incentive strategy and full capacity utilization for awareness campaigns, as depicted in (c) and (d), on
the simulated solution curves for population in Japan and birth rate in (a) and (b), respectively, with the corresponding adjoint
profiles shown in (e) and (f). [Case-7]
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Figure 9. The implementation of an optimal strategy integrating awareness campaigns and incentives, as shown in (c) and (d), drives the
simulated solution curves for population and birth rate in (a) and (b), while the corresponding adjoint profiles are depicted in
(e) and (f). [Case-8]
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Figure 10. The full utilization of capacity for awareness campaigns and incentives, illustrated in (c) and (d), leads to the simulated solution
curves for population and birth rate shown in (a) and (b), respectively, with the associated adjoint profiles displayed in (e) and
(f). [Case-5]
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Figure 11. The complete utilization of capacity for awareness campaigns, combined with an optimal incentive strategy, as illustrated in
(c) and (d), results in the simulated solution curves for population and birth rate presented in (a) and (b), respectively, with
the corresponding adjoint profiles shown in (e) and (f). [Case-6]
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Figure 12. Population in Japan as well as birth rate are increasing when both controls are optimal.

Table 2. Summary of Objective Functional

Case Status of Value of Objective Population Birth rate
No Control Functional (N(t)) (B(t))
1 u1(t) = 0.5;u2(t) = 0 7.4038× 107 1.0414× 105 4.7502
2 u1(t) = 0;u2(t) = 0 7.4065× 107 1.0425× 105 4.8073
3 u1(t) = 0.5;u2(t) = 0.5 7.4176× 107 1.0480× 105 5.1378
4 u1(t) = 0;u2(t) = 0.5 7.4203× 107 1.0492× 105 5.2077
5 u1(t) = 1;u2(t) = 1 7.4282× 107 1.0538× 105 5.4961
6 u1(t) = 1; 0 ≤ u2(t) ≤ 1 7.4283× 107 1.0537× 105 5.4086
7 0 ≤ u1(t) ≤ 1;u2(t) = 1 7.4284× 107 1.0539× 105 5.5215
8 0 ≤ u1(t) ≤ 1; 0 ≤ u2(t) ≤ 1 7.4285× 107 1.0538× 105 5.4338

Table 3. Control strategies in ascending order of net gain in population

(A1) (A2) (A3) (A4) A(5)
Strategy Total Cost for Policy Population Population Net Gain (TA)

(TC) with control without control (A3-A4)
CAw 5.7598× 103 7.4014× 107 7.4065× 107 −0.0051× 107

CIn 8.6021× 103 7.4352× 107 7.4065× 107 0.0287× 107

CAwIn 1.4365× 104 7.4299× 107 7.4065× 107 0.0234× 107

it is observed that the population gradually declines, reaching
less than 1.05×105 by 2025, with the birth rate decreasing from
7.493 to 4.746. Additionally, the adjoint states reach zero at the
final time, confirming that the transversality condition (28) of the
maximum principle is satisfied for the optimally controlled prob-
lem.

Case-2
(
u1(t) = 0 and u2(t) = 0

)
: No Focus on Awareness

Programs or Incentives

In the scenario depicted in Figure 4, neither awareness pro-
grams nor incentives are implemented, leading to a significant
effect on the state variables. The decline in both birth rate and
overall population is significantly steeper compared to the previ-
ous case, highlighting the crucial role of strategic interventions.
Notably, at the final time, the adjoint states reach zero, indicat-
ing that the transversality condition of the maximum principle is
satisfied for the optimally controlled problem (see eq. (28)).

Case-3
(
u1(t) = 0.5 and u2(t) = 0.5

)
: Allocating 50% of Total

Capacity to Awareness Programs as well as Incentives Providing
Strategy

In the case illustrated in Figure 6, half of the total capac-
ity is dedicated to organizing awareness programs and provid-

ing incentives to support population growth. The simulation re-
sults, illustrated in Figures 6a and 6b, demonstrate the effects of
this intervention on population and birth rate trends. Although
this partial allocation helps mitigate the decline, the reduction in
both population and birth rate remains significant higher com-
pared to previously described cases. The control strategies are
depicted in Figures 6c and 6d, while the corresponding adjoint
profiles in Figures 6e and 6f confirm that the adjoint states reach
zero at the final time, ensuring compliance with the transversality
condition of the maximum principle (as mentioned in eq. (28)).

Case-4
(
u1(t) = 0.5 and u2(t) = 0.5

)
: Allocating 50% of Total

Capacity to Incentives without Arranging Awareness Programs

Figure 7 illustrates a scenario where 50% of the total capac-
ity is allocated exclusively to providing incentives, with no aware-
ness programs in place. As shown in Figures 7a and 7b, it is ob-
serve that while incentives alone have some effect on mitigating
the decline, their impact is less substantial compared to more
holistic strategies, though this time the population was higher
that last three cases. Over a span of 32 years, the birth rate
decreases from 7.4 to 5.2, corresponding to a reduction of ap-
proximately 29.73%. This significant decline emphasizes the lim-
itations of relying solely on incentives, highlighting the need for
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Figure 13. Control dynamics of (a) u1(t) and (b) u2(t) under different weight parameter values.

Table 4. ICER values of Control strategies CIn and CAw

Strategy Total Cost for Policy (TC) Net Gain Population (TA) ICER
CIn 8.6021× 103 0.0287× 107 0.0299725
CAw 5.7598× 103 −0.0051× 107 0.0084091

Table 5. ICER values of Control strategies CAw and CAwIn

Strategy Total Cost for Policy (TC) Net income (TA) ICER
CAw 5.7589× 103 −0.0051× 107 -0.11294

CAwIn 1.4365× 104 0.0234× 107 0.03019

a more integrated approach that combines both incentives and
awareness programs. At the same time, the control strategies in
Figures 7c and 7d, along with the adjoint profiles in Figures 7e
and 7f, confirm that the adjoint states reach zero at the final time,
satisfying the transversality condition of the maximum principle
for this optimal control problem.

Case-5
(
u1(t) = 0 and u2(t) = 0

)
: Full Deployment of Capacity

for Awareness Campaign and Incentives

In the scenario of full deployment of capacity for aware-
ness campaigns and incentives (from Figure 10), the birth rate
decreases from 7.4 to 5.5 over the 32-year period. The control
strategies along with the adjoint profiles show that the adjoint
states reach zero at the final time, fulfilling the transversality con-
dition (see eq. (28)). Thus, the adherence of the adjoint states
to the transversality condition confirms the optimality of the ap-
plied strategies in achieving the desired demographic outcome.

Case-6
(
u1(t) = 1 and 0 ≤ u2(t) ≤ 1

)
: Full Capacity Allocation

for Arranging Awareness Programs with an Optimal Control
Strategy for Incentives

Figure 11 explores a scenario where incentives are provided
at their optimal level while the full capacity is allocated to aware-
ness campaigns, maintaining a strategy similar to the previous
case. The results indicate a continuous decline in both popula-
tion and birth rate from 2023 to 2047, with a slightly sharper
reduction observed after this period (2047) compared to earlier
cases (see Figures 11a and 11b). A closer examination of the con-
trol profile for u2 reveals that incentives should be maintained at
near-full capacity until 2046, after which a gradual reduction is

necessary (Figure 11d). Meanwhile, u1(t) remains at 1 through-
out, as depicted in Figure 11c, signifying the continuous full de-
ployment of awareness programs. Furthermore, the adjoint pro-
files in Figures 11e and 11f confirm that the transversality condi-
tion of the maximum principle is met, validating the effectiveness
of the applied control strategy in managing demographic trends.

Case-7
(
0 ≤ u1(t) ≤ 1 and u2(t) = 1

)
:Optimal Strategy for

Awareness Programs with Full Ability of Offerering Incentives

Figure 8 presents an just opposite strategy to the previ-
ous scenario, where awareness campaigns aremaintained at their
optimal level while the entire capacity is allocated to providing
incentives. This approach examines the impact of prioritizing
financial support over informational outreach, offering insights
into the effectiveness of different resource allocation strategies
in influencing population and birth rate trends.

Case-8
(
0 ≤ u1(t) ≤ 1 and 0 ≤ u2(t) ≤ 1

)
: Optimal Strategy for

Awareness Programs and Incentive Offerings

A strategic approach to increasing population growth can
be most effective if the expenditures on awareness programs
and incentive offerings are optimized. Figure 9 illustrates the
scenario where control profiles, u1 and u2, are optimally imple-
mented. Figures 9a and 9b depict the population and birth rate
dynamics under optimal cost control and resource allocation, en-
suring maximum profitability. Furthermore, as observed in Fig-
ures 9c and 9d, achieving maximum profitability requires the full
utilization of available capacity for awareness programs and in-
centives until 2042 and 2046, respectively. Beyond this period,
a gradual reduction in expenditures is necessary for sustaining
long-term benefits and maintaining an optimal population level.
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Figure 14. Comparison of policy impact and cost-effectiveness for different strategies: (a) total policy cost vs. net population gain and
(b) ICER values for three strategies.

Finally, Figures 9e and 9f present the adjoint profiles, confirm-
ing that the transversality condition of the maximum principle
(eq. (28)) is satisfied, as the adjoint states reach zero at the final
time.

However, Figure 12 illustrates that the population and birth
rate in Japan reach their highest levels at the final time when
both control variables, u1(t) and u2(t), are applied optimally.
This indicates that optimal utilizing awareness programs and
incentives leads to the most favorable demographic outcomes.
In contrast, when both controls are set to a constant value of
u1(t) = u2(t) = 0.5, the population and birth rate remain at
intermediate levels, suggesting that partial implementation of
these strategies results in a moderate impact on demographic
trends.

In a nutshell, Table 2 describes a comparative analysis of
different control strategies in optimizing population growth and
birth rate in Japan. It evaluates various cases based on the val-
ues of the control variables u1(t) (awareness programs) and u2(t)
(incentives), along with their impact on the objective functional,
population, and birth rate. From this table, it is seen that in
Case 1, where u1(t) = 0.5 and u2(t) = 0, the population is
1.0141 × 105 with the lowest birth rate (4.7502) and an objec-
tive value of 7.4038 × 107. In Case 2, with awareness at zero
and incentives fully applied (u1(t) = 0, u2(t) = 1), the birth rate
increases to 4.8703, and the population grows to 1.0425 × 105,
leading to a slightly improved objective value of 7.4065 × 107.
Case 3, where awareness remains absent while incentives are re-
duced to 50% (u1(t) = 0, u2(t) = 0.5), results in a population of
1.0480× 105 and a birth rate of 5.1378, increasing the objective
value to 7.4176× 107. When awareness is applied at 50% and in-
centives are at full capacity always (u1(t) = 0.5, u2(t) = 1, Case
4), the birth rate slightly decreases to 5.2077, while the popula-
tion remains nearly the same at 1.0492× 105, yielding an objec-
tive value of 7.4203×107. Case 5, where awareness is fully imple-
mented and incentives are absent (u1(t) = 1, u2(t) = 0), leads to
a significant population increase (1.0538× 105) with a birth rate
of 5.4961, reaching an objective value of 7.4282 × 107. When
awareness is absent and incentives are at full capacity (u1(t) =
0, u2(t) = 1, Case 6), the population reaches 1.0537 × 105 with
the birth rate (5.4086), slightly decreasing the objective value

to 7.4283 × 107. Case 7 introduces partial control variations
(0 ≤ u1(t) ≤ 1, u2(t) = 1), resulting in the highest birth rate
of 5.5215 and maintaining a high population level but the ob-
jective functional value is not the highest among all. Finally,
Case 8, where both controls vary optimally within their full range
(0 ≤ u1(t) ≤ 1, 0 ≤ u2(t) ≤ 1), achieves the highest objective
functional value (7.4285× 107), confirming that adaptive control
strategies lead to the best outcomes.

The impact of rising control costs on the variation in control
profiles is depicted in Figure 13. The observed trend indicates
that as the expenditure on awareness programs and incentive
schemes increases, the full capacity of the application decreases,
emphasizing the importance of strategic resource allocation for
optimal implementation

6. Cost-effectiveness Analysis

Selecting the most cost-effective optimal control strategy
from various single and combined techniques is crucial for max-
imizing Japan’s population. Cost-effectiveness analysis helps
quantify the economic benefits of each strategy by comparing
their costs and outcomes. This study provides a detailed eval-
uation using the Incremental Cost-Effectiveness Ratio (ICER) to
assess the efficiency of different approaches [30, 34–37], which
assesses the variances between the policy costs and outcomes
(maximumpossible population of Japan) of two competing strate-
gies for intervention.

Let, three strategies CAw (Strategy 1), CIn (Strategy 2) and
CAwIn (Strategy 3) represent the control strategies for organiz-
ing awareness campaigns, offering incentives to married couples,
and a combination of these two strategies, respectively. The ICER
is defined as the quotient of the difference in costs in strate-
gies i and j, by the difference in net income in strategies i and
j(i, j ∈ {1, 2, 3}).
In general formula: Given two competing strategiesX1 andX2,
where strategy X2 has higher effectiveness than strategy X1(
TA(X2) > TA(X1)

)
, the ICER values are calculated as fol-

lows:

ICER(X1) =
TC(X1)

TA(X1)
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Table 6. Comparison of related studies and the present work, highlighting its novelty

Study Methodology Region Focus Area Novelty
Oizumi et
al. [17]

Multi-regional Leslie
matrix model with
sensitivity analysis

Japan, fo-
cusing on
urban and
non-urban
prefec-
tures

Domestic factors driv-
ing population decline
(fertility, migration, re-
gional traits)

New method connect-
ing reproductive value
and stable age distribu-
tion to matrix entries,
with genealogical inter-
pretation

Oliver [18] Econometric analy-
sis of demographic
composition and
immigration trends
from 1975–2019

Japan Relationship between
aging population
structure and increase
in immigration rates

Identifies specific age
group dynamics (60–
64, 65+) influencing
immigration patterns
in Japan through long-
term data analysis

Inoue and
Inoue [20]

Quantitative analysis
using SAPP for Japan
data, non-hierarchical
cluster analysis, and
stage-based demo-
graphic modeling

Japan, fo-
cusing on
small-area
popu-
lations
and aging
trends

Future aging pro-
cesses, demographic
transition stages,
and regional aging
patterns

First nationwide study
using small-area pro-
jections to model ag-
ing stages, with gen-
eralizable findings for
other developed coun-
tries post-demographic
transition

Kundu
and
Mallick
[19]

Dynamical System us-
ing ODE and Runge
Kutta 4th order simu-
lation method

Japan Impact of declining
birth rates on social
structure, economy,
and family planning

Newly proposed dy-
namic model taking
birth rate as a variable,
linking demographic
decline to economic
and social awareness as
well as incentive needs

Present
Study

Optimal control
model analyzed using
Pontryagin’s Maxi-
mum Principle with
cost-effectiveness
evaluation

Japan, fo-
cusing on
national
demo-
graphic
trends

Strategies for boost-
ing birth rate through
awareness programs
and incentives while
minimizing costs

Finding optimal control
strategy of awareness
programs and incen-
tives for maximizing
population considering
optimum cost, cost-
effectiveness analysis
is evaluated to raise
Japan’s fertility trend

ICER(X2) =
TC(X2)− TC(X1)

TA(X2)− TA(X1)

where the total policy costs (TC) and the net population of Japan
(TA) are defined, during a given period for strategiesXi for i =
1, 2, 3 by:

TC(Xi) =

∫ tf

ts

[
A2u

2
1(t) +A3u

2
2(t)

]
dt

TA(Xi) =

∫ tf

ts

[(
A1N

∗(t)
)
−
(
A1N(t)

)]
dt

where
(
A1N

∗(t)
)
indicates the optimal solution associated with

the optimal control, u∗1, u
∗
2. where solution without the corre-

sponding control strategy is denoted by
(
A1N(t)

)
. Based on the

numerical simulation results, we listed our control strategies in
Table 3 according to their ability to rise the population of Japan.

Based on the data shown in Table 3, it can be concluded that
the combined strategyCAwIn shows higher total costs for policy
and net gain population with control compared to the individual
strategies CAw and CIn. However, the net population gain with-
out control remains the same for all strategies. Simultaneously,
this table also demonstrates that the net gain for strategy CIn is
greater than that of strategies CAw and CAwIn.

Now, we compute and compare the strategy CIn with the
strategy CAw as shown in Table 4. The ICER of CIn and CAw are

calculated as follows:

ICER(CIn) =
TC(CIn)

TA(CIn)
= 0.0299725

ICER(CAw) =
TC(CAw)− T (CIn)

TA(CAw)− TA(CIn)
= 0.0084091

Comparing strategies CIn and CAw we see that
ICER(CAw) < ICER(CIn). This highlights that strat-
egy CIn is more expensive and less effective than strategy CAw.
Next, the strategy CAw is compared to the strategy CAwIn

mentioned in Table 5. The ICER values for these strategies are
calculated below:

ICER(CAw) =
TC(CAw)

TA(CIn)
= −0.11294

ICER(CAwIn) =
TC(CAwIn)− TC(CAw)

TA(CAwIn)− TA(CAw)
= 0.03019

Based on the comparison of the ICER values of CAw and
CAwIn, it can be said that strategy CAw is both less expensive
and more efficient than strategy CAwIn. In short, Figure 14a
showcases the trade-off between total policy cost (TC) and net
population gain (N), revealing that strategies with higher invest-
ments yield greater benefits. But, at the same time, Figure 14b
compares the incremental cost-effectiveness ratio (ICER) of three
strategies, showing that Strategy 1 is the most cost-effective,
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whereas Strategies 2 and 3 incur higher costs for similar effec-
tiveness.

Thus, it can be concluded that the strategy CAw has the
potential to exhibit greater effectiveness and cost efficiency than
other approaches in increasing Japan’s population. In short,
Strategy 1 (organizing awareness campaigns CAw) is the most
cost-effective because it mainly relies on communication tools
like media, workshops, and community outreach, which can
reach a large audience at a relatively low cost. On the other
hand, Strategy 2 (offering incentives CIn) and Strategy 3 (com-
bining awareness with incentives CAwIn) require significant fi-
nancial investment for the incentives themselves, making them
more expensive to implement and maintain. However, Table 6
provides a comparison of related studies and the present work,
emphasizing the novel aspects and first-time contributions of this
study.

7. Conclusions

This study examined the impact of awareness programs and
financial incentives on population growth dynamics in Japan over
a specified time period. To achieve this, a newly formulated opti-
mal control problem was formulated using a system of nonlinear
differential equations including two control variables. Follow-
ing the qualitative analysis, the optimal control strategies were
characterized through Pontryagin’s maximum principle, ensuring
the identification of adjoint variables and the existence of opti-
mal controls. The numerical simulations explored eight distinct
cases, revealing different outcomes, each illustrating the varying
effects of policy interventions.

The findings indicate that implementing both control
strategies optimally can significantly enhance Japan’s birth rate.
Notably, the control profile adapts dynamically to changes in
cost, suggesting that increased investment in these interven-
tions becomes more likely as their costs rise. Moreover, the
cost-effectiveness analysis highlights that an optimally managed
awareness program policy outperforms both individual and com-
bined strategies in maximizing long-term benefits.

Overall, this study underscores the importance of proac-
tive policy interventions, demonstrating how a strategic balance
between incentives and awareness programs can effectively influ-
ence demographic trends. Real-world implementations of these
strategies could provide deeper insights into their long-term ef-
ficacy in addressing Japan’s declining birth rate. Future research
can extend this study by incorporating fractional-order deriva-
tives in the model to better capture memory effects and heredi-
tary properties in birth rate dynamics.
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