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A dynamical analysis of a predator-prey model: Exploring the
influence of the Allee effect, environmental protection, and
supplementary food sources

Resmawan Resmawan1, Agus Suryanto1,∗, Isnani Darti1, and Hasan S. Panigoro2

1Department of Mathematics, University of Brawijaya, Malang City, East Java 65145, Indonesia
2Department of Mathematics, Universitas Negeri Gorontalo, Bone Bolango Regency, Gorontalo 96554, Indonesia

ABSTRACT. This paper introduces a new predator-prey model with supplementary food sorces for the predator
and the Allee effect on prey. Analytical proof of the existence, uniqueness, non-negativity, and boundedness of the
solutions validates the model. Three equilibrium points are found: a trivial point, whose local stability depends
on the Allee effect’s strength; a semi-trivial point, and an interior point whose local stability depends on certain
conditions. The Lyapunov function and La Salle invariance principle show that each equilibrium point is globally
asymptotically stable. The system displays intricate dynamical behaviors, including forward and Hopf bifurcations,
along with bistability, which is regulated by critical parameters such as the predation conversion rate, environmental
protection rate, and supplementary food sources. Under a weak Allee effect, increasing the predation conversion rate or
supplementary food can shift the system from predator extinction to oscillatory coexistence. In contrast, under a strong
Allee effect, these increases may instead drive both species to extinction if thresholds are exceeded. Moreover, variations
in environmental protection rate yield contrasting outcomes: while a higher rate under weak Allee conditions may
stabilize prey and eliminate predators, under strong Allee conditions, it may lead to total extinction. These findings
illustrate the intricate relationship between biological and environmental components, highlighting the necessity for
preventive measures and supplementary resources in population outcomes. The findings indicate that environmental
protection and supplementary food sources influence species persistence and extinction in predator-prey dynamics,
which is crucial for ecological conservation.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJBM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction
Predator-prey relationships as a fundamental topic in math-

ematical ecology have been extensively investigated to under-
stand population dynamics in ecosystems. Mathematical mod-
eling as the main tool describing this relationship allows sci-
entists to project the survival of species through time, taking
into account various ecological factors that affect their interac-
tions. The interaction between two interdependent species can
be analyzed through conventional predator-prey models, espe-
cially those developed by Lotka [1] and Volterra [2]. The classic
Lotka-Volterra model has undergone several modifications, in-
cluding the integration of a logistic growth function for the prey
population, which became known as the Gause model [3]. How-
ever, these models are often considered too simple as they ignore
more complicated ecological factors. Therefore, many modifi-
cations were made involving various functional responses [4, 5].
Holling identified three main types of functional responses based
on prey population dynamics (Holling types I, II, and III), which
have been widely used in ecological studies [6, 7]. Furthermore,
ratio-dependent models like Beddington-DeAngelis and Crowley-
Martin as well as Monod-Haldane and other functional responses
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have been created to enhance knowledge of species interactions
in ecosystems [8–10]. Moreover, ecological elements such as the
Allee effect and the accessibility of supplementary food for preda-
tors also influence predator-prey interactions. These elements
taken together can increase the complexity of predator-prey in-
teractions and reflect a key emphasis in modern ecological stud-
ies.

The Allee effect has been a focus of research in mathemat-
ical ecology over the past few decades, with many recent stud-
ies demonstrating the significance of this effect in understand-
ing population dynamics. This phenomenon describes a situation
where prey populations experience reduced growth rates when
the number of individuals is too low, which can be caused by
difficulties in finding mates, group protection, or cooperation in
finding food [11]. The use of the Allee effect in predator-prey
models has garnered considerable focus. Rahmi et al. [12] ex-
amined stability within a fractional-order Leslie-Gower model in-
corporating Allee effects in predators, demonstrating its influ-
ence on species stability. Panigoro and Rahmi [13, 14] created a
Lotka-Volterra model with additive Allee effects, elucidating the
difficulties predators encounter amid fluctuations in prey popu-
lations. Rahmi et al. [15] modified the Leslie-Gower model to
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combine the Beddington-DeAngelis functional response with the
double Allee effect and memory. Anggriani et al. [16] incorpo-
rated the aspect of intraspecific rivalry inside the framework of
the Allee effect, illustrating more authentic predator behavior.
These studies jointly underscore the significance of comprehend-
ing the Allee effect’s impact and establish a foundation for sub-
sequent research on predator-prey dynamics. Recent research
has shown that including the Allee effect in predator-prey mod-
els creates far more complex dynamics, such as bistability, local
extinction, and increased risk of prey population extinction [17–
21]. Investigations into variations in Allee effects show that prey
populations with Allee thresholds exhibit differences in the sta-
bility and complexity of dynamic behavior [22–25]. Furthermore,
issues such as predation uncertainty and the effect of group be-
havior on prey populations have started to be addressed [26, 27].
Despite several studies, the majority inadequately depict the in-
terplay between the Allee effect and other ecological factors. Ad-
ditional research incorporating the Allee effect alongside diverse
ecological responses-such as supplementary food sources and be-
havioral impacts is essential to provide a comprehensive under-
standing of predator-prey dynamics in complex systems.

Another essential factor that significantly impacts predator-
prey dynamics is the accessibility of supplementary food sources
for predators. Providing supplementary food to predators al-
leviates predation pressure on primary prey species, enhanc-
ing ecosystem stability [28]. Multiple studies have incorporated
supplementary food into predator-prey models, underscoring its
substantial impact on the stability and intricacy of population dy-
namics. Supplemental food can modify predator-prey dynamics,
stabilizing certain situations [29] while inducing fluctuations that
may lead to extinction in others [30]. Debnath et al. [29] illus-
trated in a fractional differential model that the provision of food
enhances biological control and stabilizes predator-prey dynam-
ics. Meanwhile, Gökçe [30] showed that supplementary food
can produce Hopf bifurcations, which make predator and prey
populations oscillate. Furthermore, recent research has focused
more specifically on examining the impact of various supplemen-
tary food sources. Prasad et al. [31] emphasized the signifi-
cance of supplementary food in influencing population dynamics,
while García & Cuenca [32] examined the impact of supplemen-
tary food sources on predator diets utilizing the Leslie-Gower
model. Saha et al. [33] investigated the effects of supplementary
food in conjunction with prey protection, whereas Mondal and
Samanta [34] found that supplementary food doesn’t necessarily
help predators develop and may even lower predator biomass,
depending on the amount consumed and the system’s structure.
Wang et al. [35] explored the correlation between supplemen-
tary food sources and protective mechanisms in the spatiotem-
poral dynamics of predator-prey interactions, whereas Singh and
Poonam [36] discovered that supplementary food could trigger
phase transitions in predator-prey systems. Many studies, how-
ever, neglect the impact of the Allee effect, which may obfuscate
the interactions between predators and prey. Therefore, addi-
tional study is required to incorporate the Allee effect with the
supplementary food dimension in predator-prey models to im-
prove understanding of complex ecosystem dynamics.

To date, the integration of the Allee effect and supplemen-
tary food within predator-prey models remains markedly under-

explored. Nevertheless, the interaction between these two eco-
logical mechanisms can generate unexpected and complex dy-
namics, complicating the assessment of population stability. The
scant research regarding their synergistic effects constrains the
current comprehension of the nonlinear interactions that may
emerge, encompassing modified extinction thresholds, signifi-
cant bifurcation structures, and transitions in the stability regime
of predator-prey systems. This gap underscores the need for a
comprehensive mathematical framework to examine the syner-
gistic effects of these interacting factors rigorously.

This study addresses this gap by proposing and analyzing
a novel predator–prey model that integrates a modified Holling
Type II functional response, accounting for supplementary food;
logistic growth of the prey population, incorporating an additive
Allee effect; and the impact of supplementary food availability on
the predator’s consumption and survival dynamics.

From a methodological standpoint, the study employs lo-
cal and global stability analyses to determine the existence and
nature of equilibrium points under varying ecological conditions.
These analyses are conducted within a multidimensional param-
eter space that includes the Allee effect strength, predation con-
version rate, quantity of supplementary food for predators, and
environmental protection rate. To explore dynamic transitions
within the system, bifurcation analysis, with an emphasis on Hopf
bifurcations, is used to detect the onset of limit cycles and transi-
tions from stable equilibrium points to oscillatory regimes. Fur-
thermore, advanced tools such as eigenvalue analysis and Lya-
punov function construction are utilized to examine the behav-
ior of trajectories near equilibrium points and to characterize the
system’s response to perturbations.

Complementing the analytical results, numerical simula-
tions using the fourth-order Runge-Kutta method are conducted
to visualize the system’s long-term behavior across diverse eco-
logical scenarios. These simulations reveal critical insights into
the emergence of oscillatory dynamics, sudden population col-
lapses, and stabilization phenomena. They highlight that higher
Allee thresholds, when combined with excessive supplementary
food, may paradoxically destabilize the system, counteracting ini-
tial assumptions about their stabilizing roles.

In summary, this research makes several significant theo-
retical contributions to the field of mathematical ecology by:

1. Introducing a novel modeling framework to study the cou-
pled influence of the Allee effect and supplementary food
on predator-prey dynamics;

2. Identifying critical thresholds and bifurcation conditions
that govern shifts in system behavior; and

3. Providing ecological interpretations of the model outcomes
that can inform population management and conservation
strategies, especially for species susceptible to extinction
due to low-density effects and predation pressure.

The findings are anticipated to not only advance the the-
oretical landscape of predator-prey modeling but also serve as
a foundation for policy-relevant recommendations in biodiver-
sity conservation, particularly in contexts where anthropogenic
interventions, such as food provisioning, interact with intrinsic
species vulnerabilities.
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Table 1. Model parameters, definitions, and dimensional units.

Parameter Definition Dimension
r Intrinsic growth rate of the prey time−1

K Environmental carrying capacity of the prey density
h Severity of the Allee effect density
w Scaling parameter of the Allee effect density
a Maximum predation rate time−1

b Predation half-saturation constant density
c Biomass conversion efficiency time−1

δ Natural mortality rate of predators time−1

k Ratio of handling times (supplementary food vs prey) dimensionless
m Predator efficiency in locating supplementary food dimensionless
A Quantity of supplementary food available to predators density

2. Model Development
This section presents a predator-prey model that integrates

the Allee effect on prey and the provision of supplementary food
for predators. The model is based on previous research: Bai and
Zhang [37] suggested that the Allee effect may hinder the growth
of prey populations at low densities. Conversely, Debnath et
al. [29] showed that supplementary food can alleviate predation
pressure and alter predator behavior. The predator-prey inter-
action incorporating an Allee effect in the prey population and
the influence of supplementary food for predators is described
by the following system of differential equations:

dN

dt
= rN

(
1− N

K
− h

w +N

)
− aNP

b+ kmA+N
,

dP

dt
=

c(N +mA)P

b+ kmA+N
− δP,

(1)

where N(t) and P (t) denote the prey and predator densities,
respectively. All parameters are positive, and their definitions
and dimensional units are summarized in Table 1.

The prey population N(t) follows logistic growth with in-
trinsic rate r and carrying capacity K, but is additionally influ-
enced by an Allee effect captured by parameters h and w. The
Allee effect accounts for reduced reproductive success or survival
at low prey densities, arising from mechanisms such as difficulty
in finding mates, diminished cooperative defense, or increased
susceptibility to predation. When the prey density falls below
the threshold determined by h and w, its growth rate declines,
increasing the risk of population collapse. In this context, the
term rh appearing in the expression

rN

(
1− N

K
− h

w +N

)
represents the maximal reduction in the prey per-capita growth
rate due to the Allee effect when prey density is close to zero.
Biologically, rh represents the strength of the negative demo-
graphic pressure experienced by the prey population at very low
densities, combining both the intrinsic rate capacity r and the
severity of the Allee effect h.

Predation follows a modified Holling-type II functional re-
sponse that depends on both prey density and the availability of
supplementary food. The parameter a specifies the maximum
predation rate, while the half-saturation constant b determines
the prey density at which predation reaches half of this maxi-
mum. The parameters k, m, and A govern how supplementary

food modifies predator foraging behavior: k scales the relative
handling time, m measures the predator’s ability to locate sup-
plementary food, and A represents the quantity of supplemen-
tary food provided.

The predator populationP (t) grows through the consump-
tion of prey and supplementary food, with conversion efficiency
determined by parameter c. Natural mortality occurs at rate δ.
Overall, the model incorporates the main ecological processes
governing the system, including density-dependent prey growth,
nonlinear predation, and the influence of supplementary food,
which can either stabilize or destabilize predator persistence.

3. Existence and Uniqueness

Theorem 1. Let M > 0 be a constant satisfying M =
max{N,P}. For each non-negative initial condition on Ω, the
model (1) has a unique solution on Ω × [0, T+] for some finite
time T+ < ∞.

Proof. The existence and uniqueness of the model’s (1) solution
will be proved in Ω × [0, T ] with T < ∞. Let X = (N,P ) and
X̄ =

(
N̄ , P̄

)
, with the mapping F (X) = (F1 (X) , F2 (X)) and

F1 (X) = rN

(
1− N

K
− h

w +N

)
− aNP

b+ kmA+N
,

F2 (X) =
c(N +mA)P

b+ kmA+N
− δP.

(2)

For every X, X̄ ∈ Ω, it holds that

∥∥F (X)− F
(
X̄
)∥∥ =

∣∣F1 (X)− F1

(
X̄
)∣∣+ ∣∣F2 (X)− F2

(
X̄
)∣∣ ,

=

∣∣∣∣∣
[
rN

(
1−

N

K
−

h

w +N

)
−

aNP

b+ kmA+N

]

−
[
rN̄

(
1−

N̄

K
−

h

w + N̄

)
−

aN̄ P̄

b+ kmA+ N̄

]∣∣∣∣∣
+

∣∣∣∣∣
[
c(N +mA)P

b+ kmA+N
− δP

]
−
[
c(N̄ +mA)P̄

b+ kmA+ N̄

− δP̄

]∣∣∣∣∣,
≤
∣∣r(N − N̄)

∣∣+ ∣∣∣ r
K

(N2 − N̄2)
∣∣∣+ ∣∣∣∣ hrw(N − N̄)

(w +N)(w + N̄)

∣∣∣∣
+

∣∣∣∣∣a
(
(b+ kmA)(N(P − P̄ ) + P̄ (N − N̄))

(b+ kmA+N)(b+ kmA+ N̄)
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+
N̄N(P − P̄ )

(b+ kmA+N)(b+ kmA+ N̄)

)∣∣∣∣∣
+

∣∣∣∣∣c
(
(b+ kmA)(N(P − P̄ ) + P̄ (N − N̄))

(b+ kmA+N)(b+ kmA+ N̄)

+
N̄N(P − P̄ ) +mAN̄(P − P̄ )

(b+ kmA+N)(b+ kmA+ N̄)

)∣∣∣∣∣
+

∣∣∣∣ cmAP̄ (N − N̄)

(b+ kmA+N)(b+ kmA+ N̄)

∣∣∣∣
+

∣∣∣∣ c(bmA+ km2A2)(P − P̄ )

(b+ kmA+N)(b+ kmA+ N̄)

∣∣∣∣
+
∣∣δ(P − P̄ )

∣∣ ,∥∥F (X)− F
(
X̄
)∥∥ =

(
r +

r

K

∣∣N + N̄
∣∣+ hrw

(w +N)(w + N̄)

+
a(b+ kmA)P̄

(b+ kmA+N)(b+ kmA+ N̄)

+
c(b+ kmA)P̄

(b+ kmA+N)(b+ kmA+ N̄)

+
cmAP̄

(b+ kmA+N)(b+ kmA+ N̄)

)∣∣N − N̄
∣∣

+

(
aN(b+ kmA+ N̄)

(b+ kmA+N)(b+ kmA+ N̄)

+
c((b+ kmA)N + N̄N +mAN̄)

(b+ kmA+N)(b+ kmA+ N̄)

+
c(bmA+ km2A2)

(b+ kmA+N)(b+ kmA+ N̄)
+ δ

)∣∣P − P̄
∣∣ .
(3)

Next, let M be a positive constant with M = max {N,P} , such
that inequality (3) can be written as

∥∥F (X)− F
(
X̄
)∥∥ ≤

(
r +

2rM

K
+

hrw

(w +M)2
+

a(b+ kmA)M

(b+ kmA+M)2

+
c(b+ kmA)M

(b+ kmA+M)2
+

cmAM

(b+ kmA+M)2

) ∣∣N − N̄
∣∣

+

(
aM(b+ kmA+M)

(b+ kmA+M)2
+

c(bmA+ km2A2)

(b+ kmA+M)2

+
c((b+ kmA)M +M2 +mAM)

(b+ kmA+M)2
+ δ

)∣∣P − P̄
∣∣

= L1

∣∣N − N̄
∣∣+ L2

∣∣P − P̄
∣∣ ,

with

L1 = r +
2rM

K
+

hrw

(w +M)2
+

M(a+ c)(b+ kmA) + cmAM

(b+ kmA+M)2
,

L2 = δ +
(a+ c)M + cmA

b+ kmA+M
.

By choosing a positive constant L = max (L1 , L2) , we obtain∥∥F (X)− F
(
X̄
)∥∥ = L

(∣∣(N − N̄
)∣∣+ ∣∣(P − P̄

)∣∣)
≤ L

∥∥X − X̄
∥∥ .

According to the Lipschitz condition [38], the function F (X)
satisfies the Lipschitz condition criteria, ensuring the existence
of a unique solution X (t) of the model (1) with initial value
X (0) = (N (0) , P (0)) ∈ Ω. Therefore, the solution of the
model (1) exists and is unique.

4. Nonnegativity and Boundedness

Theorem 2. All solution of the model (1) with positive initial val-
ues (N (0) , P (0)) ∈ R2

+ are always non-negative.

Proof. We will prove that if (N(0), P (0)) ∈ R2
+, then N(t) ≥ 0

andN(t) ≥ 0, ∀t ≥ 0. For the first case, we will proveN(t) ≥ 0.
Assume that N(t) ≥ 0, ∀t ≥ 0 is not true. There is t1 > 0 such
that 

N(t) > 0, 0 < t < t1

N(t) = 0, t = t1

N(t) < 0, t > t1.

If N(t1) = 0, we can use the first equation in the model (1) to
obtain

dN

dt

∣∣∣∣
t=t1

= 0.

Thus, there is no change in population density at t = t1. This
contradicts the statement that N(t) < 0 for t > t1, such that
the previous assumption is false. It means the statement that
N(t) ≥ 0, ∀t ≥ 0 is true. In the same way, it can be shown that
P (t) ≥ 0, ∀t ≥ 0.

Theorem 3. All solutions of the model (1) with initial val-
ues (N (0) , P (0)) ∈ R2

+ are uniformly bounded in Ω ={
(N,P ) ∈ R2

+ : 0 < Q ≤ K(r+γ)2

4γr + ε, ε > 0
}
.

Proof. Define
Q = N +

a

c
P.

For any γ > 0, it can be shown that,

dQ

dt
+ γQ = rN

(
1− N

K
− h

w +N

)
− aNP

b+ kmA+N

+
a

c

(
c(N +mA)P

b+ kmA+N
− δP

)
+ γN +

γa

c
P

≤ K(r + γ)2

4r
+

amAP

kmA
− δa

c
P +

γa

c
P

=
K(r + γ)2

4r
+

γk − (δk − c)

kc
aP.

By choosing a sufficiently small γ that satisfies γk < (δk−c), we
obtain:

dQ

dt
+ γQ ≤ K(r + γ)

2

4r
.

Based on Gronwall’s inequality [39], we have

lim
t→∞

Q(t) ≤ K(r + γ)
2

4γr
.

This shows that Q (t) are bounded in Ω, i.e.

Ω =

{
(N,P ) ∈ R2

+ : 0 < Q ≤ K(r + γ)
2

4γr
+ ε, ε > 0

}
.

JJBM | Jambura J. Biomath Volume 6 | Issue 4 | December 2025



R. Resmawan, A. Suryanto, I. Darti, and H. S. Panigoro – A dynamical analysis of a predator-prey model: Exploring the influence… 315

5. Existence and Stability of Equilibrium Points
5.1. The Existence of Equilibrium Points

Clearly,E0(0, 0) consistently serves as an equilibrium point
of the model (1). For any nonnegative equilibrium E(N,P ) of
the model (1), its components must comply with the following
equations:

N

[
r

(
1− N

K
− h

w +N

)
− aP

b+ kmA+N

]
= 0, (4)

P

[
c(N +mA)P

b+ kmA+N
− δ

]
= 0. (5)

IfN = 0 and P = 0, model (1) has only the trivial pointE0(0, 0).
In the following, we discuss the scenario whenP = 0 andN ̸= 0,
i.e. the nonzero part of eq. (4), which results in

N1 =
(K − w) +

√
(K − w)2 − 4K(h− w)

2
,

N2 =
(K − w)−

√
(K − w)2 − 4K(h− w)

2
.

The existence ofN depends on the Allee effect condition (h−w),
the value ofK−w, and (K−w)2−4K(h−w). As a consequence,
we need to consider the following cases.
• Weak Allee Effect Case

Let D = (K − w)2 − 4K(h− w). The weak Allee effect in
the model (1) occurs if w > h. If w > h, then D > 0, which
leads to the existence of semi-trivial points depending on
the value of (K − w):

a. If w < K, then
√
D > (K − w), so that N1 > 0 and

N2 < 0.
b. If w > K, then

√
D > (w −K), so that N1 > 0 and

N2 < 0.
Hence, if there is a weak Allee effect in the model
(1), then there exists one semi-trivial point, namely
E1 (N1, 0).

• Strong Allee Effect Case
The strong Allee effect in the model (1) occurs if w < h. If
w < h, then the existence of semi-trivial points depends on
D and (K − w) value:

a. If D < 0, then the semi-trivial point E (N, 0) do not
exist.

b. If D > 0, then h < (K+w)2

4K . Furthermore, the ex-
istence of the semi-trivial point depends on (K − w)
value:
(i) If w < K, then

√
D < (K − w), so that N1 > 0

and N2 > 0. In this case, there are two ex-
isting semi-trivial points, namely E1 (N1, 0) and
E2 (N2, 0) .

(ii) If w > K, also
√
D < (K − w) , so that N1 < 0

and N2 < 0. In this case, E (N, 0) do not exist.
c. If D = 0, then there exists one existing semi-trivial

point, i.e E3 (N3, 0) , with N3 = K−w
2 . E3 exists if

K > w and do not exist if K < w.
Therefore, there are three semi-trivial points, namely

E1 (N1, 0),E2 (N2, 0), andE3 (N3, 0), whose existency depends
on the Allee effect conditions. Now, we summarise our analysis
in the following theorem.

Theorem 4. Suppose Ψ = K − w and Φ = h− w. The model
(1) has the following equilibrium points:
(i) The trivial equilibrium point, denoted as E0 (0, 0), which

always exists in R2
+.

(ii) LetN1 = Ψ+
√
Ψ2−4KΦ
2 . If w > h (weak Allee effect), then

the semi-trivial equilibrium point, E1 (N1, 0), exists and is
unique.

(iii) Let Π = K +w,K > w,N2 = Ψ−
√
Ψ2−4KΦ
2 ,N3 = Ψ

2 ,
and w < h (strong Allee effect):
(a) If h = Π2

4K , then the semi-trivial equilibrium point,
E3 (N3, 0), exists and is unique.

(b) If h < Π2

4K , then two semi-trivial equilibrium points
exist, which are E1 (N1, 0) and E2 (N2, 0) .

Furthermore, we discuss the scenario when N ̸= 0 and
P ̸= 0, that is the condition in eqs. (4) and (5). From eq. (5),
provided that P ̸= 0, we obtain:

N4 =
δb+ δkmA− cmA

c− δ
, with c− δ ̸= 0.

Therefore, we need to consider the following cases.
• If c > δ, it must to be shown that δb+ δkmA− cmA > 0,

which only satisfies if δb
mA + δk > c. Thus, N4 > 0 under

the condition δ < c < δb
mA + δk, if c− δ > 0.

• If c < δ, it must be shown that δb + δkmA − cmA < 0,
which only satisfies if δb

mA + δk < c. Thus, N4 > 0 under
the condition δb

mA + δk < c < δ, if c− δ < 0.
From eq. (4), provided that N ̸= 0, we obtain:

P4 =
r(b+ kmA+N4)

[
(K − w)N4 −K(h− w)−N2

4

]
Ka(w +N4)

.

Thus, P4 > 0 under the condition (K−w)N4−K(h−w)−N2
4 >

0.
Now, we summarise our analysis in the following theorem.

Theorem 5. Suppose N4 = δ(b+kmA)−cmA
c−δ and P4 =

r(b+kmA+N4)[(K−w)N4−K(h−w)−N2
4 ]

Ka(w+N4)
. The interior equilib-

rium point E4(N4, P4), exists if the following conditions are sat-
isfied:
(i) (K − w)N4 −K(h− w)−N2

4 > 0,
(ii) If c > δ, then δ < c < δ

(
b

mA + k
)
,

(iii) If c < δ, then δ
(

b
mA + k

)
< c < δ.

5.2. Local Stability of Equilibrium Points
The model (1) is linearized around the equilibrium point to

assess local stability. The linear aspect of this linearized model
is known as the Jacobian matrix. The eigenvalues of the Jacobian
matrix are used to evaluate the stability of equilibrium points
[40]. Linearization around the equilibrium point yields the Jaco-
bian matrix:

J =

[
r − 2r

KN − rhw
(w+N)2 − aP (b+kmA)

(b+kmA+N)2 − aN
b+kmA+N

(b+kmA−mA)cP
(b+kmA+N)2

c(N+mA)
b+kmA+N − δ

]
.

(6)
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According to the Jacobian matrix (6), the equilibrium point’s sta-
bility is established in the subsequent theorems.

Theorem 6. Let c < δb
mA + δk. The trivial equilibrium point,

E0 (0, 0), is L.A.S if the Allee effect is strong (w < h) and unsta-
ble if the Allee effect is weak (w > h) .

Proof. By substituting E0 to Jacobian matrix (6), we obtain:

JE0
=

[
r(w−h)

w 0
0 cmA

b+kmA − δ

]
,

and we get two eigen values λ1 = r(w−h)
w and λ2 =

cmA−δ(b+kmA)
b+kmA . It can be shown that λ1 < 0 if w < h, while

λ2 < 0 if c < δb
mA + δk. Thus, E0 is L.A.S if w < h (strong Allee

effect) and c < δb
mA + δk, and unstable otherwise.

Theorem 7. The local stability of the semi-trivial equilibrium
pointsE0(Nn, 0), where n = 1, 2, 3 of the model (1) is described
by the following statement:
(i) Suppose w > h (weak Allee effect). E1 is L.A.S if

c < δ(b+kmA+N1)
mA+N1

and unstable (saddle-node) if c >
δ(b+kmA+N1)

mA+N1
.

(ii) Suppose Π = K + w,w < K, c < δ(b+kmA+Nn)
mA+Nn

and
w < h (strong Allee effect):
(a) If h = Π2

4K , then E3 is non-hyperbolic.
(b) If h < Π2

4K , then E1 is L.A.S and E2 is unstable
(saddle-node).

Proof. By substituting En to Jacobian matrix (6), we obtain:

JEn
=

[
rNn

(
h

(w+Nn)2
− 1

K

)
− aNn

b+kmA+Nn

0 c(Nn+mA)−δ(b+kmA+Nn)
b+kmA+Nn

]
,

and we get two eigen values λ1 = rNn

(
h

(w+Nn)2
− 1

K

)
and

λ2 = c(Nn+mA)−δ(b+kmA+Nn)
b+kmA+Nn

. From the second eigenvalue, it
can be shown that λ2 < 0 if

c <
δ(b+ kmA+Nn)

mA+Nn
.

Subsequently, we need to examine the first eigenvalue condition
in according to the Allee effect condition.
• Weak Allee effect case

According to Theorem 4 (ii), E1(N1, 0) is the only semi-
trivial equilibrium point that exists under the weak Allee ef-
fect (w > h). If h < w, then (K − w)2 − 4K(h− w) > 0,
which results in h < (K+w)2

4K , so it can be shown that

λ1 < −
rN1(K + w)

√
(K + w)2 − 4Kh

2K(w +N∗
1 )

2
< 0.

Thus, E1 is L.A.S if c < δ(b+kmA+N1)
mA+N1

and unstable other-
wise.

• Strong Allee effect case
In accordance with Theorem 4 (iii), the stability of En, n =
1, 2, 3 must be demonstrated under the following condi-
tions:

– If h = (K+w)2

4K , we obtain λ1 = 0. Since one of the
eigenvalues is zero, the semi-trivial equilibrium point
E3 =

(
K−w

2 , 0
)
is non-hyperbolic.

– If h < (K+w)2

4K , we obtain

λ1 =
rN1,2

K

 (K + w)2 −
(
(K + w) ±

√
(K + w)2 − 4Kh

)2

(
(K + w) ±

√
(K + w)2 − 4Kh

)2

 .

1. For E1, we can show that (K + w)2 −(
(K + w) +

√
(K + w)2 − 4Kh

)2
< −2(K +

w)
√
(K + w)2 − 4Kh < 0. Consequently, we

derive λ1 < 0, indicating that E1 is L.A.S.
2. For E2, we can show that (K + w)2 −(

(K + w)−
√
(K + w)2 − 4Kh

)2
> 2(K +

w)
√
(K + w)2 − 4Kh > 0. Consequently, we

derive λ1 > 0, indicating that E2 is unstable.

Theorem 8. Suppose k > 1 or k < 1 and b > |(k −
1)mA|. Also, suppose N4 = δ(b+kmA)−cmA

c−δ and P4 =
r(b+kmA+N4)[(K−w)N4−K(h−w)−N2

4 ]
Ka(w+N4)

. The interior equilib-
rium point E4(N4, P4) of the model (1) is L.A.S if the following
conditions are satisfied:
(i) Kh < (w +N4)

2,

(ii)
∣∣Kh− (w +N4)

2
∣∣ > Ka(w+N4)

2P4

r(b+kmA+N4)2
.

Proof. By substituting E4 to Jacobian matrix (6), we obtain:

JE4
=

[ (
Kh−(w+N4)

2

K(w+N4)2

)
rN4 +

aN4P4

(b+kmA+N4)2
− aN4

b+kmA+N4

(b+kmA−mA)cP4

(b+kmA+N4)2
0

]
,

(7)
with

N4 =
δ(b+ kmA)− cmA

c− δ
,

P4 =
r(b+ kmA+N4)

[
(K − w)N4 −K(h− w)−N2

4

]
Ka(w +N4)

.

From the Jacobian matrix (7), the determinant and trace of the
matrix are obtained:

det (JE4
) =

ac(b+ (k − 1)mA)N4P4

(b+ kmA+N4)3
, (8)

tr (JE4
) =

(
Kh− (w +N4)

2

K(w +N4)2

)
rN4 +

aN4P4

(b+ kmA+N4)2
.

(9)

Subsequently, it is essential to demonstrate that E4 exhibits lo-
cal asymptotic stability under the condition that det (JE4

) >
0 and tr (JE4

) < 0.
Based on the eq. (8), the subsequent conditions can be in-

dicated:
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• If k > 1, then det (JE4) > 0.
• If k < 1 and b > |(k − 1)mA| then det (JE4

) > 0.
Based on the eq. (9), it can be shown that tr (JE4) < 0 if

the following conditions are satisfied:
• Kh < (w +N4)

2,
•
∣∣Kh− (w +N4)

2
∣∣ > Ka(w+N4)

2P4

r(b+kmA+N4)2
.

Therefore, E4 is locally asymptotically stable if the follow-
ing conditions hold:
(i) Kh < (w +N4)

2,
(ii)
∣∣Kh− (w +N4)

2
∣∣ > Ka(w+N4)

2P4

r(b+kmA+N4)2
,

(iii) k > 1 or k < 1 and b > |(k − 1)mA|.

5.3. Global Stability of Equilibrium Points

The criteria for the global stability of the trivial, semi-trivial,
and interior equilibrium points are provided in Theorem 9, 10,
and 11, respectively.

Theorem 9. If K < w < h (strong Allee effect) and cmA <
δ(b+kmA), then the trivial equilibrium pointE0(0, 0) is G.A.S.

Proof. The model (1) can be modified as:

dN

dt
= − rN

(
h− w

w +N

)
− rN2(w −K)

K(w +N)
− rN3

K(w +N)

− aNP

b+ kmA+N
,

dP

dt
=

cNP

b+ kmA+N
+

cmAP

b+ kmA+N
− δP.

(10)

Define the Lyapunov function as:

V0 (N,P ) = N +
a

c
P. (11)

The first-order derivative of V0 is

dV0

dt
=

∂V0

∂N

dN

dt
+

∂V0

∂P

dP

dt

= − rN

(
h− w

w +N

)
− rN2

(
w −K

K(w +N)

)
− rN3

K(w +N)
− aP

(
δ(b+ kmA)− cmA

c(b+ kmA+N)

)
− aδNP

c(b+ kmA+N)
.

IfK < w < h (strong Allee effect) and cmA < δ(b+kmA), then
dV0

dt < 0. In addition, dV0

dt = 0 if and only if N = 0 and P = 0.
According to LaSalle’s invariance principle [41], the equilibrium
point E0 is G.A.S.

Theorem 10. If h < w2

K and c < δ(b+kmA)
N∗+mA , then the semi-

trivial equilibrium point En(N
∗, 0) is G.A.S.

Proof. The model (1) can be modified as:

dN

dt
= N

(
rh(N −N∗)

(w +N∗)(w +N)
− r(N −N∗)

K
− aP

b+ kmA+N

)
,

dP

dt
=

cNP

b+ kmA+N
+

cmAP

b+ kmA+N
− δP.

(12)

The Lyapunov function is defined as follows:

V1 (N,P ) =

(
N −N∗ −N∗ln

N

N∗

)
+

a

c
P. (13)

Thus, we can obtain the first-order derivative of V1 in the follow-
ing:

dV1

dt
=

∂V1

∂N

dN

dt
+

∂V1

∂P

dP

dt

= − r(N −N∗)2

K
+

rh(N −N∗)2

(w +N∗)(w +N)
+

aN∗P

b+ kmA+N

− aP (δ(b+ kmA)− cmA)

c(b+ kmA+N)
− δaNP

c(b+ kmA+N)

≤ − r(N −N∗)2

K
+

rh(N −N∗)2

w2
+

aN∗P

b+ kmA+N

− aP (δ(b+ kmA)− cmA)

c(b+ kmA+N)
− δaNP

c(b+ kmA+N)

= − r

(
1

K
− h

w2

)
(N −N∗)2 − δaNP

c(b+ kmA+N)

− aP (δ(b+ kmA)− c(N∗ +mA))

c(b+ kmA+N)
.

If h < w2

K and c < δ(b+kmA)
N∗+mA , then dV1

dt < 0. Furthermore,
dV1

dt = 0 if and only if N = N∗ and P = 0. Based on LaSalle’s
invariance principle [41], En is G.A.S.

Theorem 11. Let M is a positive constant. If K <
2rw2(b+kmA)2

2rh(b+kmA)2+2aw2M+aw2(b+kmA)+c2w2(b+kmA+mA)M and

δ > 2c(mA+M)(b+kmA)+cM(b+kmA+mA)+a(b+kmA)
2(b+kmA)2 , then

the interior equilibrium point, Ei (N
∗, P ∗), is G.A.S.

Proof. The model (1) can be modified as:

dN

dt
= N

(
r(N∗ −N)

K
+

rh(w +N)− rh(w +N∗)

(w +N∗)(w +N)

+
aP ∗(b+ kmA+N)− aP (b+ kmA+N∗)

(b+ kmA+N∗)(b+ kmA+N)

)
,

dP

dt
=

c(N +mA)P

b+ kmA+N
− c(N∗ +mA)P ∗

b+ kmA+N∗ − δ(P − P ∗).

(14)

Define the Lyapunov function as

V2 (N,P ) =

(
N −N∗ −N∗ln

N

N∗

)
+

1

2
(P − P ∗)

2

. (15)

The first-order derivative of V2 is

dV2

dt
=

∂V2

∂N

dN

dt
+

∂V2

∂P

dP

dt
.
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= − r(N −N∗)2

K
+

rh(N −N∗)2

(w +N∗)(w +N)

+
aP (N −N∗)2

(b+ kmA+N∗)(b+ kmA+N)

+
(cmA+ cN)(P − P ∗)2

b+ kmA+N
− δ(P − P ∗)2

+
(bc+ ckmA+ cmA)P ∗(N −N∗)(P − P ∗)

(b+ kmA+N)(b+ kmA+N∗)

− a(N −N∗)(P − P ∗)

b+ kmA+N∗

≤ − r(N −N∗)2

K
+

rh(N −N∗)2

(w +N∗)(w +N)

− δ(P − P ∗)2 +
a(P − P ∗)2

2(b+ kmA+N∗)

+
(cmA+ cN)(P − P ∗)2

b+ kmA+N
+

a(N −N∗)2

2(b+ kmA+N∗)

+
aP (N −N∗)2

(b+ kmA+N∗)(b+ kmA+N)

+
(bc+ ckmA+ cmA)P ∗(N −N∗)2

2(b+ kmA+N)(b+ kmA+N∗)

+
(bc+ ckmA+ cmA)P ∗(P − P ∗)2

2(b+ kmA+N)(b+ kmA+N∗)
.

The solution of the model (1) is bounded, as according to The-
orem 3. Therefore, let M be a positive constant such that
N∗, P ∗, N, P ≤ M. Consequently, we obtain

dV2

dt
≤ − r(N −N∗)2

K
+

rh(N −N∗)2

(w +N∗)(w +N)
− δ(P − P ∗)2

+
aM(N −N∗)2

(b+ kmA+N∗)(b+ kmA+N)

+
(cmA+ cM)(P − P ∗)2

b+ kmA+N

+
(bc+ ckmA+ cmA)M(N −N∗)2

2(b+ kmA+N)(b+ kmA+N∗)

+
(bc+ ckmA+ cmA)M(P − P ∗)2

2(b+ kmA+N)(b+ kmA+N∗)

+
a(N −N∗)2

2(b+ kmA+N∗)
+

a(P − P ∗)2

2(b+ kmA+N∗)

≤ − r(N −N∗)2

K
+

rh(N −N∗)2

w2
+

aM(N −N∗)2

(b+ kmA)2

+
(cmA+ cM)(P − P ∗)2

b+ kmA
− δ(P − P ∗)2

+
(bc+ ckmA+ cmA)M(N −N∗)2

2(b+ kmA)2

+
a(N −N∗)2

2(b+ kmA)
+

a(P − P ∗)2

2(b+ kmA)

+
(bc+ ckmA+ cmA)M(P − P ∗)2

2(b+ kmA)2

=

(
η1
η2

− r

K

)
(N −N∗)2 + (ζ − δ) (P − P ∗)2,

with

η1 = 2rh(b+ kmA)2 + 2aw2M + aw2(b+ kmA)

+ cw2(b+ kmA+mA)M,

η2 = 2w2(b+ kmA)2,

ζ =
2c(mA+M)(b+ kmA) + cM(b+ kmA+mA)

2(b+ kmA)2

+
a(b+ kmA)

2(b+ kmA)2
.

If K < rη2

η1
and δ > ζ, then dV2

dt < 0. Additionally, dV2

dt = 0 if
and only if N = N∗ and P = P ∗. By using LaSalle’s invariance
principle [41], Ei is G.A.S.

6. Bifurcation Analysis
6.1. Forward Bifurcation

Based on Theorem 7 (i), the semi-trivial equilibrium point
E1 (N1, 0) is L.A.S if c < δ(b+kmA+N1)

mA+N1
and unstable if c >

δ(b+kmA+N1)
mA+N1

, with N1 =
(K−w)+

√
(K−w)2−4K(h−w)

2 . Further-
more, the Jacobian matrix for E1 is obtain as

JE1 =

[
rN1

(
h

(w+N1)
2 − 1

K

)
− aN1

b+kmA+N1

0 c(mA+N1)
b+kmA+N1

− δ

]
. (16)

The Jacobian matrix (16) contains two eigenvalues, which are in-
dentified as:

λ1 = rN1

(
h

(w +N1)
2 − 1

K

)
< 0 and λ2 =

c(mA+N1)

b+ kmA+N1
− δ.

The existence of forward bifurcations is established in Theo-
rem 12.

Theorem 12. Let c∗ = δ(b+kmA+N1)
mA+N1

, where N1 =

(K−w)+
√

(K−w)2−4K(h−w)

2 . A forward bifurcation occurs
when c = c∗.

Proof. Assume that c∗ = δ(b+kmA+N1)
mA+N1

. The Jacobian matrix for
the equilibrium point E1 has negative one of its eigenvalues and
the other eigenvalues are zero when c = c∗. By substituting c
into the Jacobian matrix (16), we obtain

JE1
|c=c∗ =

[
rN1

(
h

(w+N1)
2 − 1

K

)
− aN1

b+kmA+N1

0 0

]
.

Suppose the right eigenvector for zero eigenvalue is

w⃗ =

[
w1

w2

]
,

which satisfies[
rN1

(
h

(w+N1)
2 − 1

K

)
− aN1

b+kmA+N1

0 0

] [
w1

w2

]
=

[
0
0

]
.
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Thus, the right eigenvector for the zero eigenvalue can bewritten
as [

w1

w2

]
=

[
1

r(b+kmA+N1)
a

(
h

(w+N1)
2 − 1

K

) ]
w1,

so that we obtain w1 = 1 and w2 =
r(b+kmA+N1)

a

(
h

(w+N1)
2 − 1

K

)
. Under the condition of weak

Allee effect, it follows that h < (K+w)2

4K . Since h < (K+w)2

4K , it
can be shown that

r (b+ kmA+N1)

a

(
h

(w +N1)
2 − 1

K

)
< 0.

Thus, we getw2 < 0. Furthermore, the corresponding left eigen-
vector is

v⃗ =
[
v1 v2

]
,

which yields

[
v1 v2

] [ rN1

(
h

(w+N1)
2 − 1

K

)
− aN1

b+kmA+N1

0 0

]
=

[
0 0

]
.

Hence, we obtain v1 = 0 and v2 is an arbitrary real number.
Then, the corresponding left eigenvector can be written as

[0 v2] = [0 1] v2.

By choosing v2 = 1, we get v⃗ = [0 1]. From model (2), we get

∂2F2(E1,c
∗)

∂N2 = 0, ∂2F2(E1,c
∗)

∂N∂P = c(b+kmA−mA)

(b+kmA+N1)
2 ,

∂2F2(E1,c
∗)

∂N∂c = 0, ∂2F2(E1,c
∗)

∂P∂c = mA+N1

b+kmA+N1
,

then Castillo-Chavez and Song theorem [42] gives

p = v2w1w1
∂2F2 (E1, c

∗)

∂N2
+ v2w1w2

∂2F2 (E1, c
∗)

∂N∂P

=
w2c (b+ (k − 1)mA)

(b+ kmA+N1)
2

< 0,

q = v2w1
∂2F2 (E1, c

∗)

∂N∂c
+ v2w2

∂2F2 (E1, c
∗)

∂P∂c

=
w2(mA+N1)

b+ kmA+N1

< 0.

Thus, the model (1) undergoes a forward bifurcation at c = c∗.

6.2. Hopf Bifurcation
Furthermore, the existence of a Hopf bifurcation is estab-

lished in Theorem 13.

Theorem 13. Let N4 = δ(b+kmA)−cmA
c−δ and P4 =

r(b+kmA+N4)[(K−w)N4−K(h−w)−N2
4 ]

Ka(w+N4)
. If condition of Theorem

5 is satisfied and w ̸= b+ kmA, then a Hopf bifurcation occurs

at the value h = h∗, where

h∗ =
(w +N4)

2(b+ kmA+ 2N4 −K)

K(b+ kmA− w)
.

Proof. The Jacobian matrix at E4 (N4, P4) is given by

JE4 =

[ (
Kh−(w+N4)

2

K(w+N4)2

)
rN4 +

aN4P4
(b+kmA+N4)2

− aN4
b+kmA+N4

(b+kmA−mA)cP4

(b+kmA+N4)2
0

]
.

(17)
From the Jacobian matrix (17), we get the characteristic equation
as follows:

λ2 − tr (JE4
)λ+ det (JE4

) = 0. (18)

with

tr (JE4
) =

(w +N4)
2(K − b− kmA− 2N4)

(w +N4)2(b+ kmA+N4)

+
Kh(b+ kmA− w)

(w +N4)2(b+ kmA+N4)
× rN4

K
,

det (JE4
) =

ac(b+ (k − 1)mA)N4P4

(b+ kmA+N4)3
> 0.

Using the characteristic eq. (18), the eigenvalue λ is determined
as

λ1,2 =
1

2

(
tr (JE4

)±
√

tr (JE4
)
2 − 4 det (JE4

)

)
.

If h = h∗ where

h∗ =
(w +N4)

2(b+ kmA+ 2N4 −K)

K(b+ kmA− w)
,

then it can be shown that tr (JE4
) = 0. Since det (JE4

) > 0,
eigenvalues λ1,2 are pure imaginer.

Now, we verify the transversality condition. The transver-
sality condition of the Hopf bifurcation is expressed as follows:

dRe (λ)
dh

|h=h∗ =
KrN4(b+ kmA− w)

K(w +N4)2(b+ kmA+N4)
.

If w ̸= b + kmA, then dRe(λ)
dh |h=h∗ ̸= 0. As the result, a Hopf

bifurcation occurs at h = h∗.

7. Numerical Simulation
In this section, we carry out a numerical study of the dy-

namic behavior of the model (1) to complement the above ana-
lytical results. Numerical simulations are carried out to illustrate
the local and global stability, as well as forward and Hopf bifur-
cation, in the presence of the Allee effect. We used hypothetical
data to match the conditions in the analytical findings, as there
were no available field data.

7.1. Global Stability
The first simulation is performed to show the global dy-

namics of the model (1), which is affected by the Allee effect. An-
alytically, model (1), under the influence of the weak Allee effect,
has two globally asymptotically stable equilibrium points, namely
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(a) under a weak Allee effect (b) under a strong Allee
effect

Figure 1. Phase portrait showing global stability of the model (1).

Figure 2. Forward and Hopf bifurcation diagrams of the model (1) under a weak Allee effect (h < w).

Table 2. Parameter values to indicate global stability under the influence of weak Allee effect.

Parameter r K h w a b δ k m A
Value 0.2 0.5 0.25 0.5 0.6 0.9 0.2 0.3 0.5 0.6

the semi-trivial point (E1) with the stability conditions stated in
Theorem 10, and the interior point (E4) with the stability con-
ditions stated in Theorem 11. To demonstrate the dynamics, the
parameter values in Table 2 are used by choosing c = 0.30 and
c = 0.50, which satisfy the global stability condition. The dy-
namics are illustrated in the phase portrait in Figure 1a.

The phase portrait in Figure 1a illustrates the global stabil-
ity of the semi-trivial point E1 and the interior point E4 under
the weak Allee effect (h < w). In Figure 1a (i) with c = 0.3, there
are two equilibrium points that exist: the trivial point E0(0, 0),
which is unstable, and the semi-trivial point E1(0.354, 0), which
is globally asymptotically stable. This condition indicates the ex-
tinction of the predator, while the prey can survive. When the
predation conversion rate is increased to c = 0.5 as shown in Fig-
ure 1a (ii), there are three equilibrium points that exist, each of
which is the trivial pointE0(0, 0) and the axial pointE1(0.354, 0)
which is unstable, as well as the interior point E4(0.160, 0.115)
which is globally asymptotically stable. This condition indicates
that both predator and prey populations can survive in the long
term.

Additionally, it can be demonstrated that the model (1),
affected by the strong Allee effect, has one stable equilibrium
point, which is the trivial point E0, following the stability condi-
tion outlined in Theorem 9. To show how the system behaves, we

use the parameter values from Table 3 that meet the global sta-
bility condition, and we display those values in the phase portrait
in Figure 1b.

Figure 1b shows that the equilibrium point E0(0, 0) is the
only point that exists and is globally asymptotically stable. The
evidence indicates that a strong Allee effect could lead to the ex-
tinction of both populations. However, by increasing the carrying
capacity of the environment (K), there is potential for both pop-
ulations to survive in the long term. This condition is further ex-
plored numerically in the next section. We perform local numer-
ical exploration around the equilibrium point to identify more
complex dynamics in the model (1). We selected the parameter
values in this simulation based on local stability conditions. The
parameters include the predation conversion rate (c), the envi-
ronmental protection rate (b), and the quantity of supplementary
food for predators (A), which can mathematically influence the
stability of the equilibrium point.

7.2. Influence of Predation Conversion Rate

In this section, numerical simulations are performed us-
ing parameter values that satisfy the local stability conditions,
namely K = 1.0, w = 0.3, and the remaining parameter values
as given in Table 2. According to Theorem 12, a forward bifurca-
tion point is obtained at c ≈ 0.329, and according to Theorem 13,
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Figure 3. The phase portrait with a weak Allee effect (h < w) shows that an increase in the predation conversion rate causes a
transition from predator extinction to oscillatory behavior in both populations.

Figure 4. Forward and Hopf bifurcation diagrams of the model (1) under a strong Allee effect (h > w).

Table 3. Parameter values to indicate global stability under the influence of strong Allee effect.

Parameter r K h w a b c δ k m A
Value 0.2 0.29 0.35 0.3 0.6 0.9 0.3 0.2 0.3 0.5 0.6

a Hopf bifurcation point is obtained at c ≈ 0.439. Therefore,
the range c ∈ [0.25, 0.50] is considered to investigate the effect
of increasing the predation conversion rate c on the qualitative
behavior of the solutions of model (1), with the corresponding
bifurcation diagram shown in Figure 2.

The bifurcation diagram in Figure 2 illustrates the dynamic
behavior of the model with two bifurcation points: c∗1 ≈ 0.329,
indicating a forward bifurcation, and c∗2 ≈ 0.439, marking a
Hopf bifurcation. For the predation conversion rate in the in-
terval 0 ≤ c < c∗1, there is local stability at the semi-trivial
point E1, which becomes unstable when c > c∗1. In the inter-
val c∗1 < c < c∗2, local stability shifts to the interior point E4,
which also becomes unstable after c > c∗2, accompanied by the
emergence of a limit cycle. These phenomena indicate that in-
creasing the predation conversion rate leads to forward and Hopf
bifurcations. To examine the model’s dynamic behavior under
weak Allee effects, several values of the predation conversion
rate, specifically c = 0.13, 0.40, and 0.47, are selected, as de-
picted in the phase portrait in Figure 3.

The phase portraits in Figure 3 illustrate the dynamic be-
havior of predator-prey systems influenced by the predation con-
version rate under weak Allee effects. In Figure 3a with c = 0.30,
two equilibrium points exist: the unstable trivial point E0(0, 0)
and the locally stable semi-trivial point E1(0.765, 0), indicating
predator extinction while the prey survives. Figure 3b, with
c = 0.40, shows three equilibrium points: the unstable E0, the

unstableE1, and the locally stable interior pointE4(0.39, 0.114),
suggesting both populations can persist long-term without oscil-
lations. In Figure 3c, with c = 0.47, all three equilibrium points
become unstable, but a limit cycle arises around E4, indicating
long-term survival with oscillations. Thus, increasing the preda-
tion conversion rate (c) may enhance stability between predator
and prey, but excessive increases lead to regular fluctuations. As
prey increases, predator populations rise due to ample food, but
increased predation subsequently reduces prey numbers, creat-
ing a continuous cycle of fluctuations.

Furthermore, the model with a strong Allee effect shows
global stability at the trivial point E0 as shown in Figure 1b. Pa-
rameter values satisfying local stability conditions, specifically
K = 1.0 and those in Table 3, are chosen to see more complex
dynamics. By choosing an appropriate value of c ∈ [0.33, 0.43]
and a suitable initial value, the effect of increasing the predation
conversion rate (c) on the solution of the model (1) with a strong
Allee effect can be observed through the bifurcation diagram in
Figure 4.

The bifurcation diagram in Figure 4 illustrates the local dy-
namical behavior of the model, with bifurcation points at c∗1 ≈
0.35 for forward bifurcation and c∗2 ≈ 0.422 for Hopf bifurcation.
For predation conversion rates in the interval 0 ≤ c < c∗1, local
stability is observed at the semi-trivial point E1, which becomes
unstable when c > c∗1. Between c∗1 and c∗2, stability shifts to
the interior point E4, becoming unstable beyond c∗2 and result-
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Figure 5. The phase portrait with a strong Allee effect (h > w) shows that an increase in the predation conversion rate causes a
transition from predator extinction to oscillatory behavior in both populations, potentially leading to the extinction of both.

Figure 6. Forward and Hopf bifurcation diagrams of the model (1) under a weak Allee effect (h < w).

ing in a limit cycle. As the predation conversion rate increases,
both forward and Hopf bifurcations occur. However, if c exceeds
0.435, the system loses the limit cycle phenomenon and achieves
local stability at the trivial point E0. To analyze the model’s be-
havior under a strong Allee effect, several predation conversion
rates, specifically c = 0.33, 0.40, 0.43, and 0.45 are selected, as
depicted in the phase portrait in Figure 5.

Figure 5 illustrates the dynamic behavior of predator-prey
systems under a strong Allee effect influenced by the predation
conversion rate. In Figure 5a with c = 0.33, three equilib-
rium points are present: the locally stable trivial point E0(0, 0),
and two semi-trivial points, E1(0.619, 0) which is stable, and
E2(0.08, 0)which is unstable. Figure 5b-d for c = 0.40, 0.43, and
0.45 show four equilibrium points with varying stability. Specif-
ically, Figure 5b indicates two stable points (E0 and the interior
pointE4(0.39, 0.047)) and two unstable points (E1 andE2). Fig-
ure 5c shows that whileE0 is stable, bothE1 andE2 are unstable,

and E4(0.30, 0.05 loses stability with a limit cycle emerging. In
Figure 5d, E0 emerges as the only stable point while the other
three equilibria become unstable.

These conditions indicate bistability, depending on the ini-
tial conditions shown in Figure 5a-c. If the initial conditions are
below a threshold, the model solution converges to E0, leading
to population extinction. On the other hand, it converges to a
distinct equilibrium above the threshold. The solution converges
to E1 at c = 0.33, suggesting that the prey survives while the
predator extinction occurs. Both populations can coexist without
oscillation at c = 0.40, suggesting a stable relationship. How-
ever, regular fluctuations are caused by the loss of stability in
E4 at c = 0.43. Ultimately, the model converges to E0 when c
approaches 0.45, indicating the extinction of both populations.
This suggests that excessively high predation conversion rates
can destabilize the ecosystem and lead to population extinction.
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Figure 7. The phase portrait with a weak Allee effect (h < w) indicates that an increase in the quantity of supplementary food for the
predator causes a transition from predator extinction to oscillatory behavior in both populations.

Figure 8. Forward and Hopf bifurcation diagrams of the model (1) under a strong Allee effect (h > w).

Overall, the Allee effect and predation conversion rate have
a complex impact on population dynamics when combined. A
weak Allee effect can cause population oscillations by pushing
the system from extinction to stable coexistence through an in-
crease in the rate of predation conversion. On the other hand, a
high rate of predation conversion combined with a strong Allee
effect can cause population extinction because it destabilizes the
system.

7.3. Influence of the Quantity of Predator Supplementary Food

In this section, simulations are carried out by selecting pa-
rameter values that satisfy the local stability conditions, namely
K = 1.0,w = 0.3, c = 0.3, and the other parameter values listed
in Table 2. According to Theorem 12, a forward bifurcation point
is obtained at A = 0.862, and according to Theorem 13, a Hopf
bifurcation point is obtained at A = 1.279. Therefore, the value
ofA ∈ [0.70, 1.50] is used to observe the effect of the quantity of
predator supplementary food (A) on the behavior of the solution
of model (1), with the corresponding bifurcation diagram shown
in Figure 6.

Figure 6 illustrates the model’s behavior with two bifurca-
tion points: A∗

1 ≈ 0.862 for forward bifurcation and A∗
2 ≈ 1.279

for Hopf bifurcation. The quantity of supplementary food for
predators is stable at the semi-trivial point E1 for 0 ≤ A < A∗

1

and loses stability when A > A∗
1. Local stability then shifts

to the interior point E4 in the interval A∗
1 < A < A∗

2, after
which instability leads to the emergence of a limit cycle when
A > A∗

2. This indicates that both forward and Hopf bifurca-

tions occur with increasing supplementary food for predators.
The quantities of supplementary food selected for various inter-
vals, specifically A = 0.8, 1.1, and 1.3 demonstrate the model’s
dynamic behavior with a weak Allee effect, as seen in the phase
portraits in Figure 7.

The phase portrait in Figure 7 illustrates the dynamic be-
havior of the predator-prey system influenced by supplementary
food for predators under weak Allee effects. In Figure 7a with
A = 0.8, two equilibrium points are present: the unstable trivial
point E0 and the asymptotically stable semi-trivial point E1, in-
dicating predator extinction while prey survives. Figure 7b with
A = 1.1 shows three equilibrium points: E0 (unstable), E1 (un-
stable), and the stable interior point E4, suggesting that both
populations can survive long-term without oscillation. In Fig-
ure 7c with A = 1.3, all three points become unstable, but a
limit cycle emerges aroundE4, suggesting that both populations
can survive with oscillatory behavior. This indicates that increas-
ing the quantity of supplementary food for the predators may
promote stability between species, with populations stabilizing
at a certain level. However, higher supplementary food for the
predators can lead to regular fluctuations, as increased food leads
to increased predator numbers, which then reduce the prey pop-
ulation, creating a continuous cycle of fluctuations.

Furthermore, the model (1) with a strong Allee effect shows
global stability at the trivial point E0, as shown in Figure 1b.
Parameter values satisfying local stability conditions, specifically
K = 1.0 and those in Table 3, are chosen to see more complex
dynamics. By choosing A ∈ [0.90, 1.30] and suitable initial val-
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Figure 9. The phase portrait with a strong Allee effect (h > w) indicates that an increase in the quantity of supplementary food for
the predator causes a transition from predator extinction to oscillatory behavior in both populations, potentially leading to

extinction in both.

Figure 10. Forward and Hopf bifurcation diagrams of model (1) under a weak Allee effect (h < w).

ues, the impact of increasing supplementary food for predators
(A) on the model’s solutions can be analyzed using the bifurca-
tion diagram in Figure 8.

Figure 8 shows the local dynamics of the model (1), high-
lighting two bifurcation points: A∗

1 ≈ .0.984 for forward bi-
furcation and A∗

2 ≈ .1.235 for Hopf bifurcation. In the range
0 ≤ A < A∗

1, stability occurs at the semi-trivial point E1, which
becomes unstable for A > A∗

1. Between A∗
1 < A < A∗

2, lo-
cal stability shifts to the interior point E4 until A > A∗

2, when
a limit cycle emerges. This indicates the occurrence of both bi-
furcations as supplementary food for predators increases. If A
exceeds 1.25, the system loses the limit cycle and stabilizes at
the trivial point E0. To illustrate the model’s dynamics with a
strong Allee effect, several supplementary food values are se-
lected: A = 0.95, 1.20, 1.25, and 1.30, as shown in the phase

portrait in Figure 9.
Figure 9 illustrates the dynamics of the predator-prey sys-

tem influenced by supplementary food under strong Allee effects.
In Figure 9a with A = 0.95, three equilibrium points exist: the
asymptotically stable trivial pointE0, the stable semi-trivial point
E1, and the unstable semi-trivial pointE2. Figure 9b to Figure 9d
with A = 1.20, 1.25, and 1.30 show four equilibrium points with
varying stability: E0, the interior point E4, and the semi-trivial
points E1 and E2. In Figure 9b (A = 1.20), E0 and E4 are sta-
ble, while E1 and E2 are unstable. Figure 9c (A = 1.25) displays
E0 as stable, while E1, E2, and E4 are unstable, with a limit cy-
cle present. Finally, Figure 9d (A = 1.30) shows E0 as the only
stable equilibrium, with the other points unstable.

This condition indicates bistability, depending on initial
conditions, as shown in Figure 9a to Figure 9c. If the initial con-
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Figure 11. The phase portrait with a weak Allee effect (h < w) shows that an increase in the environmental protection rate causes a
transition from an oscillatory behavior in both populations to predator extinction.

Figure 12. Forward and Hopf bifurcation diagrams of the model (1) under a strong Allee effect (h > w).

ditions are below a certain threshold, the solution to the model
(1) converges to E0, leading to the extinction of both popula-
tions. On the other hand, should the starting conditions surpass
this limit, the solution converges to points apart from E0. For
A = 0.95, the solution converges to E1, showing that predators
go extinct while prey survives. ForA = 1.2, the model converges
toE4, indicating both populations can persist long-term without
oscillations, demonstrating a stable predator-prey relationship.
However, increasing A to 1.25 causes E4 to lose stability and re-
sults in a limit cycle, where both populations fluctuate regularly.
When A reaches 1.3, the solution converges to E0, indicating
complete extinction. These findings suggest that excessive sup-
plementary food for predators may disrupt ecosystem balance
and lead to population decline or extinction.

Overall, the stability and viability of populations are im-
pacted by the Allee effect and the quantity of supplementary food
for predators. Increased supplementary food sources foster the
shift from extinction to coexistence and ultimately to oscillatory
behavior under a weak Allee effect. On the other hand, too much
supplementary food accelerates system imbalance and raises the
possibility of population extinction under the strong Allee effect.

7.4. Influence of Environmental Protection Rate

In this section, simulations are carried out by selecting pa-
rameter values that meet the local stability conditions, namely
K = 1.0, w = 0.3, c = 0.3, and other parameter values in Ta-
ble 2. A value of b ∈ [0.40, 0.90] is used to observe the effect of
increasing the environmental protection rate (b) on the behavior

of the model (1) solution, with the bifurcation diagram in Fig-
ure 10.

The bifurcation diagram in Figure 10 illustrates three dy-
namic behaviors of the model with two bifurcation points: b∗1 ≈
0.512 indicating a Hopf bifurcation and b∗2 ≈ 0.743 indicating
a forward bifurcation. In the interval 0 ≤ b < b∗1, a limit cy-
cle phenomenon is observed around the interior point E4. As
the environmental protection rate increases within the range
b∗1 < b < b∗2, the limit cycle phenomenon and local stability at
E4 are lost. When b > b∗2, the interior point becomes unstable
and shifts to the semi-trivial point E1, marking the occurrence
of both Hopf and forward bifurcations based on changes in the
environmental protection rate. To illustrate the model’s dynamic
behavior with a weak Allee effect, several environmental protec-
tion rate values, specifically b = 0.50, 0.60, and 0.80 are chosen,
as shown in the phase portraits in Figure 11.

Under weak Allee effects, the phase portraits in Figure 11
show the dynamic behavior of the predator-prey system shaped
by the environmental protection rate. In Figure 11a with b =
0.50, three equilibrium points are identified: the unstable triv-
ial point E0, the unstable semi-trivial point E1, and the unstable
interior point E4, with a limit cycle present around E4. This sug-
gests that consistent behavior allows both populations to survive
long-term. With b = 0.60, the equilibrium points in Figure 11b
comprise the unstable E0 and E1, while the interior point E4 is
now locally stable, permitting both populations to exist without
oscillations. With b = 0.80, only the unstable E0 and the sta-
ble E1 exist in Figure 11c, suggesting predator extinction while
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Figure 13. The phase portraits with strong Allee effects (h > w) inandicate the potential extinction of both populations, extinction of
the predator, or an oscillatory behavior in both populations, depending on changes in the environmental protection rate.

the prey population survives. This implies that at lower rates of
environmental protection, both populations show normal oscilla-
tions. Increased food availability causes predator populations to
rise as prey numbers rise; yet, this finally results in a drop in prey
numbers and a following drop in predator populations, therefore
generating a cycle. With higher environmental protection rates,
prey survival improves, leading to potential predator extinction
while the prey continues to survive.

Furthermore, the model with a strong Allee effect shows
global stability at the trivial point E0 as shown in Figure 1b. By
choosing the value of b ∈ [0.49, 0.70] and appropriate initial val-
ues, the effect of increasing the environmental protection rate (b)
on the solution of the model (1) with a strong Allee effect can be
observed through the bifurcation diagram in Figure 12.

The bifurcation diagram in Figure 12 shows the local dy-
namic behavior of the model (1) with two bifurcation points:
b∗1 ≈ 0.525, indicating a Hopf bifurcation, and b∗2 ≈ 0.669, in-
dicating a forward bifurcation. A relatively low environmental
protection rate (b < 0.51) indicates local stability at the triv-
ial point E0. Increasing the protection rate within the interval
0.51 ≤ b < b∗1 leads to a limit cycle phenomenon around the
interior point E4. When b falls between b∗1 and b∗2, the limit cycle
and local stability of E4 are lost. Beyond b∗2, the interior point
becomes unstable and shifts to the semi-trivial point E1, indicat-
ing potential population extinction at low protection rates and
the occurrence of both bifurcations. To illustrate the model’s dy-
namic behavior under a strong Allee effect, several environmental
protection rate values, specifically b = 0.50, 0.52, 0.56, and 0.68,
are selected, as depicted in the phase portrait in Figure 13.

Figure 13 shows the dynamic behavior of predator-prey sys-
tems influenced by environmental protection rates under strong
Allee effects. In Figure 13a-c with b = 0.51, 0.52, and 0.56, four
equilibrium points are identified: the trivial pointE0, the interior
point E4, and two semi-trivial points E1 and E2. In Figure 13a
(b = 0.51), the only asymptotically stable point is E0(0, 0), while
the other points are unstable. In Figure 13b (b = 0.52), E0

remains stable, alongside unstable points E1, E2, and the un-
stable E4(0.32, 0.036 with a limit cycle. Figure 13c (b = 0.56)
reveals two stable points, E0 and E4(0.40, 0.035), and two un-
stable points, E1 and E2. Figure 13d (b = 0.68) shows three
equilibrium points: E0 and E1 as stable, while E2 is unstable.

These scenarios imply the possible extinction of both pop-
ulations when environmental protection is not sufficient, as poor
protection for prey causes an increased predation by predators.
Furthermore, the extinction of the prey will cause the predator
to become extinct, as there is not enough food to survive. In-
creased environmental protection, however, leads to bistability,
which means stability relies on starting conditions, as indicated
in Figure 13b-d. The model converges to E0 if initial conditions
fall below a certain threshold, indicating total population extinc-
tion. In contrast, if initial conditions exceed the threshold, the
solution converges to other equilibrium points. For b = 0.52,
a limit cycle emerges around the interior point E4, demonstrat-
ing regular fluctuations in both populations. When there is more
prey, there is more food for predators, but when there are more
predators, there is less prey. At b = 0.56, the limit cycle goes
away, which means that both populations can live for a long time
without oscillations. This evidence shows that the link between
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the predator and prey is stable, with few changes. But when pro-
tection rates are much higher, like when b = 0.68, the model con-
verges to E1, which means the predators become extinct while
the prey survive long-term. This result shows that environmental
protection is just enough to keep the population in balance, but
protecting it too much could cause predators to go extinct.

Overall, the Allee Effect and the environmental protection
rate mutually influence the stability of ecosystem predator-prey
relationships. In the weak Allee effect, increased environmen-
tal protection can change population dynamics from oscillatory
fluctuations to stable coexistence, eventually leading to preda-
tor extinction if protection is too high. While in the strong Allee
effect, the system becomes more vulnerable, where too low or
excessive protection can increase the probability of complete ex-
tinction or cause only the prey to survive.

8. Conclusion

We have developed a predator-prey model by integrating
the Allee effect on the share and additional food sources for
predators. The existence and uniqueness of solutions, as well as
their positive and boundedness, prove the validity of this model.
Three equilibrium points have been identified: a trivial point in-
dicating the extinction of both populations, a semi-trivial point
indicating the extinction of the predator while the prey survives,
and an interior point indicating the coexistence of both popu-
lations. The strength of the Allee effect and certain parameter
conditions affect the local stability of each equilibrium point. In
addition, the global stability of each equilibrium point is also
demonstrated, providing an overview of the system dynamics in
the long term. The analysis shows the presence of Hopf bifur-
cation and forward bifurcation, which signify the transition of
dynamic behavior in the system. Forward bifurcations signify a
change in stability that depends on changes in parameter values,
while Hopf bifurcations indicate a shift in the stability of the equi-
librium point from stable to unstable, leading to the appearance
of limit cycles. Numerical simulations support the analytical re-
sults by showing how changes in predation conversion rate, en-
vironmental protection rate, and the quantity of supplementary
food for predators affect the stability of the system. The preda-
tor population can survive under weak Allee effect conditions if
the predation conversion rate and the availability of supplemen-
tary food remain within certain limits, although the prey popu-
lation remains stable. An increase in the amount of additional
food for predators causes a transition from predator extinction
to an oscillatory pattern of both populations. In contrast, un-
der strong Allee effect conditions, the simulations show greater
complexity, where an increase in predation conversion rate can
result in a transition from predator extinction to oscillatory be-
havior, and if the predation rate is too high, both species could
potentially go extinct. These results support the idea that signif-
icant Allee effects can exacerbate population resilience to envi-
ronmental change, which is relevant for better management and
conservation plans.
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