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ABSTRACT. Chimeric Antigen Receptor (CAR) T cell therapy has shown remarkable clinical outcomes in B cell Acute
Lymphoblastic Leukemia (B-ALL). The treatment can utilize the immune system to recognize and kill leukemia cells
through the CD19 antigen target. However, the CD19 antigen is also expressed on normal B cells, which can cause side
effects in B cell aplasia. This study modifies a mathematical model of the interaction between CAR T cells, leukemia
cells, and normal B cells by introducing the assumption that leukemia cells follow logistic growth dynamics. Deter-
mined the equilibrium point and continues to analyze stability using linearization and the Routh-Hurwitz criterion.
The analysis reveals four equilibrium points, including a state where leukemia cells grow at maximum capacity in the
absence of CAR T cells. Bifurcation analysis shows the occurrence of both transcritical and subcritical Hopf bifurca-
tions, with distinct patterns compared to previous models. A heteroclinic cycle was also identified, indicating that
relapse may occur even after remission. The logistic growth and B cell progenitors not only shape remission and re-
lapse dynamics but also explain the dual role of B cells in sustaining CAR T activation and causing complications such
as Cytokine Release Syndrome (CRS). This provides new insights for understanding therapy outcomes and optimizing

CAR T cell treatment strategies.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of [JBM: Department of Mathematics, Uni-
BY _NC versitas Negeri Gorontalo, JIn. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

Epidemiological data shows that leukemia accounts for ap-
proximately 2.5% of the total incidence of all cancers and 3.1%
of the mortality of all cancers worldwide in 2020 [1]. Based on
the American Cancer Society 2024 [2], the estimated new cases
of leukemia are 33% (62,770 cases). The number of cases makes
leukemia one of the deadliest diseases.

Leukemia is a type of blood cancer that occurs due to the
production of abnormal white blood cells in the bone marrow
[3-5]. Blood is essential in the human body because it trans-
ports the oxygen, nutrients, and hormones necessary for survival.
Blood consists of blood plasma, white blood cells, red blood cells,
and platelets, all of which play essential roles in maintaining the
body’s health. If the blood is impaired, it can cause the body
to function incorrectly, and various organ systems will be dis-
rupted. Blood disorders can affect the various working systems
of white blood cells, red blood cells, and plasma. Leukemia cells
are one of the disorders that can disrupt blood cells, as when the
number of leukemia cells increases, they enter the bloodstream
and spread to other organs from the bone marrow. In its early
stages, leukemia often causes no signs. Symptoms typically ap-
pear only when cancer cells have progressed and begun to invade
and damage the body’s cells. In general, symptoms that occur in
people with leukemia include fever, drastic weight loss, anemia,
red spots on the skin, nosebleeds, easy bruising, swollen lymph
nodes, and abdominal discomfort [6, 7].
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The four major types of leukemia are acute myeloid
leukemia (AML), acute lymphoblastic leukemia (ALL), chronic
myeloid leukemia (CML), and chronic lymphocytic leukemia (CLL).
Myeloid and lymphoid denote the involvement of these cell types
in the disease, whereby lymphoid cells include B and T lympho-
cytes, as well as innate lymphoid cells, and myeloid cells com-
prise the rest of the blood and immune cells that arise from
the hematopoietic stem cell (HSC). Acute and chronic denote
whether the malignant cells proliferate or more slowly [8]. ALL is
most common in childhood and adolescence, accounts for ap-
proximately 75% of all leukemia cases in individuals under 20
years of age and approximately one-quarter of all pediatric can-
cers. The peak incidence is in children ages 2-5 years [9]. In
ALL, the precursor lymphoid neoplasms are broadly categorized
based on their lineage into B-lymphoblastic leukemia (B-ALL) and
T-lymphoblastic leukemia (T-ALL) [10-12]. 85% of ALL cases are
caused by the B-LLA type [13].

One of the immunotherapy treatments for B-ALL is CAR T
(Chimeric Antigen Receptor T) cell therapy. It is a therapy that
consists of genetically modifying T cells to recognize specific can-
cer cell antigens [14]. This therapy utilizes CD8 T lymphocytes or
cytotoxic cells to fight cancer by modifying the surface antigen
receptors of the patient’s CD8 cells ex vivo. Before modifying
antigen receptors on CD8 cells, cancer cells often practiced re-
sistance in order not to be detected by CD8 cells so that can-
cer cells could continue to multiply. After genetic modification,
CAR T cells will be infused back into the patient. Furthermore,
these CAR T cells target cancer cell surface antigens, especially
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Figure 1. Dynamics of leukemia cells, CAR T cells, and B cells in the blood

the CD19 antigen. CD19 antigen is usually expressed in B-ALL
[10]. Based on Ghorashian, Pule, and Amrolia, as cited in [15],
who reported that approximately 90% of CART cell therapies have
demonstrated remarkable anti-tumor efficacy against B cell ma-
lignancies, particularly acute lymphoblastic leukemia (ALL).

Although this therapy has shown success, there are a num-
ber of treatment-related toxicities such as cytokine release syn-
drome (CRS) [16]. CRS is a systemic disorder characterized by
nausea, headache, tachycardia, fever, hypotension, rash, and
shortness of breath, caused by a rapid release of cytokines from
cells [15]. CRS occurs when the immune system responds more
aggressively to infection or immunotherapy drugs than it should.
This condition occurs due to the action of CAR T cells against the
leukemia cell antigen CD19. Another less described side effect is
the occurrence of aplasia or a condition characterized by a very
low number of B cells [17]. This condition occurs when CAR T
cells attack and kill leukemia cells with the CD19 antigen and B
cells are also attacked. CD19 antigen is expressed in every phase
of B cells [15]. In fact, B cells in peripheral blood serve as a sur-
rogate marker for CAR T persistence, and the loss of B cells is
associated with a higher likelihood of disease recurrence. This is
because new B cells are continuously produced in the bone mar-
row, providing an endless source of stimulation for the CAR T
cell population and acting as an endogenous vaccine [18]. The
phenomena that occur can be described Figure 1.

Mathematical modeling provides a useful tool to study the
interactions between leukemia cells, CAR T cells, and B cells. Pre-
vious models, such as Serrano et al. [19], assumed exponential
growth of leukemia cells and did not include time-series simula-
tions, which limits their ability to capture realistic clinical scenar-
ios. In reality, leukemia cells grow under resource constraints,
following logistic dynamics [18].

To address this limitation, this study modifies the previous
model by incorporating logistic growth of leukemia cells and per-
forming time-series simulations to examine remission, relapse,
and coexistence. We hypothesize that this extended model can
better represent CAR T therapy dynamics and capture outcomes
observed in clinical practice. The objectives of this study are: (1)
to develop the extended model, (2) to analyze equilibria and bi-
furcations, (3) to perform numerical simulations, and (4) to com-
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pare the results with earlier models to highlight new biological
insights, including potential CRS occurrence.

2. Mathematical Model

This study reconstructs the mathematical model of Serrano
et al. [19] assuming that the population of leukemia cells grows
logistically [18]. The mathematical model consists of three pop-
ulations, that is, the CAR T cell population (C), the leukemia cell
population (L), and the B cell population (B). The assumptions
used in this study are: (i) the type of leukemia in this study is B-
Acute Lymphoblastic Leukemia (B-ALL); (ii) individuals affected by
Acute Lymphoblastic B-Leukemia have been given chemotherapy
before and can perform CAR T cell therapy treatment; (iii) CAR
T cells have been infused into the patient’s blood; (iv) this study
only involved B cells, leukemia cells, and CAR T cells; (v) leukemia
cells and B cells are assumed to express the CD19 antigen. These
assumptions are biologically reasonable because both B cells and
leukemia cells express the CD19 antigen, which is the direct tar-
get of CAR T cells [20]. The logistic growth of leukemia cells re-
flects the fact that their proliferation is rapid at early stages but
eventually limited by resource competition and the bone mar-
row microenvironment [21]. Furthermore, focusing only on CAR
T cells, B cells, and leukemia cells captures the dominant interac-
tions relevant to CD19 targeted CAR T cell therapy, while the con-
tribution of other immune populations is comparatively minor in
shaping treatment dynamics. Hence, the mathematical model un-
der study is as follows.

dcC 1

— = L+B+1)——

at C(PC( + B+ 1p) Tc)’

dL L

E = pLL <]. - Lmax> - OéCL, (1)
dB Iy 1

W B (ec ),

where pc represents the level of mitotic stimulation resulting
from interactions with CD19 cells distributed throughout the
body. pr denotes the proliferation rate of leukemia cells, while
L.y indicates the carrying capacity for leukemia cells. The pa-
rameter « quantifies the probability of interaction between CAR
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T cells and CD19 cells. Additionally, 7 and 75 refer to the av-
erage lifespans of CAR T cells and B cells, respectively, while I
represents the total number of B cells produced during B cell de-
velopment. Lastly, 77, symbolizes the average lifespan of B cell
progenitors. All parameters and constants in the system are pos-
itive.

3. Equilibria of The System
The equilibria of system (1) are obtained by taking % =

‘é—f = Cfi—f = 0. In this study, we have four equilibria:
1. P (o 0, Lozz

The condition that CAR T cells effectively eliminate leukemia
cells, but they also have a limited lifespan and eventually
die themselves. On the other hand, B cells typically thrive
and increase in number, with progenitor B cells having an
average lifespan of 7.

2. P2 (07 Lmax; I.[;ITB
0
The condition in which leukemia cells grow maximally with-
out therapy.

1 _ I 1
3. Py (a (ﬁo (ﬁ—fo) TB) 0, —— pCTC I0>

The state of CAR T cell therapy has been utilized to elimi-
nate leukemia cells, leading to the stimulation of B cells so
that CAR T cells can survive. The equilibrium point P; exists

1 T 1
when Iy € (chc (1 — Tsfno) ,pc—Tc).
4. Py(C*, L*, B*) with
1 A
cCr=—| - + D), 2
200 < TIDLmaX ( )
1 A
L = L (1= —( — D)), 3
! ( 2:0L< T1o Limax )) )
1 1 A
B* = _Lmax(l_(_ —|—D>>—Io,
pcTC 2pr TIo Lmax
(4)
where
1
A= - Lmax - IOa
pcTC
7—I[)Lmax
A= —— + pLTIUA7
B

Lo \ 2 4 AT
b ¢ (Fom Y e 22 (2 Do)
B Linax \ 7B TIq

The equilibrium point P, refers to the condition where
leukemia cells, CAR T cells, and B cells coexist.

4. Stability Analysis

The system of eq. (1) is a system of nonlinear differential
equations. Therefore, the stability analysis is performed using
linearization. Linearize the system to obtain the Jacobian matrix
as follows:

Jiw Jiz Jis
J=|Jor Jaa Joz|, (5)
J31 J3o J33
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where

1
Jii =pc(L+ B+ 1) - o Ji2 = pcC,

J1z3 = pcC, Jo1 = —al,
201, L
= p— TE= —aC, =0,
max
J31 = —ab, J32 =0,
1
J33 = — CVC - .
TB

Utilizing the Jacobian matrix eq. (5), we analyze the stability of
each equilibrium point of the system from its eigenvalues.

4.1.  Equilibrium Point P <(’), 0, 'Q%)

Theorem 1. The equilibrium point Py (O 0, I"TB) is a saddle
point and unstable.

Proof. By substituting the equilibrium point P; (0, 0, IUTB) into
the Jacobian matrix eq. (5), we obtain:
0 (IOTB +1 ) 0 0
T[O Tc
J(Py) = 0 PL 0 |- (6)
_alytp 0 -1
TI, B

The corresponding characteristics equation for eq. (6) gives the
Toi e = P =

-
Since pr, > 0, the equilibrium point P;is a saddle point and un-
stable. O

1nﬂx>
TIo

Theorem 2. The equilibrium point Ps (0 Limay, L2

eigenvalues: \; = p¢ (IUTB + Iy )

4.2. Equilibrium Point Py ((). Lnax

) is an lo-

TIo

cally asymptotically stable node if

10<( L fLmaX)(y 5 )
pcTC TB + T

Proof. By substituting the equilibrium point P, (O,Lmax7 Ig%)
0
into the Jacobian matrix eq. (5), we obtained:

[Ye] (Lmax + OTB +I ) Py 0 0

e]
J(PQ) = CVLmax —PL 0 - (7
algT 1
= o

The corresponding characteristics equation for eq. (7) gives the
eigenvalues:

IoT 1
/\1:/)0 (Lmax+ S_B+IO> -

Iy TC
AQ = —PL,
1
A3 = — —.
B
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H 1 T
Since I() < (m — Lmax) (1 — TB"FBTIO)' then )\1 < 0.

Therefore, the equilibrium point P, is an asymptotically stable
node. N

4.3.  Equilibrium Point

1 I 1 1
Py <a ( - > 0 Gere ~ ]0)
o (75 —lo) T

Theorem 3. The equilibrium point Ps is a spiral point and locally
asymptotically stable if

1 1
I()€ ( (1— " ), )
pcTC 8+ 711,(1+7BpPL) ) pcTC

Proof. By substituting the equilibrium point Ps into the Jacobian
matrix eq. (5), we obtained:

0 a2 a3
J(P3)=10 ax O0]. (8)
az1 0 as3

where
_pc Iy 1
="\ N |
TIo (Pc‘rc IO) B
a = p£ # _ i
13 (0% T 1 . B ’
To \ bere 0
Iy 1
i GrE
TIo (chc — ]0) B
Iy 1 1
w=— |\ N T
TIo (PCTC —Io) B B

ass :—1 .
1, (5~ 1o)

The corresponding characteristics equation for eq. (8) gives the
eigenvalues:

)\ = _—_———m—_
1 PL 1 — I B
Tlo \ pere 0

1 1
/\2,3 = 5 <a33 + \/(—CL33)2 — 4@@12 ( — Io)> .
pcTC

1 T .
oo (1 — TBHIO(erTBpL)), then A\; < 0. Since
I, < pc%c, then A\g 3 € C with Re(A\23) < 0. Therefore, the
equilibrium point Ps is an asymptotically stable spiral. O

Since Iy >

4.4. Equilibrium Point Py(C*, L*, B¥)
Theorem 4. The equilibrium point Py(C*, L*, B*) is locally

asymptotically stable if
1. p1 >0,

| Jambura J. Biomath

2. pip2 —p3 >0, and
3. p3>0
where

3

p1=—tr(J(Py)), p2= ZMm p3 = —det(J(Py)),
i=1

with M;; denotes the 2 x 2 principal minor of J(Py).

Proof. By substituting the equilibrium point P, into the Jacobian
matrix eq. (5), we obtained:

bin b2 bis
J(Py) = |bar b2a 0 |, 9)
bs1 0 b33

where coefficient of b;; are defined according to the system pa-
rameters. The corresponding characteristics equation for eq. (9)
is given by:

PoA> + p1AZ 4 poX +p3 = 0. (10)
with
Po = 17
p1 = — (b1 + baa + bs3)
= —tr(J(Py)),

P2 = b11baa + b11b33 + baobzz — bigbs1 — bi2bay

3
E Mi;,
i=1

p3 = — b11baobsz + b31b22b13 + b3zba1br2
= —det(J(Py)),

where M;; principal minor of J(P,). To determine the type of
stability at the equilibrium point P,, we use the following Routh’s
table of the characteristic equation eq. (10). Since pg = 1, the

Table 1. Routh’s Table

A3 Po p2 0

A P1 p3 0

)\1 pP1pP2—P3 0 0
p1

A0 3 0 0

Routh-Hurwitz Criterion says that the condition for the eigen-
values of the eq. (10) to be negative, or to have a negative real
part, is that all the terms in the first column of Table 1 must be
positive. In other words, the following conditions are satisfied:
p1 > 0, p1p2 — p3 > 0, and p3 > 0. These are conditions (i), (ii),
and (iii), respectively, required. This completes the proof. O

For a more thorough analysis, exploring the global stability of the
system should be considered in future studies.

5. Numerical Results

Numerical simulations were conducted using the parame-
ter values specified in Table 2, with initial values set at Cy =
5x10% Ly = 7 x 108, and By = 3 x 10°. In this study, we
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Table 2. Values of the Parameters

Parameters  Description Value Source
Io B cell progenitor population varies [19]
pc Proliferation rate of CAR T cell 10—11 [19]
oL Proliferation rate of leukemia cell 0.2 [19]
Limax carrying capacity of leukemia cell varies [18]
« Interaction rate between CAR T cells and leukemia cells 10~ 11 [19]
TC Means lifetime of CAR T cell 20 [19]
TIo Means lifetime of B cell progenitors 4 [19]
B Means lifetime of B cell 40 [19]

1 Ip represents the initial number of B cell progenitor. The different values of I are selected
to determine the dynamics of the effect of B cells on cancer.

2 Lmax denotes the carrying capacity of leukemia cells, modeled by logistic growth. Values
can be selected based on a range (109-1012) to represent different tumor spaces, with the
higher value corresponding to more aggressive disease progression.

assumed the carrying capacities of leukemia cells Ly, = 10°
compared to that assumed in [18], i.e.: Ly = 102, To study
the dynamics of the solutions, we implemented three different
values for Iy: 107, 3 x 10%, and 6 x 10°. These are divided into
the following cases.

5.1.

Case 1: Limax = 10° and Iy = 10°
When Ly = 10° and Iy = 10°, we find that the equi-
L7 ) are

librium points P, = (0,0, I‘)TB) and Py = (0, Liax, o
0

I,

both saddle points and thus unstable. The equilibrium point P;
is also unstable. In contrast, the equilibrium point P, is asymp-
totically stable, as it satisfies the conditions outlined in Theo-
rem 4. Figure 2a illustrates that when the carrying capacity of
leukemia cell, Lin,x = 10° and the initial progenitor B cell pop-
ulation of Iy = 10?, the equilibrium point P, = (C*, L*, B*)
is asymptotically stable. This equilibrium corresponds to a coex-
istence state where leukemia cells, B cells, and CAR T cells per-
sist together. Biologically, this means that although the leukemia
population is not eradicated, its growth is effectively restrained
by the immune response, particularly through the action of CAR
T cells supported by the presence of B cells. In this state, the
system reaches a balance where tumor cells remain present but
at a stable and controlled level, preventing uncontrolled prolif-
eration. Such a condition may represent a chronic but manage-
able disease state, in which therapy does not completely cure
the leukemia but maintains it under long-term control, mimick-
ing partial remission observed clinically.

5.2. Case2: Lyax = 102 and Iy = 3 x 10°

When L. = 102 and Iy = 3 x 10°, we find that the equi-
librium points P; = (0,0, I%TB) and P, = (0, Linax, Iﬁ;B) are
classified as a saddle point and are unstable. In contrast, thoe equi-
librium point Pj is asymptotically stable. Meanwhile, the equilib-
rium point Py = (C*, L*, B*) does not exist because there is a
negative value, which is not possible for the total population. Fig-
ure 2b demonstrates that the graphs converge to the equilibrium
point P3 = (3.5 x 101°,0,2 x 10%). This equilibrium is asymp-
totically stable, with the trajectories showing that the leukemia
cell population tends toward zero, while CAR T cells and B cells
remain positive. Biologically, this behavior corresponds to a com-
plete eradication of leukemia cells by CAR T therapy. The vanish-
ing of leukemic cells indicates that the immune-mediated killing
is sufficiently strong to overcome the proliferative capacity of the

| Jambura J. Biomath

tumor. At the same time, the persistence of B cells plays an im-
portant role, since they continue to provide antigenic stimulation
for CAR T cells, allowing these immune effectors to expand and
survive for a longer period. This dynamic interaction prevents
immune exhaustion and ensures that CAR T cells remain active
even after the leukemic burden has disappeared. Clinically, this
scenario reflects a state of durable remission or potential cure,
where the disease is eliminated and long-term immune surveil-
lance is established. Such an outcome illustrates the therapeutic
potential of CAR T therapy to achieve not only temporary con-
trol but also lasting elimination of leukemia, provided that the
balance between B cell stimulation and CAR T cell persistence is
maintained.

5.3. Case 3: Lyax = 10?2 and Iy = 6 x 10°

Increasing the value of Iy = 6 x 10?, it is determined that
the equilibrium points P; = (0, 0, 13:3 )and Py = (0, Liax, Iﬁ%)
are unstable, while The equilibrium 0point P; fails to exist. Four-
thermore, the equilibrium point P, does not exist as well due to
the presence of a negative population. Figure 2c illustrates that
although leukemia cells can be eliminated and B cells get stimu-
lated, CAR T cells keep growing. This does not converge to any
equilibrium point. Biologically, this situation represents an unre-
alistic condition, since in reality CAR T cells cannot expand indef-
initely in the patient’s body. Such uncontrolled proliferation may
be interpreted as a model representation of therapy-related tox-
icity, such as cytokine release syndrome (CRS), which arises from
excessive immune activation. In other words, while the therapy
succeeds in eradicating leukemia under this parameter setting,
it may also lead to severe side effects due to the lack of regula-
tory mechanisms controlling CAR T cell expansion. This outcome
highlights the necessity of incorporating biological feedback or
regulation in the model to capture a more realistic therapeutic
scenario, where leukemia eradication is achieved without dan-
gerous immune overactivation.

5.4. Case 4: Liax = 10*2 and Iy = 10°
Taking when L.« = 10'2 and I, = 10°, it is deter-
mined that the equilibrium points P, = (0,0, Ig%) and P, =
0

(0, Limax, Iﬁ;B ) are unstable. The equilibrium point Ps is unstable
0

because it does not satisfy the condition of Theorem 3. In con-
trast, the equilibrium point Py = (C*, L*, B*) is asymptotically
stable, as it meets the criteria outlined in Theorem 4. The graph

Volume 6 | Issue 3 | September 2025
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Figure 2. (a) Numerical simulation of solution of system eq. (1) when Iy = 10%; Ly = 10°. (b) Numerical simulation of solution of

system eq. (1) when Ip = 3% 10%; Luax = 10°. (c) Numerical simulation of solution of system eq. (1) when Iy = 6 x 10°%; Linax =

10°. (d) Numerical simulation of solution of system eq. (1) when Iy = 10%; Ly = 10*2.

in Figure 2d illustrates that when Ly, = 10'2 and I, = 107,
the condition means that all three populations CAR T cells, B
cells, and leukemia cells remain positive and eventually reach a
stable coexistence state after initial oscillations. These oscilla-
tions represent cycles of partial remission and relapse, which bio-
logically resemble clinical conditions where the leukemia burden
temporarily decreases before stabilizing at a chronic level. This
indicates that leukemia cells cannot be completely eradicated but
instead persist at a stable level together with B cells and CAR T
cells.

Unlike Cases 1-3 where the number of leukemia cells is the
lowest (or even completely eliminated) among the other two cell
populations, in Case 4 the number of leukemia cells is higher
than that of B cells. For Iy = 3 x 10° and Iy = 6 x 107, the
system solution will be the same as in Case 2 and Case 3. In
the following simulations, we study the stability of the solutions
and their bifurcations. Based on the expression of the equilib-
ria, we divide the Iy — 7¢pc plane into regions, in which the
stability of each equilibrium point is determined, as shown in
Figure 3a. The graph in Figure 3a displays four distinct curves,
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each corresponding to the stability conditions of specific equi-
librium points. The yellow curve is defined by the equation

_ 1 1B -
Iy = (chc Lmax) (1 . ) The blue curve is given by
Iy = — ( — B . The green curve can be expressed
pcTC TB+TIg

as Iy = ) . Finally, the red curve is

1 T
pcTC (1 - TB+7'IO(1B+TBPL)
represented by: Iy = pcch. Additionally, the dashed black line
indicates the value of pc7¢, which is 2 x 10710, Based on these

curves, five regions can be identified: Ry, R2, R3, R4, and Rs.

1 B
(72 = L) (1= 5257):
pcTC TB+TIO

The stability of each equilibrium point is as follows:

In region Ry, thatis Iy <

1. The equilibrium point P; exists and is unstable, with a
stable manifold of dimension 2 and an unstable man-
ifold of dimension 1. Therefore, the dimensions of
the manifolds at equilibrium point P; are given by
(dim(W*(Py)), dim(W*(P1))) = (2,1).

2. The equilibrium point P, exists and is asymptotically
stable.  The dimensions of the stable and unstable
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cell population (C), while the x-axis corresponds to the initial number of progenitor B cells (Io).

manifolds at the equilibrium point P, are given by
(dim(W#(Py)), dim(W*(Py))) = (3,0).

. The equilibrium point Ps; does not exists but is unstable.
The dimension of the stable manifold is 1, while the di-
mension of the unstable manifold is 2. Thus, the dimen-
sions of the manifolds at the equilibrium point P; are
(dim(W*(Py)), dim(W*(Py))) = (1,2).

. The equilibrium point P4 does not exist because it has a neg-
ative coordinate. However, if it were to exist, it would be un-
stable, with a dimension of 1 for the instability manifold and
a dimension of 2 for the stability manifold. Therefore, the
hypothetical dimensions of the manifolds at the equilibrium
point P, would be (dim(W?(FPy)), dim(W™*(Py))) = (2,1).

Joiere (- 525))

In region Rs, that is

1
" peTe

B
B + TI,

B
B + TIy

e (1) (i

pCcTC

The stability of each equilibrium point is as follows:
1. The equilibrium point P; exists and is unstable. The di-

mension of the instability manifold is 1, while the dimen-
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Inr

Iy

sion of the stability manifold is 2. Therefore, the dimen-
sions of the manifold at the equilibrium point P; are given
by (dim(W*(P1)), dim(W*"(F1))) = (2,1).

. The equilibrium point P, exists and is unstable, with an in-

stability manifold dimension of 1 and a stability manifold
dimension of 2. Thus, the dimensions of the manifold at the
equilibrium point P are (dim(W?#(P)), dim(W"(FP2)))
(2,1).

. The equilibrium point P; does not exists and is unstable.

The dimension of the stability manifold is 1, and the dimen-
sion of the instability manifold is 2. Consequently, the di-
mensions of the manifold at the equilibrium point Ps are
(dim(W*(P3)), dim(W*"(P3))) = (1,2).

. The equilibrium point P, exists and is asymptotically stable.

Hence, the dimensions of the manifold at the equilibrium
point Py are (dim(W?(Py)), dim(W"(Py))) = (3,0).
egion Rg3, thatis

(e (
€ 1-—
pCcTC

1
" peTo

B
(1+7BprL)

B
B + Ty

)
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The stability of each equilibrium point is as follows:

1. The equilibrium point P; exists and is unstable. The
dimension of the stability manifold is 1 and the di-
mension of the instability manifold is 2. Hence, the
dimension of the manifold at equilibrium point P is
(dim(W*(Py)), dim(W*(P1))) = (1,2).

2. The equilibrium point P, exists and is not stable. The
dimension of the stability manifold is 2 and the di-
mension of the instability manifold is 1. Hence, the
dimension of the manifold at equilibrium point Ps is
(dim(W*(Py)), dim(W*(Py))) = (2,1).

3. The equilibrium point P; exists and is unstable. The dimen-
sion of the stability manifold is 2. The dimension of the man-
ifold is 1. Then the dimension of the manifold at the equi-
librium point Ps is (dim(W?*(P3)), dim(W™*(Ps))) = (2, 1).

4. The equilibrium point P, exists and is asymptoti-
cally stable so the manifold dimension at this point is
(dim(W*(Py)), dim(W*(Py))) = (3,0).

In region Ry, that is

1 1
¢ (e (- mrnttrmam) 7o)
pcTC 8+ 11,(L+7BPL) ) PCTC

The stability of each equilibrium point is as follows:

1. The equilibrium point P; exists and is unstable. The
dimension of the stability manifold is 1. The dimen-
sion of the instability manifold is 2. Hence, the di-
mension of the manifold at the equilibrium point P; is
(dim(W*(Py)), dim(W*(P1))) = (1,2).

2. The equilibrium point P; exists and is unstable. The dimen-
sion of the stability manifold is 2. The dimension of the in-
stability manifold is 1. Then the dimension of the manifold
at equilibrium point Py is (dim(W?*(P)), dim(W*(P,))) =
(2,1).

3. The equilibrium point P;5 exists and is asymptotically stable.
Then the dimension of the manifold at the equilibrium point
Py is (dim(W*#(P3)), dim(W"*(P3))) = (3,0).

4. The equilibrium point P, does not exist because there is
a negative coordinate. The equilibrium point P is unsta-
ble with manifold dimension 2 and manifold dimension 1.
Then the manifold dimension at equilibrium point Py is
(dim(W*(P)), dim(W*(Py))) = (2,1).

Inregion R, thatis Iy > pcch . The stability of each equilibrium
point is as follows:

1. The equilibrium point P; exists and is unstable. The dimen-
sion of the stability manifold is 1. The dimension of the in-
stability manifold is 2. Then the dimension of the manifold
at equilibrium point Py is (dim(W?*(Py)), dim(W*(Py))) =
(1,2).

2. The equilibrium point P» exists and is unstable with a sta-
bility manifold dimension of 2 and an instability manifold
dimension of 1. The manifold dimension at the equilibrium
point Py is (dim(W?(P,)),dim(W"(FPz))) = (2,1).

3. The equilibrium point P; exists and is asymptotically sta-
ble. Hence, the manifold dimension at the equilibrium Pj is
(dim(W*(P3)), dim(W*"(P3))) = (3,0).

4. The equilibrium point P; does not exist because there is a
negative coordinate. The equilibrium point Py is unstable.
The dimension of the stability manifold is 2. The dimension
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of the manifold is 1. The dimension of the manifold at this
point is (dim(W#(Py)), dim(W™*(Py))) = (2,1).

Biologically, the five regions describe distinct outcomes of
CAR T cell therapy. In Region Ry, CAR T cells provide only tran-
sient control, and leukemia eventually regrows uncontrollably,
indicating treatment failure. In Region R, and Region R3, the sys-
tem settles into a chronic coexistence state where leukemia per-
sists at a controlled level together with CAR T cells and B cells, re-
flecting partial but non-curative therapy. In contrast, Region Ry
and Region R5 correspond to successful treatment, as leukemia is
completely eradicated and long-term remission is achieved with
sustained CAR T cells and B cells, representing the most favorable
clinical outcome.

Using the parameter values in Table 2 and the values of the
selected leukemia cell carrying capacity parameter, e.g. L.,z =
10° and Lpya = 10'2, there is a change in the stability of the
system (1) for the parameter of the population of progenitor B
cells. This indicates that the bifurcation occurs at parameter .

The simulation depicted shows various equilibrium points
represented by different colors: the red curve corresponds to
equilibrium point P, the yellow curve represents P,, the blue
curve indicates P3, and the green curve denotes P;. Thick
lines represent stable states, while dashed lines indicate unsta-
ble states. The point labeled H signifies a subcritical Hopf bifur-
cation, and BP marks a transcritical bifurcation point.

Figure 3b illustrate that in region R, the equilibrium
points P; and P, are exist with the equilibrium point P; is sta-
ble. The equilibrium point P, changes to unstable when I ~
0.36 x 10?. In region Ry, the equilibrium points P;, P,, and P,
are exist with the equilibrium point P, is stable. Region R3, all
of the equilibrium points exist and the equilibrium point P, is
still stable. The equilibrium point P, changes to unstable when
Iy ~ 2.3 x 10°. This condition is a transcritical bifurcation. The
equilibrium point Py also does not exist for region R4 and Rs,
while the equilibrium points Py, P», and Ps are exist with the
equilibrium point Pj is stable.

Biologically, the initial number of B cells progenitor
strongly influences the outcome of CAR T cell therapy. When
the number of B cell progenitors is very low, CAR T cells cannot
persist and leukemia eventually grows back, indicating treatment
failure. With a moderate number of B cell progenitors, the sys-
tem reaches a state of partial control where leukemia remains
but is kept at a chronic level together with CAR T cells and B
cells. As the availability of progenitor B cells increases further,
CAR T cells can be maintained more effectively, enabling long-
term suppression and even complete elimination of leukemia. In
this case, the therapy leads to stable remission, representing the
most favorable clinical scenario. Overall, the figure emphasizes
that sufficient support from B cell progenitors is essential for CAR
T cells to survive and provide durable therapeutic benefits [22].

The following is a simulation when the carrying capacity
of leukemia cells increases to Ly, = 10'2. Since the carrying
capacity of leukemia cells increases to L., = 10'2, the region
has a difference from the Figure 3b. Figure 3c show that in region
R; all of the equilibrium points doesn’t exist. Initially, in the
region Ry all of the equilibrium points doesn’t exist. But when
Iy is zero, all of the equilibrium points are exist with stable on
the equilibrium point P;. And region Ry also has a subcritical
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hopf when Iy ~ —1.2 x 10'%. In the region R3, the same of
condition as the previous region. When Iy ~ 0.23 x 100, the
equilibrium point P, changes the stability to unstable. It is a
condition transcritical bifurcation. Lastly, in region R4 and Rj,
the equilibrium point P, doesn’t exist and the equilibrium point
P is stable.

Biologically, illustrates that when leukemia has a very high
growth capacity, CAR T therapy struggles to achieve complete re-
mission. Inregion Ry, CART cells can initially suppress leukemia,
but the system tends to fluctuate, indicating unstable control and
the risk of relapse. This reflects a clinical condition where pa-
tients may experience temporary remission followed by disease
resurgence. In region Rj3, the situation is similar, as CAR T cells
continue to coexist with leukemia cells, leading to a chronic state
rather than eradication. As the system progresses to regions R,
and Rs, leukemia grows too aggressively, and CAR T cells can no
longer maintain long-term control. In this case, remission is lost
and the disease stabilizes at a persistent level. Overall, this figure
highlights that when leukemia has a large carrying capacity, CAR
T therapy may only provide partial and temporary benefits, mak-
ing long-term remission increasingly difficult to achieve [23, 24].

To further illustrate the biological consequences of the bi-
furcation analysis in Crefbifurkasi 2, a phase portrait is presented
in Figure 4. This representation provides deeper insight into how
the system evolves over time, showing the potential transition
from remission to coexistence and its clinical implication as dis-
ease relapse. Figure 4 illustrates the phase portrait of the system
in region R3, where trajectories initially approach the remission
equilibrium point P; but eventually leave it and move toward the
coexistence equilibrium point P,, forming a heteroclinic cycle.
Unlike the oscillatory relapse explained by the Hopf bifurcation
in Figure 8, this behavior reflects a transition between remission
and coexistence states. Biologically, it suggests that remission
may only be temporary: CAR T cells can suppress leukemia at
first, but hidden instabilities in the immune—leukemia interac-
tion drive the system back to coexistence, where leukemia re-
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emerges alongside CAR T and B cells. Clinically, this explains
why some patients relapse after initial remission, highlighting
that durable cure depends on the system’s ability to stabilize at
remission rather than cycle back to coexistence [25].

6. Conclusion

This research builds upon previous work by Serrano et al.
[19], analyzed the interactions among CAR T cells, leukemia cells,
and B cells and reported three equilibrium points. In contrast,
this study identified four equilibria, with the additional point
representing a condition where leukemia cells reach their max-
imum capacity at the initial stage while CAR T cells vanish and
B cells persist. This difference stems from the assumption of
logistic growth for leukemia cells in this study, instead of the
exponential growth assumed previously. Methodologically, pre-
vious study concentrated on stability and bifurcation analysis,
while this study extended the approach by incorporating numer-
ical time-series simulations, which provided a clearer picture of
transient dynamics such as temporary remission, relapse, and co-
existence states.

The bifurcation outcomes also reveal important distinc-
tions. Although both studies observed transcritical and subcriti-
cal Hopf bifurcations, this study demonstrates different patterns
under varying leukemia carrying capacities and further uncovers
a heteroclinic cycle that accounts for the possibility of relapse
after remission. From a biological perspective, the findings high-
light that B cells have a more nuanced role: beyond sustaining
CAR T cell activation, an excessive number of progenitor B cells
may also trigger serious clinical complications such as Cytokine
Release Syndrome (CRS) and B cell aplasia. Overall, this study ex-
tends earlier results by offering deeper mathematical insights and
broader clinical interpretations. For future research, the model
could be refined by integrating additional biological mechanisms
such as immune regulation, microenvironmental constraints, or
cytokine feedback, and by validating the simulations with lon-
gitudinal clinical data. These developments would help build a
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more realistic framework and support the optimization of CAR T
cell therapy strategies.
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