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Stem Cell Based Fractional-Order Dynamical Model of
Psoriasis: A Mathematical Study

Subhankar Kushary1, Tushar Ghosh1, Oluwole Daniel Makinde2, Xue-Zhi Li3,
and Priti Kumar Roy1,∗

1Center for Mathematical Biology and Ecology, Dept. of Mathematics, Jadavpur University, Kolkata, West Bengal, India
2Faculty of Military Science, Stellenbosch University, Private Bag X2, Saldanha, 7395, South Africa
3College of Statistics and Mathematics, Henan Finance University, Xinyang, 464000, China.

ABSTRACT. Psoriasis is a chronic autoimmune skin disorder driven by dysregulated immune responses, where abnor-
mal interactions between T cells and dendritic cells lead to excessive inflammatory cytokine production. This triggers
the hyper-proliferation of epidermal keratinocytes while depleting mesenchymal stem cells (MSCs), which play a crucial
role in immune modulation. The progression behavior of psoriasis is not only influenced by their present state but also
by the historical evolution of underlying cellular interactions. Memory stages and complex interplay among immune
components at different temporal scales significantly modulate disease expression. Motivated by this, we proposed a
mathematical model of psoriasis to a fractional-order framework in order to incorporate memory-dependent effects
and non-local characteristics. This article deals with a four-dimensional model of psoriasis involving concentrations of
T cells, dendritic cells, keratinocytes, and mesenchymal stem cells (MSCs) in order to predict the temporal evolution in
the considered cell densities during the disease dissemination process. Using Caputo, Caputo-Fabrizio, and Atangana-
Baleanu-Caputo operators, we analyze how memory influences disease dynamics. In-depth mathematical analysis of
the solution of the fractionalized model has been thoroughly investigated. The stability of the model is also examined
using generalized Ulam–Hyers stability criteria. The considered population densities are numerically evaluated using
various fractional orders with considered fractional operators to capture non-local effects. Optimal control is imple-
mented on the fractionalized system using the Forward-Backward Sweep Method (FBSM), emphasizing the impacts
of two biologics, namely TNF-α inhibitors and IL-23 blockers, via considered operators. Numerical simulations are
performed in support of the theoretical analyses, accompanied by detailed discussions from both mathematical and bi-
ological viewpoints. Results based on optimal control effectiveness analysis indicate that a combined control strategy,
particularly under the Caputo-Fabrizio operator, optimally reduces keratinocyte density. Which offers deeper insights
into disease progression and effective therapeutic approaches.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJBM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction
Psoriasis is a chronic dermatological disorder characterized

by excessive growth of epidermal cells resulting in scaly silvery or
red patches on the skin. Several factors are associated with this
growth. Mainly, the immune system plays a central role in medi-
ating autoimmune responses that lead to the progression of the
disease. Although it is not fatal, severe forms of the disease can
lead to significant social stigma and ostracism [1]. This condition
profoundly impacts patients’ quality of life, often contributing to
socioeconomic challenges, mental health disturbances, and an
increased risk of depression. Psoriasis affects less than 1 % of the
global pediatric population, while its prevalence among adults
varies geographically, ranging from 0.17 % in East Asia to 2.5 % in
Western Europe [2]. Risk factors such as consumption of alcohol,
smoking habits, and obesity are associated with severe manifes-
tations of the disease in affected individuals. The complex inter-
play between T cells, dendritic cells (DCs), and the cytokines they
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secrete plays a pivotal role in the pathogenesis of psoriasis. Epi-
dermal hyper-proliferation, abnormal differentiation of immune
cells and keratinocytes, and inflammatory cell infiltration are the
key features of this skin disease [3].

T cells are the kind of white blood cells that are an impor-
tant component of the human immune system. In psoriasis, dys-
functional DCs (antigen-presenting cells) activate T cells through
cytokines such as Tumor necrosis factor-α (TNF-α), Interleukin-12
(IL-12), and Interleukin-23 (IL-23), which promote the differenti-
ation of T cell subsets, primarily Th1 and Th17 [4]. Furthermore,
malfunction of T cells stimulates DCs via abnormal release of TNF-
α and IL-17. Under normal homeostasis, keratinocytes (the pre-
dominant keratin-presenting cells in the epidermis) protect the
body from external threats and help in wound healing processes.
However, in psoriasis, keratinocytes become passive targets that
are triggered by the mutual interaction of T cells and DCs via cy-
tokines. These inflammatory cells and cytokine storms eventu-
ally infiltrates, which promotes the hyper-proliferation and con-
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tributes to the growth of the keratinocyte population. In ad-
dition, interferon-γ (IFN-γ), a pivotal cytokine whose secretion
is induced by IL-12, promotes DC maturation and the activation
of TNF-α through specific cellular pathways [5]. Recent studies
have demonstrated that IL-23 directly induces the production of
IL-22, which regulates keratinocyte differentiation and migration
[6]. The cytokines TNF-α and IFN-γ, in conjunction with the IL-
17/22 axis, create a synergistic feedback loop that enhances ker-
atinocyte growth factors, which leads to the development of pso-
riatic inflammation [7]. Stem cells, a unique type of cell and are
essential for tissue development and repair after injury [8]. Em-
bryonic stem cells and adult stem cells are the two primary sub-
types of stem cells. Mesenchymal stromal cells (MSCs) are one
kind of adult stem cell present in diverse tissues, including the
umbilical cord, bone marrow, and adipose tissues. MSCs have
anti-inflammatory properties and can modulate cytokine secre-
tion in various autoimmune conditions. They prevent the infiltra-
tion of inflammatory cells into affected regions by secreting im-
munoregulatory cytokines such as Transforming growth factor-β
(TGF-β) and IL-10 and reduce the expression of pro-inflammatory
cytokines like TNF-α, IL-12, and IL-23 [9].

To deal with psoriasis effectively, it is very important to
identify the key factors that trigger and influence disease pro-
gression. Evaluating the efficacy of various treatment strategies
to help patients cope with this condition is equally important.
Mathematical models offer valuable tools for predicting disease
severity, future manifestations, and the impact of different thera-
peutic interventions. Recently, several researchers have focused
on psoriasis through the development of mathematical models,
aiming to better understand its dynamics and optimize treatment
approaches. Sherratt et al. [10] introduced amathematical model
incorporating nitric oxide (NO) concentrations and extended it by
considering NO regulates the formation of rete pegs in psoriatic
plaques. Oza et al. [11] used the framework to model cytokines
as fast finite-time actuators, employing perturbation theory to
demonstrate the dynamics of their model, which are finite-time
convergent to a particular equilibrium point instead of asymptot-
ically convergent. Zhang et al. [12] developed a computational
model addressing keratinocyte proliferation, differentiation, and
apoptosis to investigate the spatio-temporal dynamics of epider-
mal homeostasis. Roy and his group investigated the role of cy-
tokine signaling within cellular networks to construct mathemat-
ical models of psoriasis, applying optimal control strategies to
examine the impact of key cytokines [13]. Recently, they have
proposed the application of stem cell therapy as a potential fu-
ture treatment option for remission of psoriasis [14].

Since 2007, several biologic therapies have been approved
for the treatment of psoriasis. Among these, two classes of
biologics are widely used for controlling moderate to severe
cases: TNF-α inhibitors (e.g., Adalimumab, Etanercept, Inflix-
imab) and IL-23 inhibitors (e.g., Ustekinumab, Guselkumab).
These cytokine-targeting agents have demonstrated effective
therapeutic outcomes; however, their efficacy varies between in-
dividuals [15]. In clinical practice, combination therapies are of-
ten employed based on patient-specific needs [16]. From a mod-
eling perspective, these treatments are implementable control
measures, as they represent feasible and clinically proven thera-
peutic options.

Earlier mathematical models of psoriasis predominantly
employed integer-order differential equations, recent studies
highlight the superiority of fractional-order models [17, 18].
Fractional-order systems, owing to their non-local nature and
ability to incorporate memory effects, provide a more accurate
and comprehensive framework for modeling immune system in-
teractions. Agarwal et al. [19, 20] presents a fractional-order
bone mineralization model using Caputo derivatives, analyzed
qualitatively and highlighting the model’s memory effect and its
potential to better fit experimental data and provide insights into
disease-related deviations in bone mineral patterns. Musafir et
al. [21] present a comparison fractional-order monkeypox model
with singular and non-singular kernels. Kalyan das et al. [22]
present a qualitative analysis of the leukemia fractional order
SICW model. They establish key mathematical properties, val-
idate through real data, and demonstrate through simulations
and optimal control that fractional-order dynamics enhance fore-
casting accuracy and intervention effectiveness. Ghosh et al. [20]
develop a fractional-order childhood disease model using Caputo
operators and analyze the dynamic impact of fractional calculus
on infectious disease modeling. Recently they employed the Ho-
motopy Perturbation TransformMethod (HPTM) in the hepatitis B
model [23]. They have used the Katugampola fractional operator
in the Caputo sense to efficiently obtain solutions of a mathe-
matical model and analyze a fractional-order model. Motivated
by these, we undertook the present study.

2. Overview of the Work
In this study, we extend our previously proposed psoria-

sis model [24] by formulating and analyzing its fractional-order
counterparts using three distinct operators: Caputo, Caputo–
Fabrizio, and Atangana–Baleanu in the Caputo sense. These for-
mulations incorporate memory effects, which are critical in cap-
turing autoimmune responses and cytokine-driven disease pro-
gression. The fundamental mathematical properties are also de-
scribed for the fractionalized model, and the influence of mem-
ory is assessed through a comparative analysis of the considered
operators. Further, we investigate the optimal control problem
involving two biologic inhibitors and evaluate the effectiveness
of three different control strategies through numerical simula-
tions. These simulations highlight the distinct non-local dynam-
ics introduced by each operator. However, due to limited clinical
data at the cellular level, we were unable to validate the model
or perform error analysis among the three operators, which we
acknowledge as a limitation of this work.

3. Preliminaries of Fractional Calculus

Definition 1. [25] Let f(t) be a function that is n-times con-
tinuously differentiable on the interval [0, T ], wheren = ⌈λ⌉
is the smallest integer greater than or equal to the fractional
order λ > 0. The Caputo fractional derivative of order λ,
denoted by CDλ

t f(t), is defined as:

CDλ
t [f(t)] =


1

Γ(n− λ)

∫ t

0

f (n)(s)

(t− s)λ−n+1
ds, n− 1 < λ < n,

dnf(t)

dtn
, λ = n ∈ N,
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Figure 1. Schematic representation of the model within a cytokine network.

where Γ(·) denotes the Gamma function.

Definition 2. [26] Let f(t) ∈ C1([0, T ]) be a continuously
differentiable function on the interval [0, T ], and let ζ ∈
(0, 1) be the fractional order. The Caputo–Fabrizio frac-
tional derivative of order ζ, is defined as follows:

CFDζ
t [f(t)] =

N(ζ)

1− ζ

∫ t

0

f ′(s) exp
[
−ζ t− s

1− ζ

]
ds, t > 0,

where N(ζ) is a normalization constant such that N(0) =
N(1) = 1.

Definition 3. [27] Consider a real-valued function f :
[0, T ] → R such that f ∈ H1(0, t), where H1(0, t) denotes
the Sobolev space of functions with square-integrable first
derivatives:

H1(0, t) =
{
f ∈ L2(0, t)

∣∣ f ′ ∈ L2(0, t)
}
.

The Atangana-Baleanu fractional derivative in the Ca-
puto sense of order α ∈ [0, 1) is defined by

ABCDα
t [f(t)] =

B(α)
1− α

∫ t

0

f ′(s)Eα

[
− α

1− α
(t− s)α

]
ds,

where Eα(·) is the one-parameterMittag-Leffler function and
the normalizing function B(α) is given by

B(α) = 1− α+
α

Γ(α)
.

Definition 4. [27] Let f ∈ H1(0, t), and α ∈ [0, 1]. The

Atangana-Baleanu-Caputo fractional integral operator of or-
der α is defined as

ABCIαt [f(t)] =
1− α

B(α)
f(t) +

α

B(α)Γ(α)

∫ t

0

f(s)(t− s)α−1ds.

Lemma 1. [27] Let α ∈ [0, 1]. If the Atangana-Baleanu-Caputo
derivative satisfies

ABCDα
0H(t) = J (t,H(t)), t ∈ (0, T ), H(0) = H0,

then the function H(t) is given by

H(t) = H0+
1− α

B(α)
f(t)+

α

Γ(α)B(α)

∫ t

0

f(s)(t− s)α−1ds.

Lemma 2. [28] Assume that z : [0, tf ] → R and 0 < α ≤ 1.
Then, the following identity holds:

F
t D

α
tf
z(t) = F

0 D
α
t z(tf − t),

where FDα denotes the fractional derivative in Caputo sense.

Theorem 1 (Fixed Point Theorem for Existence). [29] Let X
be a convex subset of a Banach space Z and suppose operators
X1,X2 : X → X satisfy:
1. X1h+ X2h ∈ X for all h ∈ X,
2. X1 is a contraction,
3. X2 is compact and continuous.

Then the operator equation X1h + X2h = h has at least one
solution in X.
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4. Fractional-Order Modelling Approach

Recent studies have increasingly highlighted the advan-
tages of fractional-order systems across various disciplines, in-
cluding finance, biochemical processes, epidemiology, fluid dy-
namics, and chemical and mechanical engineering. Fractional-
order derivatives, owing to their ability to capture memory ef-
fects, often yield more accurate and realistic results than tradi-
tional integer-order models [30].

Based on the recent work proposed by Kushary et al. [24],
we extend the classical integer-order model of psoriasis by in-
corporating three widely used fractional-order operators: the Ca-
puto, Caputo–Fabrizio, and Atangana–Baleanu derivatives in the
Caputo sense. In our model, T (t), D(t), K(t), and M(t) de-
note the concentrations of T cells, dendritic cells, keratinocytes,
and mesenchymal stem cells (MSCs), respectively, at time t. The
interactions among immune cells, keratinocytes, and MSCs, me-
diated by cytokines and contributing to disease progression, are
illustrated in Figure 1. Accordingly, the proposed models cor-
responding to the aforementioned operators are formulated as
follows:

4.1. The model with Caputo sense

L1−λ CDλ
t [T (t)] = ξT + µT (t)

[
1− T (t)

Tmax

]
− γ1T (t)D(t)

1 + δ1M(t)

− ηT (t)K(t)− ρTT (t),

L1−λ CDλ
t [D(t)] = ξD − γ2T (t)D(t)

1 + δ2M(t)
− ρDD(t),

L1−λ CDλ
t [K(t)] = ξK +

γ1T (t)D(t)

1 + δ1M(t)
+
γ2T (t)D(t)

1 + δ2M(t)

ρKK(t),

L1−λ CDλ
t [M(t)] = ξM − ρMM(t).

(1)

where λ ∈ (0, 1] is the fractional order for all the model popula-
tion taken in the Caputo sense and ‘t’ is time in days.

4.2. The model with Caputo-Fabrizio sense

L1−ζ CFDζ
t [T (t)] = ξT + µT (t)

[
1− T (t)

Tmax

]
− γ1T (t)D(t)

1 + δ1M(t)

− ηT (t)K(t)− ρTT (t),

L1−ζ CFDζ
t [D(t)] = ξD − γ2T (t)D(t)

1 + δ2M(t)
− ρDD(t),

L1−ζ CFDζ
t [K(t)] = ξK +

γ1T (t)D(t)

1 + δ1M(t)
+
γ2T (t)D(t)

1 + δ2M(t)

− ρKK(t),

L1−ζ CFDζ
t [M(t)] = ξM − ρMM(t).

(2)

where ζ ∈ (0, 1] is the fractional order for all the model popula-
tion taken in the Caputo-Fabrizio sense and ‘t’ is time in days.

4.3. The model with Atangana-Baleanu-Caputo sense

L1−α ABCDα
t [T (t)] = ξT + µT (t)

[
1− T (t)

Tmax

]
− γ1T (t)D(t)

1 + δ1M(t)

− ηT (t)K(t)− ρTT (t),

L1−α ABCDα
t [D(t)] = ξD − γ2T (t)D(t)

1 + δ2M(t)
− ρDD(t),

L1−α ABCDα
t [K(t)] = ξK +

γ1T (t)D(t)

1 + δ1M(t)
+
γ2T (t)D(t)

1 + δ2M(t)

− ρKK(t),

L1−α ABCDα
t [M(t)] = ξM − ρMM(t),

(3)

where α ∈ (0, 1] is the fractional order for all the model popula-
tion taken in the Atangana-Baleanu-Caputo sense and ‘t’ is time
in days.
The initial conditions are given by

T (0) = T0 > 0, D(0) = D0 > 0, K(0) = K0 > 0,

M(0) =M0 > 0.

In the fractional-ordermodels (1) to (3), the terms ξT , ξD, ξK , and
ξM represent the constant accumulation rates of T cells, dendritic
cells, keratinocytes, and mesenchymal stem cells (MSCs), respec-
tively. Since T cells cannot increase endlessly, the logistical ex-
pressionµT (t)(1− T (t)

Tmax ) highlights the growth of T cells, whereµ
is the proliferation rate and Tmax is the maximum carrying capac-
ity. The interaction term γ1T (t)D(t)

1+δ1M(t) represents a saturated inci-
dence function, where γ1D(t) quantifies the interaction strength
with T cells, and the denominator describes inhibition by MSCs.
AsD(t) increases, the interaction saturates, while an increase in
M(t) suppresses this interaction. Although MSCs do not directly
inhibit T cell–dendritic cell interactions under normal conditions,
during autoimmune responses they modulate these interactions
via cytokine-mediated regulatory mechanisms. When δ1 → 0,
the term reduces to a classical bilinear incidence. This Holling
type-II functional formmore realistically captures immune satura-
tion effects and prevents unbounded growth in interaction terms.
A similar mechanism is modeled by the term γ2T (t)D(t)

1+δ2M(t) . Both
terms ultimately contribute to keratinocyte population growth,
whileM(t) suppresses the T cell–dendritic cell interaction loop
and limits infiltration by producing anti-inflammatory cytokines.
δ1 and δ2 denote the respective scaling coefficients of inhibi-
tion. In early stages of disease progression, keratinocytes also
suppress T cell over-activation via anti-inflammatory cytokines,
modeled by the term ηT (t)K(t). The per-capita mortality rates
for T cells, dendritic cells, keratinocytes, and MSCs are denoted
by ρT , ρD, ρK , and ρM , respectively. The model parameters are
also summarized in Table 1.

Remark 1. Fractional-order systems, in their standard form,
often lack dimensional consistency. Indeed, the time dimen-
sion on the left-hand side of the Caputo fractional deriva-
tive of order λ is (time)−λ, while the right-hand side of
the model (1) carries the dimension (time)−1. For the de-
tailed mathematical justification for this dimensional imbal-
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Table 1. This table presents the model parameters, their definitions, and the assigned values used in the numerical simulations. Some
parameter values are sourced from various literature [13, 18, 24] and some are estimated, which allowed for the biological
viability of the model behavior.

Parameter Definition of parameter Value (unit)

ξT Constant accumulation rate of T cells in the proximity region 25 mm−3d−1

ξD Constant accumulation rate of dendritic cells in the proximity region 15 mm−3d−1

ξK Constant accumulation rate of keratinocytes in the inflamed area 30 mm−3d−1

ξM Constant accumulation rate of MSCs near the inflamed region 0.5 mm−3d−1

µ Intrinsic growth rate T cell population 0.03 d−1

Tmax Maximum carrying capacity of T cell population 300 mm−3

γ1 Activation rate of T cells through DC mediated cytokines 0.03 mm3d−1

γ2 Rate of activation of DCs via T cell mediated cytokines 0.03 mm3d−1

δ1 Inhibition scaling coefficient of MSCs on DC activation 0.035 mm3

δ2 Inhibition scaling coefficient of MSCs on T cell activation 0.25 mm3

η Initial inhibition rate of T cell hyper-activity by keratinocytes 0.003 mm3d−1

ρT Natural mortality rate of T cells 0.06 d−1

ρD Natural mortality rate of DCs 0.16 d−1

ρK Inherent mortality rate of keratinocytes 0.25 d−1

ρM Natural mortality rate of MSCs 0.3 d−1

ance and how it can be resolved, we refer to these articles
[31, 32]. To address this issue, we introduce a parameter
L, referred to as the memory rate parameter, on the left-
hand side of the fractional system. This parameter has the
dimension of (day−1). To ensure dimensional consistency
in model (1), we multiply the left-hand side of each equation
by L1−λ, yielding (day−1)1−λ · day−λ = day−1, which con-
firms that the model (1) is dimensionally balanced. Similarly,
for models (2) and (3), which involve the Caputo–Fabrizio
and Atangana–Baleanu fractional derivatives of orders ζ and
α ∈ (0, 1], we apply the same parameter L to maintain di-
mensional consistency across all fractional order model for-
mulations. A detailed mathematical derivation demonstrat-
ing how L resolves the dimensional imbalance for Caputo–
Fabrizio and Atangana–Baleanu models in the Caputo sense
is provided in the Appendix.

5. Positivity and Boundedness
Let us denote R4

+ = {z(t) ∈ R4 : z(t) > 0} and define the
state vector as z(t) = (T (t), D(t),K(t),M(t))T , where T indi-
cates the transpose. Our objective is to investigate the positivity
and to establish the existence of a positively invariant region in
which the solutions of the fractional-order model (3), formulated
using the Atangana–Baleanu–Caputo (ABC) fractional derivative,
reside. This analysis ensures that the model is biologically mean-
ingful and mathematically well-posed throughout the considered
time domain.

Now, we state the following theorem, which guarantees the
positivity of the solutions of the model (3).

Theorem 2. If the initial condition satisfies (T0,D0,K0,M0)
T

Int (R4
+), then all the solutions of the fractional-order model (3)

remain positive for all t > 0.

Proof. Consider the first equation of the fractional-order model
(3). Evaluating it at T = 0 and z(t) ∈ R4

+, we obtain:

L1−α ABCDα
t [T (t)]

∣∣
T=0, z(t)∈R4

+

= ξT ,

ABCDα
t [T (t)]

∣∣
T=0, z(t)∈R4

+

= Lα−1ξT > 0.

In similar manner from the remaining equations of the
model (3) one can easily verify

ABCDα
t [D(t)]

∣∣
D=0, z(t)∈R4

+

> 0,

ABCDα
t [K(t)]

∣∣
K=0, z(t)∈R4

+

> 0,

ABCDα
t [M(t)]

∣∣
M=0, z(t)∈R4

+

> 0.

These inequalities confirm that the fractional derivatives of
eachmodel variable are strictly positive at the boundary, ensuring
that the trajectories point inward at the boundary of the positive
octant. Therefore, by the Nagumo condition [33], the solution
remains in R4

+ for all t > 0, completing the proof.

It is also essential to show that the solutions of the
fractional-order model (3) remain bounded for all time t > 0.
The following theorem establishes the invariant region Π, where
the solutions of model (3) are biologically feasible and mathemat-
ically well-posed.

Suppose Π = {z(t) ∈ R4 : 0 < T (t) + D(t) + K(t) +
M(t) ≤ κ

ρ}. The following theorem confirms that Π is positively
invariant for the model (3).

Theorem 3. The closed set Π is positively invariant with respect
to the fractional-order model (3).

Proof. Let us define the total population as Y (t) = T (t)+D(t)+
K(t)+M(t). By adding the equations of themodel (3), we obtain
the following inequality involving the Atangana–Baleanu–Caputo
(ABC) fractional derivative:

L1−α ABCDα
t [Y (t)] ≤ (ξT + ξD + ξK + ξM ) +

µTmax

4
− ρY (t)

= κ− ρY (t),

where κ = ξT + ξD + ξK + ξM + µTmax

4 , and ρ =

min{ρT , ρD, ρK , ρM}. The term µTmax

4 represents the maximum
value of the logistic growth term µT (t)(1− T (t)

Tmax ).
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Applying the Laplace transform and using the known iden-
tity for the Mittag-Leffler function, the solution Y (t) satisfies:

Y (t) ≤ Y (0) Eα(−ρLα−1tα)

+

∫ t

0

κLα−1σα−1 Eα,α(−ρLα−1σα) dσ.

Expanding the Mittag-Leffler function in series and simpli-
fying the integral expression gives:

Y (t) ≤ Y (0) Eα(−ρLα−1tα) +
κ

ρ

(
1− Eα(−ρLα−1tα)

)
.

Clearly, if Y (0) ≤ κ
ρ , then for all t > 0,

0 < Y (t) ≤ κ

ρ
⇒ 0 < T (t) +D(t) +K(t) +M(t) ≤ κ

ρ
.

Therefore, it follows that the closed set Π remains pos-
itively invariant within the framework of the fractional-order
model (3).

6. Existence and Uniqueness
In this section, we analyze the existence and uniqueness of

solutions to the fractional-order model by employing the Banach
contraction mapping principle, corresponding to the Atangana-
Baleanu fractional derivative defined in the Caputo sense.

6.1. Existence of solutions
We considered our formulated mathematical model (3) and

rewritten in the following form:

J1(t, T,D,K,M) = ξT + µT (t)

[
1− T (t)

Tmax

]
− γ1T (t)D(t)

1 + δ1M(t)

− ηT (t)K(t)− ρTT (t),

J2(t, T,D,K,M) = ξD − γ2T (t)D(t)

1 + δ2M(t)
− ρDD(t),

J3(t, T,D,K,M) = ξK +
γ1T (t)D(t)

1 + δ1M(t)
+
γ2T (t)D(t)

1 + δ2M(t)

− ρKK(t),

J4(t, T,D,K,M) = ξM − ρMM(t).

(4)

Using the eq. (4), the proposed model (3) can be written in the
following form:{

L1−α ABCDα
0H(t) = J (t,H(t)), t ∈ [0, T ], 0 < α ≤ 1,

H(0) = H0 > 0.

(5)

Applying the Lemma 1 on the problem (5), we obtained

H(t) = H0(t) + Lα−1[J (t,H(t))− J0(t)]
1− α

B(α)

+
αLα−1

B(α)Γ(α)

∫ t

0

(t− s)α−1J (s,H(s))ds.

(6)

where

H(t) =


T (t)

D(t)

K(t)

M(t)

,H0(t) =


T (0)

D(0)

K(0)

M(0)

,

J (t,H(t)) =


J1(t, T,D,K,M)

J2(t, T,D,K,M)

J3(t, T,D,K,M)

J4(t, T,D,K,M)

,

J0(t) =


J1(0, T,D,K,M)

J2(0, T,D,K,M)

J3(0, T,D,K,M)

J4(0, T,D,K,M)

.

Now, we prove that all kernelsJ1,J2,J3 andJ4 satisfy the
Lipschitz condition. Since all the populations of our system are
bounded therefore there exist some positive constants for which
we can write all the populations in the form: u1 ≤ T ≤ U1,
u2 ≤ D ≤ U2, u3 ≤ K ≤ U3 and u4 ≤M ≤ U4.

First, we prove that the kernel J1 satisfies the Lipschitz
condition. Let T (t) and T1(t) are two functions, then utilize the
norm function properties, we have

∥∥J1(t, T (t))− J1(t, T1(t))
∥∥ =

∥∥∥∥(µT (t)

[
1−

T (t)

Tmax

]
−

γ1T (t)D(t)

1 + δ1M(t)

− ηT (t)K(t)− ρTT (t)

)
−
(
µT1(t)

[
1

−
T1(t)

Tmax

]
−

γ1T1(t)D(t)

1 + δ1M(t)
− ηT1(t)K(t)

− ρTT1(t)

)∥∥∥∥,
≤
(
µ+

2µU1

Tmax
+

γ1U2

1 + δ1u4
+ ηU3

+ ρT

)
∥T (t)− T1(t)∥

= V1∥T (t)− T1(t)∥, where V1 =
(
µ

+
2µU1

Tmax
+

γ1U2

1 + δ1u4
+ ηU3 + ρT

)
.

Similarly, we can prove that the other kernels also satisfy
the Lipschitz condition and therefore there exist V2, V3, V4 such
that ∥∥J2(t,D(t))− J2(t,D1(t))

∥∥ ≤ V2∥D(t)−D1(t)∥,∥∥J3(t,K(t))− J3(t,K1(t))
∥∥ ≤ V3∥K(t)−K1(t)∥,∥∥J4(t,M(t))− J4(t,M1(t))
∥∥ ≤ V4∥M(t)−M1(t)∥,

where

V2 =
γ1U1

1 + δ2u4
+ ρD, V3 = ρK , and V4 = ρM .

The Lipschitz condition of all kernels in terms of (5) is written in
the following lemma:
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Lemma 3. There exists a constant Vk > 0, such that for all
H1,H2, the following inequality holds:

∥J (t,H1(t))− J (t,H2(t))∥ ≤ Vk∥H1 −H2∥.

Let X = C([0, T ];R) be the Banach space of all continuous func-
tions from [0, T] to R defined by

∥H(t)∥ = max
t∈[0,T ]

|H(t)|,

where

|H(t)| = |T (t)|+ |D(t)|+ |K(t)|+ |M(t)|
and

T,D,K,M ∈ C([0, T ]).

From the eq. (6), we consider two operator X1 and X2 as

X1(H) = H0(t) + Lα−1[J (t,H(t))− J0(t)]
1− α

B(α)
.

X2(H) =
αLα−1

B(α)Γ(α)

∫ t

0

(t− s)α−1J (s,H(s))ds.

(7)

Now, we will prove that the operator X1(H) is a contrac-
tion, and the operatorX2(H) is compact and continuous. Before
proceeding with the proof, we make the following assumption:
(L1) There exist constants κ1, and κ2 such that |J (t,H)t)| ≤

κ1H(t) + κ2, where |H(t) ≤ m|.
First, we prove thatX1(H) is a contraction using the Banach con-
traction principle. Let H1 ∈ X and H2 ∈ X. By applying the
Lemma 3 to the operator X1, as defined in the eq. (7), we have:

∥X1(H1)−X1(H2)∥ = Lα−1 1− α

B(α)
× max

t∈(0,T )
|J (t,H1(t)

− J (t,H2(t))|

≤ Lα−1 (1− α)Vk

B(α)
∥H1 −H2∥.

This implies that the operator X1(H) is a contraction. Next, we
prove that the other operator, X2(H), is compact.

|X2(H)| = max
t∈(0,T )

αLα−1

B(α)Γ(α)
×
∥∥∥∥ ∫ t

0

(t− s)α−1J (s,H(s))ds

∥∥∥∥
≤ αLα−1

B(α)Γ(α)

∫ T

0

(t− s)α−1
∣∣∣J (s,H(s))

∣∣∣ds
≤ TαLα−1

B(α)Γ(α)
[κ1m+ κ2].

Therefore, the operator X2(H) is bounded. Next, we need
to prove that the operator is continuous. To do so, let us assume
that t1, t2 ∈ [0, T ], where t2 > t1.

|X2(H(t2))−X2(H(t1))| =
αLα−1

B(α)Γ(α)

∣∣∣∣∣
∫ t2

0
(t2 − s)α−1J (s,H(s))ds

−
∫ t1

0
(t1 − s)α−1J (s,H(s))ds

∣∣∣∣∣
≤ Lα−1 [κ1m+ κ2]

B(α)Γ(α)

[
tα2 − tα1

]
.

This implies that |X2(H(t2))−X2(H(t1))| → 0 as t2 → t1.
Therefore, the operator X2(H) is compact. Since the operator
X1(H) is a contraction and the operator X2(H) is compact, it
follows from Theorem 1 that the eq. (6) has one or more solu-
tions. In the subsequent section, we will prove that the solution
is unique.

6.2. Uniqueness of Solutions

Theorem 4. The integral problem (5), together with Lemma 3,
admits a unique solution if the following condition is satisfied:

Lα−1

[
(1− α)Vk

B(α)
+

TαVk

B(α)Γ(α)

]
< 1. (8)

Consequently, the solution of the fractional model (3) is also unique
under the condition (8).

Proof. Let Ψ : X → X be the operator defined by

Ψ(H(t)) = H0(t) + Lα−1 [J (t,H(t))− J0(t)]
1− α

B(α)

+
αLα−1

B(α)Γ(α)

∫ t

0

(t− s)α−1J (s,H(s)) ds.

Now, consider two functions H1,H2 ∈ X. Then,

∥∥Ψ(H1(t))−Ψ(H2(t))
∥∥ ≤ Lα−1 ·

1− α

B(α)
· max
t∈[0,T ]

∣∣∣∣J (t,H1(t))

− J (t,H2(t))

∣∣∣∣+ αLα−1

B(α)Γ(α)
· max
t∈[0,T ]

∣∣∣∣ ∫ t

0
(t

− s)α−1 [J (s,H1(s))− J (s,H2(s))] ds

∣∣∣∣
≤ Lα−1

[
(1− α)Vk

B(α)
+

TαVk

B(α)Γ(α)

]
·
∥∥H1 −H2

∥∥
= Λ ·

∥∥H1 −H2

∥∥.
Therefore, by the Banach contraction principle, Ψ is a con-

traction mapping if Λ < 1. Hence, by the fixed-point theorem,
the fractional model (3) admits a unique solution under the con-
dition Λ < 1.

Remark 2.When Λ ≥ 1, the operator Ψ : X → X is
no longer a contraction mapping, i.e., the distance prop-
erty d(Ψ(x),Ψ(y)) < d(x, y) is lost. If Λ=1, the dis-
tance property of the operator is preserved or reduced, but
not strictly reduced, which means the uniqueness of a fixed
point is not guaranteed, and solutions may be non-unique or
not necessarily approachable by standard iterations. When-
ever Λ > 1, the operator increases distances between two
points, implying that the iterative sequence would diverge.
Therefore, for Λ ≥ 1, the model is invalid for biological in-
terpretation.

Biological Interpretation: The existence and uniqueness of so-
lutions in a fractional model ensure that the biological system
exhibits a consistent and predictable response during treatment.
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Existence guarantees that a meaningful outcome occurs under
given conditions, while uniqueness confirms the reproducibility
of this response. The fractional aspect captures memory effects
in biological processes, reflecting the influence of past therapeu-
tic interventions. This enhances the model’s reliability in repre-
senting the dynamics of the immune response.

7. Stability Analysis
In this section, we present the stability analysis for our frac-

tional model (3) in the context of Ulam-Hyers stability and gener-
alized Ulam-Hyers stability. The concept of Ulam-Hyers stability,
introduced by Ulam in [34], provides a framework for analyzing
the robustness of solutions to perturbations in functional equa-
tions. Before presenting the proof of the system’s stability, we
introduce some definitions that will be utilized in the subsequent
stability analysis. Let ϵ > 0 and h : [0, T ] → [0,∞) be a contin-
uous function. We consider the following inequalities.

|L1−α ABCDα
0+H(t)− J (t,H(t))| ≤ ϵ, t ∈ [0, T ], (9)

|L1−α ABCDα
0+H(t)− J (t,H(t))| ≤ ϵh(t), t ∈ [0, T ]. (10)

Definition 5. The solutions of the proposed mathematical
model (3) are said to be Ulam-Hyers stable if, for every ϵ > 0
and for a function H̄ ∈ X satisfying the inequality (9), there
exists a solution H(t) of model (3) such that

|H̄(t)−H(t)| < Nkϵ, t ∈ [0, T ], (11)

where Nk is a positive constant.

Definition 6. The solutions of the model (3) are said to be
generalized Ulam–Hyers stable if there exists a continuous
function Φk : R+ → R+ with Φk(0) = 0, such that for
arbitrary ϵ > 0 and for each H̄ ∈ X satisfying the inequality
(10), there exists a solutionH ∈ X of the model (3) such that

|H̄(t)−H(t)| < Φkϵ, t ∈ [0, T ]. (12)

Remark 3.We aim to analyze the stability of the proposed
model (3). A function H ∈ X satisfies the inequality (9) if
and only if there exists a perturbation function g ∈ X such
that the following conditions hold:
(i) |g(t)| ≤ ϵ, t ∈ [0, T ],
(ii) L1−α ABCDα

0+H(t) = J (t,H(t)) + g(t), t ∈ [0, T ].

Theorem 5. Let H ∈ X satisfy the inequality (9) and the prop-
erties described in Remark 3. Then H satisfies the following in-
equality:

Ωϵ ≥

∣∣∣∣∣H(t)−

(
H0 +

Lα−1(1− α)

B(α)

[
J (t,H(t))− J0(t)

]
+

Lα−1α

B(α)Γ(α)

∫ t

0

J (s,H(s))(t− s)α−1ds

)∣∣∣∣∣,
where

Ω =
Lα−1 (Γ(α)(1− α) + Tα)

B(α)Γ(α)
.

Proof. Considering the second part of the Remark 3 and applying
the theorem in [35], we obtained

H(t) = H0 +
Lα−1(1− α)

B(α)

[
J (t,H(t))− J0(t)

]
+

Lα−1α

B(α)Γ(α)

∫ t

0

J (s,H(s))(t− s)α−1ds

+
Lα−1(1− α)

B(α)
g(t) +

Lα−1α

B(α)Γ(α)

∫ t

0

g(s)(t− s)α−1ds.

Using the first of Remark 3, we get

κ ≤ Lα−1(1− α)

B(α)
|g(t)|+ Lα−1α

B(α)Γ(α)

∫ t

0

(t− s)α−1|g(s)|ds

≤ Lα−1(1− α)

B(α)
ϵ+

Lα−1Tα

B(α)Γ(α)
ϵ,

= Ωϵ,

where

κ =

∣∣∣∣∣H(t)−

(
H0 +

Lα−1(1− α)

B(α)

[
J (t,H(t))− J0(t)

]
+

Lα−1α

B(α)Γ(α)

∫ t

0

J (s,H(s))(t− s)α−1ds

)∣∣∣∣∣.

Theorem 6. Suppose thatJ : [0, T ]×R4 → R is continuous for
everyH ∈ X and our assumption (L1) are satisfied with condition
1−Λ > 0. Then our proposed fractional model (3) is Ulam-Hyers
stable and also generalized Ulam-Hyers stable. Where

Λ = Lα−1

[
(1− α)Vk

B(α)
+

TαVk

B(α)Γ(α)

]
.

Proof. Suppose that H ∈ X be the solution satisfies the inequal-
ity (9) andH1 ∈ X be the unique solution of the model (3). Then

∣∣∣H(t)−H1(t)
∣∣∣ = ∣∣∣∣∣H(t)−

(
H0 +

Lα−1(1− α)

B(α)

[
J (t,H1(t))− J0(t)

]
+

Lα−1α

B(α)Γ(α)

∫ t

0
J (s,H1(s))(t− s)α−1ds

)∣∣∣∣∣,
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≤

∣∣∣∣∣H(t)−
(
H0 +

Lα−1(1− α)

B(α)

[
J (t,H(t))− J0(t)

]
+

Lα−1α

B(α)Γ(α)

∫ t

0
J (s,H(s))(t− s)α−1ds

)∣∣∣∣∣
+

∣∣∣∣∣
(
H0 +

Lα−1(1− α)

B(α)

[
J (t,H(t))− J0(t)

]
+

Lα−1α

B(α)Γ(α)

∫ t

0
J (s,H(s))(t− s)α−1ds

)

−
(
H0 +

Lα−1(1− α)

B(α)

[
J (t,H1(t))− J0(t)

]
+

Lα−1α

B(α)Γ(α)

∫ t

0
J (s,H1(s))(t− s)α−1ds

)∣∣∣∣∣,
≤ Ωϵ+

Lα−1(1− α)

B(α)
Vk|H(t)−H1(t)|

+ Lα−1 TαVk

B(α)Γ(α)
|H(t)−H1(t)|,

= Ωϵ+ Λ|H(t)−H1(t)|.

Hence, |H(t)−H1(t)| ≤ Nkϵ, where Nk = Ω
1−Λ .

Here we consider Φk(ϵ) = Nkϵ such that Φk(0) = 0. So
we conclude the the model (3) is Ulam-Hyers stable as well as
generalized Ulam-Hyers stable.

Biological Significance: The generalized Ulam-Hyers stability sig-
nifies that under small perturbations or uncertainties characteris-
tic in biological processes, such as minor fluctuations in stem cell
proliferation rates or therapeutic interventions, the system’s tra-
jectory, representing the progression or degradation of psoriasis,
remains close to its ideal and equilibrium state. This mathemati-
cal robustness suggests that the disease dynamics are not exces-
sively sensitive to minor biological noise, and that therapeutic
strategies aiming to shift the system to a stable equilibrium are
likely to be effective and maintainable in a real-world, dynamic
biological environment.

8. Fractional Order control problem
In the case of psoriasis, the interaction rates between T

cells and dendritic cells are highly stimulated by the effects of
the cytokines TNF-α and IL-23, which result in the abnormal dif-
ferentiation of T cells and hyper-proliferation of keratinocytes.
To control the effects of these cytokines, we have considered
our model by introducing two control functions, namely, u1(t)
and u2(t) (j = 1, 2) which are permissible controls represent-
ing the effect of biologics TNF-α inhibitors and IL-23 blockers
respectively in order to restrict the interaction rates γ1 and γ2,
respectively. Therefore, models (1) to (3) equipped with optimum
controls is given by the following system of equations specified
in the time interval [0, tf ].

L(1−a)FDa
t [T (t)] = ξT + µT (t)

[
1− T (t)

Tmax

]
− ηT (t)K(t)

−
γ1
[
1− u1(t)

]
T (t)D(t)

1 + δ1M(t)
− ρTT (t),

L(1−a)FDa
t [D(t)] = ξD −

γ2
[
1− u2(t)

]
T (t)D(t)

1 + δ2M(t)
− ρDD(t),

(13)

L(1−a)FDa
t [K(t)] = ξK +

γ1
[
1− u1(t)

]
T (t)D(t)

1 + δ1M(t)

+
γ2
[
1− u2(t)

]
T (t)D(t)

1 + δ2M(t)
− ρKK(t),

L(1−a)FDa
t [M(t)] = ξM − ρMM(t),

(14)

subject to the initial conditions:

T (0) = T0 > 0, D(0) = D0 > 0, K(0) = K0 > 0,

M(0) =M0 > 0.

Note that we do not specify a particular fractional operator at this
stage, as our objective is to simulate the fractional-order control
system using all three considered fractional operators for com-
parative analysis.

In the following subsection we explain the solution of the
above mentioned control induced system with respect to three
different fractional operators with different kernels. For this we
have written the three fractional system in a vector notation in
general form as:

L(1−a)FDa
t

(
Xi(t)

)
= ψ

(
Xi(t), uj(t)

) [
i = 1, 2, 3, 4 and j = 1, 2

]
.

Where ‘F ’ symbolized the three different fractional operators
and ‘a’ is the order of the corresponding method. ψ

(
Xi(t), uj

)
denotes the right hand side of each fractional order control sys-
tem.

8.1. The description of Objective functional :
Here, we construct an objective cost functional in order to

minimizing the effect of two key inflammatory cytokines, TNF-
α and IL-23, which are associated to the interactions between
T cells and dendritic cells simultaneously, reducing the related
cost of these biologic treatments. For this, we use two control
measures: (i) a TNF-α inhibitor and (ii) an IL-23 blocker those
inhibit the effects of the cytokine TNF-α and IL-23. Thus, our
considered cost functional takes the form:

Minimize Z(u1, u2) = 0I
a
tf

[
K2(t)+P1u

2
1(t)+P2u

2
2(t)

]
. (15)

subject to the optimal control-induced model (14) along with the
specified initial conditions. Here, 0Iatf denotes the fractional in-
tegral operator. The terms P1 and P2 represent the positive
weight constants associated with the control functions u1(t) and
u2(t), respectively, and the units of P1 and P2 are the same as
K2(t). We used a quadratic cost functional tomeasure cost in the
control problem, since it fits the nonlinearity and it also prevents
the bang-bang or singular optimal control cases [36]. The control
set is defined over the time interval [0, tf ], where tf denotes the
total duration of control implementation. The admissible set of
Lebesgue measurable controls is given by:

U =
{(
u1(t), u2(t)

)
: 0 < uj(t) < 1, (j = 1, 2), t ∈ [0, tf ]

}
.

The aim of the optimum control problem is to determine
the optimal control functions for the model (14), represented by
u∗j (t) where j = 1, 2.

Z
[
u∗1(t), u

∗
2(t)

]
= min

{
Z(u1(t), u2(t)) : uj(t) ∈ U, (j = 1, 2)

}
.

(16)
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Applying the fractional optimality conditions based on
Pontryagin’s Minimum principle [37] we state and prove the
following theorem and determine the conditions for solving
this optimum control problem for the control induced model
(14).

Theorem 7. Suppose T ,D,K,M be the optimal state solutions
for the fractional order model (14) associated with the optimal
controls u∗1, u

∗
2 which minimizes the cost functional (15) over ad-

missible control set U . then there exist adjoint variables θi (i =
1, 2, 3, 4) satisfying

L(1−a)FDa
t [θ1(t

′)] = − θ1

[
µ
(
1− 2T

Tmax

)
− γ1(1− u1)D

1 + δ1M

− ηK − ρT

]
+ θ2

[γ2(1− u2)D

1 + δ2M

]
− θ3

[γ1(1− u1)D

1 + δ1M
+
γ2(1− u2)D

1 + δ2M

]
,

L(1−a)FDa
t [θ2(t

′)] = θ1

[γ1(1− u1)T

1 + δ1M

]
+ θ2

[γ2(1− u2)T

1 + δ2M

+ ρD

]
− θ3

[γ1(1− u1)T

1 + δ1M

+
γ2(1− u2)T

1 + δ2M

]
,

L(1−a)FDa
t [θ3(t

′)] = − 2K + θ1
[
ηT
]
+ θ3

[
ρK
]
,

L(1−a)FDa
t [θ4(t

′)] = − θ1

[δ1γ1(1− u1)TD

(1 + δ1M)2

]
+ θ4

[
ρM

]
− θ2

[δ2γ2(1− u2)TD

(1 + δ2M)2

]
+ θ3

[δ1γ1(1− u1)TD

(1 + δ1M)2

+
δ2γ2(1− u2)TD
(1 + δ2M)2

]
.

where t′ = tf − t with the transversality conditions

θ1(tf ) = θ2(tf ) = θ3(tf ) = θ4(tf ) = 0.

Furthermore, optimal solutions (u∗1, u
∗
2) that minimizes the frac-

tional optimal control in U , are given by:

u∗1(t) = max
[
0,min

{
1,

(θ3 − θ1)(γ1T D)

2P1(1 + δ1M)

}]
,

u∗2(t) = max
[
0,min

{
1,

(θ3 − θ2)(γ2T D)

2P2(1 + δ2M)

}]
.

(17)

Proof. To characterize the optimal control, we apply Pontrya-
gin’s Minimum Principle, we define the Hamiltonian function
H(T,D,K,M, θi, uj , t) as following:

H = K2 + P1u
2
1 + P2u

2
2 + θ1L(a−1)

[
ξT + µT

(
1− T

Tmax

)
−
γ1
(
1− u1

)
TD

1 + δ1M
− ηTK − ρTT

]
+ θ2L(a−1)

[
ξD

−
γ2
(
1− u2

)
TD

1 + δ2M
− ρDD

]
+ θ3L(a−1)

[
ξK

+
γ1
(
1− u1

)
TD

1 + δ1M
+
γ2
(
1− u2

)
TD

1 + δ2M

− ρKK

]
+ θ4L(a−1)

[
ξM − ρMM

]
, (18)

where θi(t)’s (i = 1, 2, 3, 4) are the adjoint variables obtained by
using right fractional derivative of the eq. (18) over [0, tf ] with
respect to optimal state variables T ,D,K,M that satisfy:

L(1−a)F
t D

a
tf
[θ1(t)] = −

∂H(T,D,K,M, θi, u
∗
j , t)

∂T

= − θ1

[
µ
(
1− 2T

Tmax

)
− γ1(1− u1)D

1 + δ1M

− ηK − ρT

]
+ θ2

[γ2(1− u2)D

1 + δ2M

]
− θ3

[γ1(1− u1)D

1 + δ1M
+
γ2(1− u2)D

1 + δ2M

]
,

L(1−a)F
t D

a
tf
[θ2(t)] = −

∂H(T,D,K,M, θi, u
∗
j , t)

∂D

= θ1

[γ1(1− u1)T

1 + δ1M

]
+ θ2

[γ2(1− u2)T

1 + δ2M

+ ρD

]
− θ3

[γ1(1− u1)T

1 + δ1M
+
γ2(1− u2)T

1 + δ2M

]
,

L(1−a)F
t D

a
tf
[θ3(t)] = −

∂H(T,D,K,M, θi, u
∗
j , t)

∂K

= − 2K + θ1
[
ηT
]
+ θ3

[
ρK
]
,

L(1−a)F
t D

a
tf
[θ4(t)] = −

∂H(T,D,K,M, θi, u
∗
j , t)

∂M

= − θ1

[δ1γ1(1− u1)TD

(1 + δ1M)2

]
− θ2

[δ2γ2(1− u2)TD

(1 + δ2M)2

]
+ θ3

[δ1γ1(1− u1)TD

(1 + δ1M)2

+
δ2γ2(1− u2)TD

(1 + δ2M)2

]
+ θ4

[
ρM

]
.

(19)

According to Lemma 2, the adjoint system can be equiva-
lently expressed using the left-sided fractional derivative as fol-
lows:

L(1−a)F
0 D

a
t [θ1(t

′)] = − θ1(t
′)
[
− γ1(1− u1(t

′))D(t′)

1 + δ1M(t′)
− ηK

− ρT + µ
(
1− 2T (t′)

Tmax

)]
+ θ2(t

′)
[γ2(1− u2(t

′))D(t′)

1 + δ2M(t′)

]
− θ3(t

′)
[γ1(1− u1(t

′))D(t′)

1 + δ1M(t′)

+
γ2(1− u2(t

′))D(t′)

1 + δ2M(t′)

]
,

L(1−a)F
0 D

a
t [θ2(t

′)] = θ1(t
′)
[γ1(1− u1(t

′))T (t′)

1 + δ1M(t′)

]
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+ θ2(t
′)
[γ2(1− u2(t

′))T (t′)

1 + δ2M(t′)
+ ρD

]
− θ3(t

′)
[γ1(1− u1(t

′))T (t′)

1 + δ1M(t′)

+
γ2(1− u2(t

′))T (t′)

1 + δ2M(t′)

]
,

L(1−a)F
0 D

a
t [θ3(t

′)] = − 2K(t′) + θ1(t
′)
[
ηT
]
+ θ3(t

′)
[
ρK
]
,

L(1−a)F
0 D

a
t [θ4(t

′)] = − θ1(t
′)
[δ1γ1(1− u1(t

′))T (t′)D(t′)

(1 + δ1M(t′))2

]
− θ2(t

′)
[δ2γ2(1− u2(t

′))T (t′)D(t′)

(1 + δ2M(t′))2

]
+ θ3(t

′)
[δ1γ1(1− u1(t

′))T (t′)D(t′)

(1 + δ1M(t′))2

+
δ2γ2(1− u2(t

′))T (t′)D(t′)

(1 + δ2M(t′))2

]
+ θ4(t

′)
[
ρM

]
, (20)

where t′ = tf − t.
Here FDa denotes the arbitrary fractional differential op-

erator. Since, it is very vast to incorporate considered differential
operators into this control problem, we solve and compare with
different kernels by numerical simulations. In order to determine
the optimal controls u∗1(t) and u

∗
2(t) using the first order neces-

sary condition for optimality provided by

∂H

∂u1

∣∣∣∣
(T ,D,K,M,θi,u∗

j ,t)

= 0 =
∂H

∂u2

∣∣∣∣
(T ,D,K,M,θi,u∗

j ,t)

. (21)

Thus, utilizing the above-mentioned eq. (21), we have

u∗1(t) =
(θ3 − θ1)(γ1T D)

2P1(1 + δ1M)
and u∗2(t) =

(θ3 − θ2)(γ2T D)

2P2(1 + δ2M)
.

To ensure that the control functions u∗1 and u
∗
2 represent

optimal solutions, the second-order sufficient conditions for a
minima must be satisfied. Specifically, the Hamiltonian H must
fulfill:

∂2H

∂u2i

∣∣∣∣
ui=u∗

i

> 0, for i = 1, 2.

For the present problem, we obtain:

∂2H

∂u2i

∣∣∣∣
ui=u∗

i

= 2Pi > 0, for i = 1, 2,

which confirms that u∗i minimizes the Hamiltonian and satisfies
the second-order condition under Pontryagin’s Minimum Princi-
ple.

The conventional control’s boundedness criterion and the
characteristics of the control set U , we have the compact form
of control profiles i.e., the eq. (17).

8.2. FBSM-Based Numerical Schemes for Different Fractional
Operators

Let us take the state variables of the control system
X1(t) = T (t), X2(t) = D(t), X3(t) = K(t), and X4(t) =

M(t). We have also considered the functions fi(i = 1, 2, 3, 4)
as:

f1(t) = L(a−1)

[
ξT + µT (t)

[
1− T (t)

Tmax

]
− ηT (t)K(t)− ρTT (t)

−
γ1
[
1− u1(t)

]
T (t)D(t)

1 + δ1M(t)

]
,

f2(t) = L(a−1)

[
ξD −

γ2
[
1− u2(t)

]
T (t)D(t)

1 + δ2M(t)
− ρDD(t)

]
,

f3(t) = L(a−1)

[
ξK +

γ1
[
1− u1(t)

]
T (t)D(t)

1 + δ1M(t)
− ρKK(t)

+
γ2
[
1− u2(t)

]
T (t)D(t)

1 + δ2M(t)

]
,

f4(t) = L(a−1)

[
ξM − ρMM(t)

]
.

(22)

Combining the above system and rewrite it shortly we can
have:

f
(j)
i ≡ fi

(
X1(j), X2(j), X3(j), X4(j), u1(j), u2(j)

)
(i = 1, 2, 3, 4).

The superscript (j) represent the value of each functions at j−th
time point.

In similar manner corresponding to the adjoint variables
θi(i = 1, 2, 3, 4) let us construct the functions gi(i = 1, 2, 3, 4)
as following:

g1(t) = L(a−1)

[
− θ1

[
µ
(
1− 2T

Tmax

)
− γ1(1− u1)D

1 + δ1M
− ηK

− ρT

]
+ θ2

[γ2(1− u2)D

1 + δ2M

]
− θ3

[γ1(1− u1)D

1 + δ1M

+
γ2(1− u2)D

1 + δ2M

]]
,

g2(t) = L(a−1)

[
θ1

[γ1(1− u1)T

1 + δ1M

]
+ θ2

[γ2(1− u2)T

1 + δ2M
+ ρD

]
− θ3

[γ1(1− u1)T

1 + δ1M
+
γ2(1− u2)T

1 + δ2M

]]
,

g3(t) = L(a−1)

[
− 2K + θ1

[
ηT
]
+ θ3

[
ρK
]]
,

g4(t) = L(a−1)

[
− θ1

[δ1γ1(1− u1)TD

(1 + δ1M)2

]
− θ2

[δ2γ2(1− u2)TD

(1 + δ2M)2

]
+ θ3

[δ1γ1(1− u1)TD

(1 + δ1M)2

+
δ2γ2(1− u2)TD

(1 + δ2M)2

]
+ θ4

[
ρM

]]
.

(23)

Combining the above system and rewrite it shortly we can
have:

g
(j)
i ≡ gi

(
X1(j), X2(j), X3(j), X4(j), θ1(j), (i = 1, 2, 3, 4).

θ2(j), θ3(j), θ4(j), u1(j), u2(j)
)
,

The superscript (j) represent the value of each functions at j−th
time point.
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In the beginning, we explain a numerical approach using
the Forward-Backward Sweep Method (FBSM) by the following
steps:
• Step 1. (Initialization)

1. a: Order of the fractional derivative.
2. Dividing the time interval [0, tf ] into the n number of
time steps, where h =

tf
n (tk = kh, k = 0, 1, · · · , n)

is the step size.
3. Initial condition for each state variable Xi(i =

1, 2, 3, 4) and the terminal condition for each adjoint
variable θi(n)(i = 1, 2, 3, 4) together with the consid-
eration of the control parameters u1(0) and u2(0).

• Step 2. (Forward Sweep for State Variables with Control)

Xi(t) = Forward update
(
Xi, fi, ui

) [
t = 1, 2, · · ·n− 1

]
.

• Step 3. (Backward Sweep for Adjoint Variables)

θi(n− t) = Backward update
(
Xi, θi, gi, ui

)
,

where t = 1, 2, · · ·n− 1.
• Step 4. (Update the Control Parameters)
Updating both ui (i = 1, 2) by using a convex combination
of the previous controls and the values given by the eq. (17)
by:

uNew
1 (t) = π

[
max

{
0,min

(
1,

(θ3 − θ1)(γ1TD)

2P1(1 + δ1M)

)}]
+ (1− π)uOld

1 (t),

uNew
2 (t) = π

[
max

{
0,min

(
1,

(θ3 − θ2)(γ2TD)

2P2(1 + δ2M)

)}]
+ (1− π)uOld

2 (t).

(24)

• Step 5. (Check Convergence)
If two successive iteration provides sufficiently close values
of the control parameters, then the iteration stops, other-
wise repeat Step 2 to Step 5.
The Forward-Backward update rules for the control prob-

lem, formulated using the Caputo operators [(i)-(ii)], the Caputo-
Fabrizio operators [(iii)-(iv)], and the Atangana-Baleanu operators
[(v)-(vi)] in the Caputo sense, are presented as follows:
(i) Forward Caputo Numerical Scheme

Xi(1) = Xi(0) +
hλ

Γ(λ+ 2)

[
(t+ 1)λ(t+ 2 + λ)− tλ(t

+ 2 + 2λ)
]
f
(0)
i ,

Xi(t+ 1) = Xi(0) +
hλ

Γ(λ+ 2)

t∑
j=1

[
CΞ1f

(j)
i − CΞ2f

(j−1)
i

]
,

where i = 1, 2, 3, 4 and t = 1, 2, · · · , n− 1.
(ii) Backward Caputo Numerical Scheme

θi(n− 1) =
hλ

Γ(λ+ 1)

[
(t+ 1)λ(t+ 2 + λ)− tλ(t+ 2 + 2λ)

]
,

θi(n− t) =
hλ

Γ(λ+ 1)

t−1∑
j=1

[
CΞ1g

(n−j)
i − CΞ2g

(n−j+1)
i

]
,

where i = 1, 2, 3, 4 and t = 2, 3, · · · , n.
Here we have taken the Caputo fractional order a = λ and
the coefficients CΞi(i = 1, 2) are given by:

CΞ1 = (t− j + 1)λ(t− j + 2 + λ)− (t− j)λ(t− j + 2

+ 2λ),

CΞ2 = (t− j + 1)(λ+1)(t− j + 2 + λ)− (t− j)λ(t− j

+ 1 + λ).

(iii) Forward Caputo-Fabrizio Numerical Scheme

Xi(1) = Xi(0) +
[1
2
(2− ζ)(1− ζ) +

3h

4
ζ(2− ζ)

]
f
(0)
i ,

Xi(t+ 1) = Xi(t) +
[
CFΞ1f

(t)
i − CFΞ2f

(t−1)
i

]
,

where i = 1, 2, 3, 4 and t = 1, 2, · · · , n− 1.
(iv) Backward Caputo-Fabrizio Numerical Scheme

θi(n− 1) =
[1
2
(2− ζ)(1− ζ) +

3h

4
ζ(2− ζ)

]
g
(n)
i ,

θi(n− t) = θi(n− t+ 1) +
[
CFΞ1g

(n−t+1)
i

− CFΞ2g
(n−t+2)
i

]
,

where i = 1, 2, 3, 4 and t = 1, 2, · · · , n− 1.
We have taken the Caputo-Fabrizio fractional order a = ζ
and the coefficients CFΞi(i = 1, 2) are given by:

CFΞ1 =
1

2
(2− ζ)(1− ζ) +

3h

4
ζ(2− ζ),

CFΞ2 =
1

2
(2− ζ)(1− ζ) +

h

4
ζ(2− ζ).

(v) Forward Atangana-Baleanu Numerical Scheme

Xi(1) = Xi(0) +
ABCΞ1f

(0)
i + ABCΞ2

[
(t+ 1)α(t+ 2

+ α)− tα(t+ 2 + 2α)
]
f
(0)
i ,

Xi(t+ 1) = Xi(0) +
ABCΞ1f

(t)
i + ABCΞ2

t∑
j=1

[
CΞ

(α)
1 f

(j)
i

− CΞ
(α)
2 f

(j−1)
i

]
,

where i = 1, 2, 3, 4 and t = 1, 2, · · · , n− 1.
(vi) Backward Atangana-Baleanu Numerical Scheme

θi(n− 1) = ABCΞ1g
(n)
i + ABCΞ2

[
(t+ 1)α(t+ 2 + α)

− tα(t+ 2 + 2α)
]
g
(n)
i ,

θi(n− t) = ABCΞ1g
(n−t+1)
i + ABCΞ2

t−1∑
j=1

[
CΞ

(α)
1 g

(n−j)
i

− CΞ
(α)
2 g

(n−j+1)
i

]
,

where i = 1, 2, 3, 4 and t = 2, · · · , n.
Here, a = α is taken as the Atangana-Baleanu-Caputo frac-
tional order and the coefficients are given by:

ABCΞ1 =
(1− α)Γ(α)

(1− α)Γ(α) + α
,
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Figure 2. Population density of T cells, dendritic cells, keratinocytes, and MSCs with respect to time for different values of the fractional
order λ (= 0.6, 0.7, 0.8, 0.9) in the Caputo sense. For this simulation, we considered the model (1) by taking the memory rate
parameter value L = 0.7.
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Figure 3. Population density of T cells, dendritic cells, keratinocytes, and MSCs with respect to time for different values of the fractional
order ζ (= 0.6, 0.7, 0.8, 0.9) in the Caputo-Fabrizio sense. For this simulation, we take the memory rate parameter value
L = 0.7 by considering the model (2).
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Figure 4. Population density of T cells, dendritic cells, keratinocytes, and MSCs with respect to time for different values of the fractional
order α (= 0.6, 0.7, 0.8, 0.9) in the Atangana-Baleanu-Caputo sense. For this simulation, we considered the model (3) consid-
ering the memory rate parameter value L = 0.7.
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Figure 5. Time evolution of the population densities of T cells, dendritic cells, keratinocytes, and mesenchymal stem cells shown in a
single plot for the models (1) to (3). The simulations are performed by fixing the memory rate parameter value ofL = 0.7, with
all fractional-order parameters set to λ = ζ = α = 0.9. The dynamics are evaluated using three distinct fractional differential
operators: Caputo, Caputo-Fabrizio, and Atangana–Baleanu in the Caputo sense, each with their respective kernel functions.
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CΞ
(α)
1 = (t− j + 1)α(t− j + 2 + α)− (t− j)α(t− j

+ 2 + 2α),

ABCΞ2 =
hα

(α+ 1)(1− α)Γ(α) + α
,

CΞ
(α)
2 = (t− j + 1)(α+1)(t− j + 2 + α)− (t− j)α(t

− j + 1 + α).

9. Numerical Simulation
In this section, we present the results of numerical simula-

tions designed to analyze the formulated model in accordance
with analytical predictions. These simulations were carefully
structured to ensure consistency with fundamental mathematical
principles derived from prior analytical investigations. The initial
values for the model variables were selected to adhere to these
foundational criteria, ensuring that the system behaves in a man-
ner consistent with expected theoretical outcomes. To conduct
these simulations, we utilized Python. The initial population val-
ues used in the simulations are set as follows: T0 = 30,D0 = 25,
K0 = 20, and M0 = 15. The corresponding parameter values
employed throughout the numerical experiments are listed in Ta-
ble 1, providing a clear reference for the simulation setup. By em-
ploying different fractional-order derivatives, we examined how
varying memory effects influence the stability and dynamics of
the cell populations within the system.

The first set of simulations, depicted in Figure 2, showcases
the temporal evolution of T cells, dendritic cells, keratinocytes,
and mesenchymal stem cells within model (1), using the Caputo
kernel function. These simulations were conducted for different
values of the fractional-order parameter λ, specifically λ = 0.6,
0.7, 0.8, and 0.9. The results reveal a distinct pattern: as the
value of λ decreases, the stabilization of the cell populations oc-
curs more gradually, indicating that lower values of λ introduce
a stronger memory effect. This suggests that the system retains
past states for longer durations when λ is smaller, leading to de-
layed convergence to equilibrium. In contrast, higher values of
λ result in faster stabilization, signifying that the system is less
influenced by its history. This behavior highlights the significant
role that fractional-order derivatives play in modeling biological
processes with memory-dependent dynamics.

The second set of simulations, illustrated in Figure 3, in-
vestigates the behavior of the model under model (2) using the
Caputo-Fabrizio kernel function. Here, we varied the fractional-
order parameter ζ across values ζ = 0.6, 0.7, 0.8, and 0.9 to as-
sess how different fractional orders impact system stability. Un-
like the Caputo kernel function, which showed a pronounced ef-
fect of ζ on stabilization rates, the Caputo-Fabrizio formulation
exhibits a more uniform response across different values of ζ.
This implies that the influence of fractional-order variation is less
significant in this case, leading to a more consistent stabilization
pattern regardless of the specific ζ value used. This observation
underscores a fundamental difference between the two kernel
functions: while the Caputo kernel function results in gradual
stabilization for lower orders, the Caputo-Fabrizio approach pro-
duces less sensitivity to fractional-order changes, suggesting that
it represents memory effects in a different manner.

The final set of simulations, represented in Figure 4, ex-
amines model (3) while varying the fractional-order parameter α

(α = 0.6, 0.7, 0.8, and 0.9), again using the Caputo kernel func-
tion. The results demonstrate a trend similar to that observed
in Figure 2: as the value of α decreases, the system takes longer
to reach a stable state. This reinforces the finding that lower
fractional orders amplify memory effects, delaying stabilization
across multiple configurations of the model. Taken together,
these simulations emphasize the profound impact of fractional-
order parameters on biological system behavior. The comparison
between the Caputo and Caputo-Fabrizio kernel functions high-
lights the importance of selecting an appropriate mathematical
framework when modeling dynamic systems influenced by his-
torical dependencies. Ultimately, these insights contribute to a
deeper understanding of fractional-order modeling in biological
processes, offering a powerful approach for capturing the com-
plex, memory-driven dynamics of cellular populations.

In Figure 5, we analyze the temporal evolution of the
model’s population densities: T cells, dendritic cells, ker-
atinocytes, and mesenchymal stem cells, by employing three dis-
tinct numerical schemes based on the Caputo, Caputo-Fabrizio,
and Atangana-Baleanu-Caputo operators. The fractional-order
parameters were fixed at λ = ζ = α = 0.9 to provide a uni-
form basis for comparison. The results reveal a clear distinction
in how each operator influences the system’s stabilization behav-
ior. Among the three approaches, the Caputo-Fabrizio operator
exhibits themost rapid convergence to the stability orbit, indicat-
ing a weaker memory effect and faster adaptation of population
densities to equilibrium. The Atangana-Baleanu-Caputo operator
follows, displaying a moderate speed of convergence to stabiliza-
tion behavior, while the Caputo operator demonstrates the slow-
est approach to stability, reflecting its stronger historical depen-
dency. This finding underscores the fundamental differences in
how these fractional operators encode memory effects in biolog-
ical systems. The Atangana-Baleanu-Caputo scheme, by allowing
for a more balanced and responsive adaptation, could be particu-
larly useful in applications where rapid recovery and stabilization
of biological populations are crucial.

In Figures 6 to 8, we extend our analysis by investigat-
ing the influence of the memory rate parameter (L) on sys-
tem dynamics while utilizing three different fractional opera-
tors: Caputo, Caputo-Fabrizio, and Atangana-Baleanu-Caputo.
The fractional-order parameter was consistently set at 0.9, while
L was varied across 0.1, 0.3, 0.5, 0.7, and 0.9. The objective
was to determine whether the rate at which past states influence
present behavior significantly alters population trajectories. In-
terestingly, the results across all three figures demonstrate min-
imal variation in system trajectories despite changes in L, sug-
gesting that within this specific modeling framework, the system
exhibits low sensitivity to variations in the memory rate param-
eter. This indicates that while the choice of fractional operator
plays a crucial role in defining system behavior, adjustments to L
do not significantly impact the model’s predictive power in this
context. These insights are valuable in biological modeling, as
they suggest that certain fractional-order parameters may have
a dominant effect on system behavior, while others, such as the
memory rate parameter L, may have a more limited role.

We now analyze the impact of control strategies on the
fractionalized model (14) under different fractional operators,
applying distinct formulations across the three considered frac-
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Figure 6. Temporal evolution of system population dynamics under varying memory rate parameter L within the Caputo fractional
operator framework. The fractional order parameter is fixed at λ = 0.9, with L values set to 0.1, 0.3, 0.5, 0.7, and 0.9. The
figure shows that the trajectories remain nearly similar despite variations in the memory rate parameter.
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Figure 7. All system population dynamics with respect to time by varying the memory rate parameter L values considering the Caputo-
Fabrizio fractional operator structure. The fractional order parameter is fixed at ζ = 0.9, with L values set to 0.1, 0.3, 0.5, 0.7,
and 0.9. The figure indicates that the trajectories exhibit minimal variation despite changes in the memory rate parameter.
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Figure 8. Using the Atangana-Baleanu-Caputo fractional scheme, all system population densities with respect to time are plotted by
varying the memory rate parameterL values of 0.1, 0.3, 0.5, 0.7, and 0.9 while fixing the value of the fractional order parameter
α at 0.9. Although the memory rate parameter changes, the figure shows that the trajectories show negligible variation.

0 20 40 60 80 100

15

20

25

30

35

40

0 20 40 60 80 100

25

30

35

40

45

50

0 20 40 60 80 100

50

100

150

200

0 20 40 60 80 100

2

4

6

8

10

12

14

FBSM Control using Caputo operator
FBSM Control using Caputo-Fabrizio operator
FBSM Control using Atangana-Baleanu operator

Without control

T 
C

el
l

K
er

at
in

oc
yt

e

D
en

dr
iti

c 
C

el
l

M
es

en
ch

ym
al

 S
te

m
 C

el
l

Time (days) Time (days)

Strategy - I (u1 ≠ 0, u2 = 0)

0 20 40 60 80 100

0.0

0.2

0.4

0.6

0.8

1.0

C
on

tr
ol

 p
ro

�l
es

 o
f (

u1
*)

 w
ith

 d
iff

er
en

t k
er

ne
ls

Time (days)Normal threshold level
        of Keratinocyte

Figure 9. Control-induced system along with the control profile of the optimal control functions, considering u1 ̸= 0, u2 = 0, over
time using three different fractional operator kernels: Caputo, Caputo-Fabrizio, and Atangana-Baleanu. The uncontrolled
system populations are represented by red solid trajectories, while the fractional-order controlled systems are illustrated
using different colored dotted trajectories corresponding to the respective kernels. The control functions highlight how each
kernel’s distinct memory effect influences the density and timing of optimal treatment interventions required to regulate the
immune response.
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tional approaches. This step aims to enhance our understand-
ing of how various mathematical interpretations of fractional dy-
namics can be utilized to design effective control interventions
relevant to real-world scenarios. For the numerical implemen-
tation of optimal control strategies via the Forward-Backward
Sweep Method (FBSM), all fractional orders are fixed as λ = ζ =
α = 0.9, and the memory rate parameter is set to L = 0.7.
The weight constants in the objective functional are chosen as
P1 = P2 = 0.5, and all other parameter values used in the sim-
ulations are taken from Table 1.

• Strategy-I (u1 ̸= 0, u2 = 0)
In this control strategy, we investigate the effects of ad-
ministering a TNF-α inhibitor by setting u1 ̸= 0, while ex-
cluding the use of an IL-23 blocker by fixing u2 = 0. Fig-
ure 9, provides a comparative analysis between the uncon-
trolled system (depicted by red trajectories) and the con-
trolled system, which is simulated using three different frac-
tional operators: Caputo, Caputo-Fabrizio, and Atangana-
Baleanu-Caputo—through FBSM. The controlled system is
represented using three distinct colored dotted trajectories,
corresponding to each fractional operator, allowing for a
direct comparison of their effects on population dynamics.
Additionally, the control profile of u1 is illustrated to cap-
ture its evolution under the influence of the three kernel
functions. The numerical results in Figure 9, reveal that
TNF-α inhibition leads to a gradual, but not substantial,
decline in keratinocyte density, indicating partial suppres-
sion of the inflammatory response. T cell density increases
significantly, while dendritic cell density decreases. These
outcomes suggest that while TNF-α inhibition can diminish
certain pro-inflammatory pathways, it does not fully elimi-
nate immune activation, resulting in a partial disruption of
cytokine-mediated interactions but not complete normaliza-
tion of keratinocyte proliferation. The different responses
observed across the three fractional operators highlight the
importance of memory effects, as each approach captures
unique aspects of immune regulation and inflammation dy-
namics.

• Strategy-II (u1 = 0, u2 ̸= 0)
In this control strategy, we focus on the effects of an IL-
23 blocker by setting u2 ̸= 0, while excluding the use of a
TNF-α inhibitor by fixing u1 = 0. Again in Figure 10, we
compare controlled and uncontrolled dynamics across the
same three fractional operators (distinguished by different
colored trajectories). The control profile of u2 is illustrated.
Simulations show a slight reduction in keratinocyte density,
though levels remain above healthy thresholds, indicating
that IL-23 blockade alone is insufficient to achieve complete
disease remission. Additionally, T-cell density declines mod-
estly, whereas dendritic cell density increases, pointing to
limited regulation of the immune response. Biologically,
these results imply that IL-23 inhibition alone cannot fully
disrupt the inflammatory cytokine network, allowing im-
mune infiltration to persist and thus preventing restoration
of tissue homeostasis. Note that, across all three fractional
operators, similar population trends are observed, suggest-
ing that under the control of IL-23 inhibition, the memory
effects inherent to each operator do not significantly alter

the qualitative behavior of the system. This emphasizes the
potential need for a combined therapeutic approach.

• Strategy-III (u1 ̸= 0, u2 ̸= 0)
In this control strategy, we conduct numerical simulations
on fractionalized systems represented by models (1) to (3),
governed by three distinct fractional-order differential op-
erators: Caputo, Caputo-Fabrizio, and Atangana-Baleanu-
Caputo, to evaluate the behavior of the model under simul-
taneous application of both control measures: the TNF-α
inhibitor (u1 ̸= 0) and IL-23 blocker (u2 ̸= 0) (see Fig-
ure 11). The red trajectories depict the uncontrolled system,
while the controlled responses are illustrated by three dif-
ferently colored dotted trajectories corresponding to each
fractional operator, allowing a comparative assessment of
the system’s dynamics. The evolution of the control pro-
files u1 and u2 are also presented, reflecting how each frac-
tional kernel influences treatment intensity over time. Re-
sults indicate that the combined control strategy success-
fully reduces keratinocyte density to a healthy state, effec-
tively curing inflammation-induced proliferation. The densi-
ties of T cells and dendritic cells increase significantly. Bio-
logically, this implies that cytokine-driven inflammatory in-
teractions are suppressed, slowing immune infiltration, a
key contributor to psoriasis progression. Notably, the Ca-
puto and Atangana-Baleanu-Caputo operators exhibit simi-
lar trends across all cell populations, indicating comparable
memory effects, whereas the Caputo-Fabrizio operator pro-
duces distinct control profiles and immune dynamics due
to its faster memory decay. These differences underscore
that for a fixed fractional-order parameter value, optimal
control strategies depend on the chosen operator: Caputo
demands sustained interventions due to strong memory re-
tention, suitable for chronic cases; Caputo-Fabrizio allows
short-term interventions, making it ideal for acute flares but
less effective for long-term control; and Atangana-Baleanu-
Caputo offers a balanced memory effect, supporting a hy-
brid approachwith intensive early therapy followed bymain-
tenance dosing. These findings emphasize the importance
of fractional-order modelling in tailoring control strategies,
as varying memory effects directly influence the design and
efficacy of therapeutic interventions.

Figure 12 presents the effectiveness analysis (in %) of three
control strategies using bar plots, with fixed fractional parame-
ters λ = ζ = α = 0.9. From a biological perspective, Strategy I
(e.g., targeting a single pathway) shows moderate effectiveness,
with the Caputo–Fabrizio operator yielding the best outcome.
Strategy II (targeting an alternative pathway) shows weaker re-
sponses with comparable results across all operators, where the
Caputo operator performs slightly better. Strategy III, represent-
ing a combined therapeutic approach (e.g., TNF-α and IL-23 inhi-
bition), demonstrates the highest effectiveness, particularly un-
der the Caputo–Fabrizio operator. These results suggest that
combination therapy provides superior control over psoriatic in-
flammation.

Additionally, Figure 13 presents a global sensitivity analysis
of key model parameters affecting the keratinocyte population,
using Latin Hypercube Sampling (LHS) combined with the Partial
Rank Correlation Coefficients (PRCC) method. For each parame-
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Figure 10. Comparison of the uncontrolled and controlled system dynamics under the influence of the optimal control function u2 ̸= 0

while u1 = 0, utilizing three fractional operator kernels: Caputo, Caputo-Fabrizio, and Atangana-Baleanu. Red solid trajec-
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dotted trajectories corresponding to each fractional operator. The control profiles illustrate the impact of different kernel
memory effects on the timing and intensity of optimal treatment interventions for immune response regulation.
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Figure 11. Visualization of the system dynamics under both control functions (u1 ̸= 0, u2 ≠ 0) compared to the uncontrolled case,
using three fractional operator kernels: Caputo, Caputo-Fabrizio, and Atangana-Baleanu. The red solid trajectories indicate
the uncontrolled system populations, while the controlled system is represented by colored dotted trajectories corresponding
to each fractional operator. The control profiles demonstrate how the distinct memory effects of each kernel influence the
optimal timing and magnitude of treatment interventions for immune response regulation.
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ter, the PRCC and corresponding p-value are computed; a p-value
< 0.05 indicates statistical significance. The bar plot reveals that
parameters ξT , µ, γ1, ξD, γ2, and ξK positively influence dis-
ease progression, whereas δ1, η, ρT , δ2, ρD, ρK , ξM , and ρM
exert negative effects. Keratinocyte levels are used as a marker
for disease prediction, and the sensitivity analysis helps identify
key parameters that could serve as potential targets for thera-
peutic intervention in psoriasis.

10. Discussion and Conclusion

Ordinary differential equations (ODEs) are commonly used
to describe biological systems by modeling instantaneous pro-
cesses that respond immediately to changes in time. However,
they often fail to account for historical dependencies, which are
crucial in biological systems influenced by cumulative past ef-
fects. In contrast, fractional differential equations (FDEs) in-

troduce a memory effect, allowing past states of the system
to influence present dynamics through fractional-order parame-
ters. In this study, we implemented FDEs within a cell-biological
model of psoriasis and analyzed its behavior under three differ-
ent fractional operators: Caputo, Caputo-Fabrizio, and Atangana-
Baleanu-Caputo. The results reveal that decreasing the fractional
parameters λ (in the Caputo operator) and α (in the Atangana-
Baleanu-Caputo operator) leads to a slower stabilization of the
system, suggesting a stronger memory effect. However, in the
Caputo-Fabrizio model, the population trajectories exhibit sim-
ilar stabilization behavior across different values of the frac-
tional parameter ζ, indicating that this operator represents mem-
ory effects differently. This memory-driven framework reflects
how keratinocyte and mesenchymal stem cell (MSC) populations
gradually reach equilibrium, particularly under the Caputo and
Atangana-Baleanu-Caputo formulations. The key advantage of
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using fractional-order operators lies in their non-local nature,
which provides infinite degrees of freedom in selecting appropri-
ate fractional parameters, leading to more precise and adaptable
models compared to classical ODE-based approaches. Further-
more, the retention of memory effects enables these models to
capture complex biological dynamics more accurately over time,
overcoming the limitations of integer-order models that assume
instantaneous changes without historical influence.

By integrating an optimal drug dosing strategy within the
fractional-order system, we observed greater reductions in ker-
atinocyte populations, reinforcing the effectiveness of the FDE
model in capturing psoriasis dynamics compared to traditional
ODE systems. To further explore the therapeutic impact of mem-
ory effects, we applied optimal control theory to assess the in-
fluence of two biologic drugs: TNF-α inhibitors and IL-23 block-
ers. Utilizing the Forward-Backward Sweep Method (FBSM), we
numerically simulated three distinct treatment strategies under
each of the three fractional operators. The simulation results
demonstrate that the third strategy (Strategy III), which employs
a combination of both TNF-α inhibitors and IL-23 blockers, yields
the most optimal therapeutic outcome. We have confirmed this
by effectiveness analysis in percentage, especially the Caputo-
Fabrizio operator yielding the best outcome. Under this com-
bined treatment approach, keratinocyte density successfully re-
turns to a healthy state, and the inflammatory cytokine inter-
actions and immune cell infiltration are effectively suppressed.
These findings highlight the superior predictive capability of
fractional-order models in designing targeted therapeutic strate-
gies for psoriasis. The ability of fractional models to account for
long-term effects and varying degrees of memory makes them
particularly well-suited for understanding disease progression
and optimizing long-term treatment regimens. However, this
study has a few notable limitations. Firstly, the model simpli-
fies the biological complexity by focusing on selected immune
cell populations (T cells, dendritic cells, keratinocytes, and mes-
enchymal stem cells) while omitting the other triggering factors,
such as impacts of other cell components and their abnormal
differentiation and consideration of cytokines as model compo-
nents. Secondly, many parameter values are assumed or adapted.
A significant challenge in model validation arises, and error analy-
sis occurs due to a lack of experimental cellular-level data. Future
extensions of this work can focus on addressing the above limi-
tations to further enhance the model’s predictive and therapeu-
tic relevance. Incorporating additional immune mediators, espe-
cially key cytokines, would offer a more complete representation
of psoriatic inflammation. Spatial aspects of psoriatic inflam-
mation could be incorporated by space-fractional or reaction-
diffusion equations to better capture the localized nature of the
disease. Investigating stem cell-based therapeutic control strate-
gies within the fractional-order framework may provide more ef-
fective outcomes. Additionally, combining the model with pa-
rameter optimization techniques and data-driven fractional mod-
eling could improve the accuracy and applicability of the system.
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Appendix
The incorporation of thememory rate parameter with inverse time dimen-

sions is essential in any epidemiological model involving time-fractional deriva-

tives, including those using non-singular kernels such as the exponential kernel
in the Caputo–Fabrizio derivative or the Mittag–Leffler kernel in the Atangana–
Baleanu derivative in the Caputo sense [38]. This inclusion is critical to ensuring
dimensional balance and consistency within the model.

A dimensional imbalance arises when classical integer-order time deriva-
tives (d/dt), which have dimensions of inverse time (e.g., (1/T )), are directly
replaced by fractional derivatives of order α ∈ (0, 1) that scale differently, typi-
cally with dimension (1/T )α. This introduces a mismatch in model units, leading
to dimensional inconsistency, mathematically invalid equations, distortion in the
physical interpretation of model parameters, and a loss of biological relevance in
model predictions.

For instance, the Caputo–Fabrizio fractional derivative of order α has the
effective dimension:

[CFDα
t f(t) ] ∼

[f(t)]

Tα
, for 0 < α < 1.

Proof. The Laplace transform of the Caputo–Fabrizio derivative is given by:

L
{
CFDα

t f(t)
}
(s) = M(α)

s

s+ λ
f̃(s),

where M(α) is a normalization constant with M(0) = M(1) = 1, and λ =
α

1−α
. Here, s ∼ 1/T , f̃(s) ∼ [f ] · T , and s

s+λ
∼ (1/T )α behavior can be

inferred for small α.

Alternative Proof. The Caputo–Fabrizio exponential kernel for fractional parameter
α ∈ (0, 1) is:

e
− αt

1−α =
1

(et)
α

1−α

≈
1

(1 + t+ t2

2!
+ t3

3!
+ · · · )α

≤
1

(1 + t)α
≤

1

tα
.

Since t ∼ T , this implies the effective dimension of the Caputo–Fabrizio deriva-
tive is:

[CFDα
t f(t) ] ∼

[f(t)]

Tα
, for 0 < α < 1.

This supports the conclusion that the Caputo–Fabrizio derivative modifies
the time scaling to effectively behave like a derivative of order α.

Similarly, the Atangana–Baleanu fractional derivative in the Caputo sense
has the typical dimension:

[ABCDα
t f(t) ] ∼

[f(t)]

Tα
, for 0 < α < 1.

□

Proof. Using a scaling argument, let f(t) = tγ , which implies [f(t)] = T γ . The
Atangana–Baleanu–Caputo time-fractional derivative for a power-law function is:

ABCDα
t t

γ =
B(α)Γ(γ + 1)

(1− α)Γ(γ + 1− α)
tγ−α.

This implies:
ABCDα

t t
γ ∝ tγ−α.

Thus, the dimension becomes:

[ABCDα
t t

γ ] = T γ−α =
[f(t)]

Tα
.

Hence, the Atangana–Baleanu derivative reduces the time exponent by α, and its
effective dimension is:

[ABCDα
t f(t) ] ∼

[f(t)]

Tα
, for 0 < α < 1.

Therefore, directly replacing the classical time derivative (d/dt ∼ 1/T )
with a time-fractional derivative—such as the Caputo–Fabrizio or Atangana–
Baleanu in the Caputo sense—without incorporating a memory rate parameter
leads to dimensional inconsistency. This compromises the mathematical integrity
of the model and diminishes its relevance and applicability to real-world biologi-
cal or epidemiological systems.

Thus, the inclusion of an appropriately scaled memory rate parameter is
not only mathematically sound and technically justified, but also critically impor-
tant for ensuring dimensional balance and consistency within the model frame-
work.
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