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Analysis and Control of Chaotic Behaviour in a Plankton-Fish
Interaction System with Fear and Refuge

Amit Sharma1,∗ and Rajinder pal Kaur2

1School of Computer Science and Engineering, Lovely Professional University, Punjab-144811, India
2PG Department of Mathematics, Khalsa College, Punjab, India

ABSTRACT. Controlling chaos in plankton-fish dynamics has been predominantly remained a rationale of many
ecologists for managing and preserving ecosystem. In this paper, we have introduced a mathematical model consisting
of phytoplankton, zooplankton, and fish population with a motive to study the simultaneous impact of prey refuge
and fear. We have determined the existence of all feasible biological equilibria and proposed certain conditions of local
stability of the given system around it. The Hopf-bifurcation analysis is carried out by considering phytoplankton refuge
(n1), zooplankton refuge (n2), and fear effect (L) as significant bifurcation parameters. It is seen that fear of top
predator mitigate unpredictable(chaotic) behavior of the plankton system and induce system stability for L ≥ 1.09.
Our investigations reveal that the defense mechanism developed by prey species due to the fear of predator population,
namely n1 and n2 can also terminate chaos from the system. It is found that the given dynamical system remains
stable in the intervals n1 ∈ [0.71, 0.73] and n2 ∈ [0.73, 0.75]. We have applied feedback and non-feedback control
mechanisms to stabilize the chaotic trajectories of the plankton-fish dynamics. All analytical findings are substantiated
using numerical simulation.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJBM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

Plankton-fish ecosystem is an important part of our bio-
sphere and has potential influence on biological, social, and eco-
nomical perspectives as well as on global climate. The sustain-
able life on earth depends critically on understanding the inter-
actions among different aquatic species for their survival, co-
existence, and extinction. These interactions can be better pre-
dicted through the prey-predator dynamical systems with direct
and indirect approaches [1–5]. But, some experimental work pre-
sented in [6–10] demonstrated the significance of indirect ap-
proach over direct approach. It is noted from these studies that
fear of predators in the prey population plays a very significant
role in changing their behavior and physiology. Experimental
study [11] shows that the predation rate of different species of
crabs declines due to the fear of large carnivores and increases
the density of prey population. [12] have analyzed plankton-fish
dynamics and observed that the high fear effect in zooplankton
species can affect the density of fish population but cannot in-
duce its extinction. The fear of predator induces prey refuge, they
hide physically to protect themselves from predation, as sea birds
have nesting colonies on islands, and the semiaquatic animals,
like mouse-deer, may use bodies of water as a refuge [13]. In the
real world, predators are not always successful in catching and
killing prey species due to their refuge. The effect of prey refuge
has been extensively studied on various ecological systems [14–
17], which are highly significant in ecology. The prey refuge is
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an important biological parameter for a pest, which increases
its density and affects the predator population [18, 19]. In the
aquatic ecosystem, both phytoplankton and zooplankton species
can develop a defense mechanism to protect themselves from
predation. In phytoplankton species, defense mechanisms are di-
verse and include physiological (toxicity, bioluminescence), mor-
phological (silica shell, colony formation), and behavioral (escape
response) traits [20]. Somemathematical studies [21, 22] claimed
that benthic sediments and stratification of the water column
can provide a temporal escape for phytoplankton from the preda-
tion of zooplankton. [14] have studied that both phytoplankton
refuge and toxin significantly affect the occurrence and termina-
tion of harmful algal blooms. [15] has demonstrated that the zoo-
plankton refuge reduces fish induced mortality and phytoplank-
ton growth in lakes. Recently, Kaur et al. [12] have shown that
zooplankton refuge can increase their biomass and induces ex-
tinction of its predators. The marine species are imbedded in pe-
riodically varying environments and so highly affected by seasons
and noise. Many studies addressed the impact of seasonality,
periodic fluctuations, and noise on marine ecosystem [23–26].
The chaotic behavior in aquatic ecosystems may result in unpre-
dictable situations like the occurrence and termination of plank-
tonic blooms, extinction of marine species, or any unexpected
movement in oceans. Thus, it is necessary to study the chaos
phenomenon and its control for sustainable life in oceans and
ultimately in our biosphere. Various food chain ecological mod-
els [27–29] have been proposed and analyzed to study the com-
plexity of these systems and their possible control. [30] have in-
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troduced nonlinear closure terms in plankton dynamics with dif-
ferent functional responses for eliminating chaos. Various other
techniques have been developed for the control and tracking of
chaotic systems such as active control [31], feedback control [32],
adaptive control [33], back stepping control [34], sliding mode
control [35], bounded feedback method [36], and time-delayed
feedback control [37], etc. In literature, many researchers have
proposed different techniques for controlling chaos in the plank-
ton ecosystem. But, to the best of our knowledge, it is the first at-
tempt wherein different chaos control mechanisms (feedback and
non-feedback) are proposed along with phytoplankton(n1), and
zooplankton refuge(n2), and fear effect (L). In feedback control
mechanisms, noise is included in the given model system to sta-
bilize the chaotic dynamics whereas in non-feedback techniques,
a seasonal force is applied to given chaotic plankton-fish system
for eliminating complexity. The present work shows the signifi-
cance of internal (L, n1, and n2) and external factors (seasonality,
noise, fluctuations, and time delay) for stabilising the chaotic be-
havior of the given plankton-fish dynamical system. The organi-
zation of this research article is as follows: In Section Section 2,
a mathematical model of a given plankton system is proposed
with certain assumptions. The boundedness and positivity are
discussed in Section Section 3, followed by stability analysis of
equilibria in Section Section 4. The feedback and non-feedback
control schemes are discussed in Section Section 5 and Section
Section 6, respectively. In Section Section 7, parameter range of
internal factors (prey refuge and fear) are estimated numerically,
primarily to control chaos by stabilizing a desired unstable peri-
odic orbit embedded in a chaotic attractor followed by discussion
and conclusion in section Section 8.

2. The Mathematical Model
The proposed ecological model consisting of the biomass

of phytoplankton P (t), zooplankton Z(t), and fish F (t) species
at time t is given as follows:

dP

dt
= a1P (1− P

K
)− b1(1− n1)P

(g1 + (1− n1)P )
Z,

dZ

dt
=

b1b2(1− n1)P

(1 + LF )(g1 + (1− n1)P )
Z − d1Z − c1(1− n2)ZF

(g2 + (1− n2)Z)
,

dF

dt
=

c1c2(1− n2)ZF

(g2 + (1− n2)Z)
− d2F.

(1)

where, the biological interpretations of all parameters are pro-
vided in Table 1 such that P (0) > 0, Z(0) > 0, F (0) > 0.

The following assumptions have been made in the pro-
posed model:
• The phytoplankton species grow logistically where the zoo-
plankton and fish species depend on the phytoplankton and
zooplankton population, respectively, for their growth and
predate them with Holling-II type functional response.

• The zooplankton species extinct due to a high increase in
phytoplankton refuge and in absence of a phytoplankton
population. The zooplankton population rises due to in-
creases in phytoplankton population and decline in phyto-
plankton refuge.The natural mortality rate of zooplankton
is denoted d1.

• The growth rate of fish species depends upon the availability

of zooplankton species and their refuge where these species
naturally die with rate d2.

Table 1. Biological Interpretation of Parameters

Parameter Biological Interpretation
a1 Intrinsic growth rate of phytoplankton.
K Carrying capacity.
b1 Maximal ingestion rate of zooplankton.
g1 Half saturation constant.
b2 growth of zooplankton species due to phytoplankton.
L Level of Fear factor in zooplankton due to fish predation.
d1 Natural death rate of zooplankton.
c1 Maximal ingestion rate of fish.
n1 Rate of phytoplankton refuge.
n2 Rate of zooplankton refuge.
g2 Half saturation constant.
c2 growth of fish species due to zooplankton.
d2 Mortality rate of fish.

3. Positivity and Boundedness

Theorem 1. All the solutions of the plankton fish system (1)
lie in the positive octant

∑
= {(P,Z, F ) ∈ R3

+, P (0) >
0, Z(0) > 0, F (0) > 0} and its non negative solutions are uni-
formly bounded in Λ = {(P,Z, F ) ∈ R3

+, 0 < P (t) < K, 0 <
Z(t) < α2, 0 < F (t) < α1}.

Proof. The equations of system (1) can be written as:

P (t) = P (0).e
∫ t
0
(a1(1−P (s)

K )− b1(1−n1)

(g1+(1−n1)P (s))
Z(s))ds

,

Z(t) = Z(0)e
∫ t
0
(

b2
(1+LF (s))

b1(1−n1)P (s)

(g1+(1−n1)P (s))
−d1− c1(1−n2)F (s)

(g2+(1−n2)Z(s))
)ds

,

F (t) = F (0).e
∫ t
0
(

c1c2(1−n2)Z(s)

(g2+(1−n2)Z(s))
−d2)ds.

It can be easily checked that, P (t) > 0, Z(t) > 0, and F (t) > 0
whenever P (0) > 0, Z(0) > 0, and F (0) > 0. Therefore, all
the solutions of the plankton fish system (1) lie in the positive
octant

∑
. Further, we claim that all non negative solutions are

uniformly bounded in the octant

Λ =
{
(P,Z, F ) ∈ R3

+, 0 < P (t) < K, 0 < Z(t) < α2,

0 < F (t) < α1

}
.

Now,

dP

dt
≤ a1P (t)(1− P (t)

K
)

it implies 0 < P ≤ K.

dF

dt
≤ −(d2 − c1c2)F (t)(∵ (1− n2)Z(t)

(g2 + (1− n2)Z(t))
< 1)

implies F (t) ≤ α1(e)
−(d2−c1c2)t. As t → ∞, we have, F (t) ≤

α1 whenever d2 > c1c2. Further

dZ

dt
≤ b2b1

1

(1 + LF (t))

(1− n1)P (t)

(g1 + (1− n1)P (t))
Z(t)− d1Z(t),

implies dZ
dt ≤ b2b1(1)(1)Z(t) − d1Z(t)

(
∵ 0 < F (t) < α1 im-

plies 1 < 1 + LF (t) < 1 + Lα1, 1 > 1
(1+LF (t)) > 1

1+Lα1
and

(1−n1)P (t)
(g1+(1−n1)P (t)) < 1

)
.
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Figure 1. Occurrence of chaos using [ℓ3]

Figure 2. Lyapunov spectrum of system (1) using [ℓ3]

So, dZ
dt ≤ −(d1 − b1b2)Z(t) implies Z(t) ≤ α2(e)

−(d1−b1b2)(t)

and as t → ∞, we have, Z(t) ≤ α2 whenever d1 > b1b2.

Therefore, all solutions of the given plankton system lie in
the octant, Λ = {(P,Z, F ) ∈ R3

+, 0 < P (t) < K, 0 < Z(t) <
α2, 0 < F (t) < α1}.

4. Existence of equilibrium states

Lemma 1. aakskkd
1. The zero equilibrium U0(0, 0, 0) always exists.
2. The predator free equilibrium U1(K, 0, 0) always exists.

Numerically, we obtain U1(40, 0, 0) for the set of parame-
ters [ℓ1] :a1 = 2, n1 = 0.8, b1 = 1.0204, g1 = 10,
b2 = 1.96, d1 = 0.9, c1 = 1.5, g2 = 10, c2 = 1.3333,

d2 = 0.7, K = 40, n2 = 0.15, L = 0.05.

Lemma 2. The fish free steady state

U2

(
P̃ , Z̃, 0

)
,

P̃ =
d1g1

(b1b2 − d1)(1− n1)
,

Z̃ =
a1(K(b1b2 − d1)(1− n1)− d1g1)(d1g1 + g1(b1b2 − d1))

b1(1− n1)2(b1b2 − d1)2
.

exists if b1b2 > d1, n1 < 1, andK(b1b2−d1)(1−n1)> d1g1.
Numerically, taking n1 = 0.75 in [ℓ1], we obtain U2(38.4553,
5.7969, 0) and the conditions of existence i.e. b1b2 > d1 (2 >
0.9), n1 < 1(0.75 < 1), and K(b1b2 − d1)(1 − n1) > d1g1
(10.998 > 9) are clearly satisfied.

Theorem 2. The positive interior equilibrium point U∗(P∗, Z∗,
F∗) exists under the following conditions
1. n2 < 1 and c1c2 > d2,
2. 0 < n1 < 1− g1a1

b1Z∗
,

3. d1(g1 + (1− n1)P∗) < b1b2P∗.

Proof. From 3rd equation of system (1), we obtain
Z∗=

d2g2
(1−n2)(c1c2−d2)

, which exists if n2 < 1, and c1c2 >

JJBM | Jambura J. Biomath Volume 6 | Issue 4 | December 2025
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(a) (b) (c)

Figure 3. Bifurcation diagram with respect to fear factor L, where the blue lines and red lines represent local maxima and local minima,
respectively
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Figure 4. Stable attractor of controlled dynamical system (4) at h1 = 0, h2 = 0.5 and h3 = 0 (using [ℓ3])

d2. We determine a quadratic equation

I(P ) = (1− n1)P
2 + (g1 −K(1− n1))P −Kg1

+
b1K(1− n1)Z∗

a1

from 1st equation of system (1), which has positive rootP∗ if I(0)
< 0 i.e. 0 < n1 < 1− g1a1

b1Z∗
.

From 2nd equation of dynamical system (1), we can find,
l(F ) = F 2 +N1F +N2, where

N1 =
c1(1− n2) + Ld1(g2 + (1− n2)Z∗)

c1(1− n2)L
,

N2 =
(d1(g1 + (1− n1)P∗)− b1b2P∗)(g2 + (1− n2)Z∗)

c1(1− n2)(g1 + (1− n1)P∗)L
.

The equation l(F ) admits a +ve zero say F∗ if l(0) = N2 < 0
i.e. d1(g1 + (1 − n1)P∗) < b1b2P∗. Numerically, for the set of
hypothetical parameters [ℓ2]: a1 = 2, n1 = 0.8, b1 = 1, g1 = 10,
b2 = 2, d1 = 1, c1 = 1.5, g2 = 10, c2 = 1.3333, d2 = 0.7, K =
40, n2 = 0.12, L = 0.1, we obtain U∗(38.0648, 4.5769, 0.5341).

4.1. Stability of Equilibrium States
The main motive of this subsection is to determine the

local stability of all feasible steady states under certain condi-
tions.

Lemma 3. The zero equilibrium state U0 is unstable as a1 is the
positive eigenvalue of the corresponding variational matrix and
the predator free steady state U1 is locally asymptotically stable
(LAS) if 0 < n1 < 1− b1b2K−d1g1

d1K
.

Theorem 3. The fish free feasible point U2 is LAS if (Ĥ1):
Â1Â2 − Â3 > 0 and Âi > 0 ∀ i = 1, 3 holds true, where

Â1 = − (e100 + f010 + g001),

Â2 = − e010f100 + f010g001 + e100f010 + e100g001,

Â3 = e010f100g001 − e100f010g001.

Proof. The variational matrix M̂∗ of the positive interior equilib-
rium U2 is given by,

M̂∗ =

 e100 e010 0
f100 f010 f001
0 0 g001


where

e100 = a1 −
2a1P2

K
− g1b1(1− n1)Z2

(g1 + (1− n1)P2)2
,

e010 = − b1(1− n1)P2

(g1 + (1− n1)P2)
,

f100 =
b1b2g1(1− n1)Z2

(g1 + (1− n1)P2)2
,

f010 =
b1b2(1− n1)P2

(g1 + (1− n1)P2)
− d1,

f001 = − c1(1− n2)Z2

(g2 + (1− n2)Z2)
− b1b2LP2Z2

(g1 + (1− n1)P2)
,

g001 =
(c1c2(1− n2)Z2)

(g2 + (1− n2)Z2)
− d2.
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The characteristic equation of the variational matrix M̂∗
w.r.t. U2 is

λ3 + Â1λ
2 + Â2λ+ Â3 = 0, (2)

where

Â1 = − (e100 + f010 + g001),

Â2 = − e010f100 + f010g001 + e100f010 + e100g001,

Â3 = e010f100g001 − e100f010g001.

Further, using Routh-Hurwitz criterion, M̂∗ has negative eigen-
values or eigenvalues with negative real parts if (Ĥ1) holds true
around U2.

Theorem 4. The equilibrium point U∗ is LAS if (H1): A1A2 −
A3 > 0 and Ai > 0 ∀ i = 1, 3 holds true, where

A1 = − (a100 + b010 + c001),

A2 = − a010b100 − c010b001 + b010c001 + a100b010

+ a100c001,

A3 = a100c010b001 + a010b100c001 − a100b010c001.

Proof. The variational matrixM∗ of the positive interior equilib-
rium U∗ is given by

M∗ =

 a100 a010 0
b100 b010 b001
0 c010 c001

 ,

where

a100 = a1 −
2a1P∗

K
− g1b1(1− n1)Z∗

(g1 + (1− n1)P∗)2
,

a010 = − b1(1− n1)P∗

(g1 + (1− n1)P∗)
,

b100 =
b1b2g1(1− n1)Z∗

(1 + LF∗)(g1 + (1− n1)P∗)2
,

b010 =
b1b2(1− n1)P∗

(1 + LF∗)(g1 + (1− n1)P∗)
− d1 −

c1g2(1− n2)F∗

(g2 + (1− n2)Z∗)2
,

b001 = − c1(1− n2)Z∗

(g2 + (1− n2)Z∗)
− b1b2LP∗Z∗

(1 + LF∗)2(g1 + (1− n1)P∗)
,

c010 =
(c1c2(1− n2)g2F∗)

(g2 + (1− n2)Z∗)2
,

c001 =
(c1c2(1− n2)Z∗)

(g2 + (1− n2)Z∗)
− d2.

The characteristic equation of the variational matrixM∗ w.r.t. U∗
is

λ3 +A1λ
2 +A2λ+A3 = 0, (3)

where

A1 = − (a100 + b010 + c001),

A2 = − a010b100 − c010b001 + b010c001 + a100b010 + a100c001,

A3 = a100c010b001 + a010b100c001 − a100b010c001.

Now, using Routh-Hurwitz criterion, M∗ has negative eigenval-
ues or eigenvalues with negative real parts if (H1) holds true
around U∗.

4.2. Existence of chaotic behavior
Consider the following set of parameters. [ℓ3]: a1 = 2,

n1 = 0.02, b1 = 1.0204, g1 = 10, b2 = 1.96, d1 = 1, c1 = 1.5,
g2 = 10, c2 = 1.3333, d2 = 0.7, K = 40, n2 = 0.12, L = 0.01.
Taking parameters as in [ℓ3], the given dynamical system has
chaotic behavior as shown in Figure 1. Lyapunov Exponents, one
of the effective tools to explore chaotic dynamics, is shown in Fig-
ure 2. From the Lyapunov spectrum of the system, we observe
that one of the Lyapunov exponents is positive that established
the existence of chaotic dynamics. Bifurcation diagram with re-
spect to the level of fear factor L is shown in Figure 3.

5. Role of noise in plankton dynamics
Number of analytical and experimental studies have been

carried out to explore the impact of noise in prey-predator sys-
tems [16, 17, 38, 39]. The role of noise in the marine king-
dom is also unavoidable as the aquatic ecosystems are highly af-
fected by it. The noise-induced phenomenon known as stochas-
tic resonance (SR) is detected when paddle fish search their prey
[40]. In marine ecology, the impact of noise on aquatic ecosys-
tems is extensively analyzed, but its role on plankton ecosystems
through different feedback mechanisms is less known [24, 25].
Thus, in the present section, we study the impact of the noise
on the plankton dynamics using feedback techniques (linear and
bounded).

5.1. Linear feedback control

403020
P(t)1000

20Z(t)
40

0

10

20

60

F
(t

)

Figure 5. Stable limit cycle of controlled dynamical system
(4) at h1 = 0, h2 = 0 and h3 = 0.5 (using [ℓ3])

In this subsection, we have introduced noise in terms of
control parameters v1, v2, v3 in the given plankton system (1).
The main objective of this subsection is to guide the chaotic tra-
jectories to the equilibrium point of the system. In the feedback
control approach, the structure of equations of the controlled
dynamics is given by

dP

dt
= a1P (1− P

K
)− b1(1− n1)P

(g1 + (1− n1)P )
Z + v1,

dZ

dt
=

b2
(1 + LF )

b1(1− n1)P

(g1 + (1− n1)P )
Z − d1Z + v2

− c1(1− n2)ZF

(g2 + (1− n2)Z)
,

dF

dt
=

c1c2(1− n2)ZF

(g2 + (1− n2)Z)
− d2F + v3.

(4)

Let U∗(P∗, Z∗, F∗) be the unstable equilibrium of the unpre-
dictable chaotic dynamics (4). A simple feedback controller is
required for real world application, which is given below as: v1

v2
v3

 =

 −h1 0 0
0 −h2 0
0 0 −h3

 P − P∗
Z − Z∗
F − F∗


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Figure 6. Stable behavior of controlled dynamical system (8) at L = 0.4 (using [ℓ3])
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Figure 7. Dynamics of controlled dynamical system (10) (using [ℓ3]).

Now, we choose the positive constants in such a way that the
orbits of the controlled system become stable at a feasible state
U∗. Substituting the values of control inputs v1, v2, v3 in (4), we
get

dP

dt
= a1P (1− P

K
)− b1(1− n1)P

(g1 + (1− n1)P )
Z − h1(P − P∗),

dZ

dt
=

b2
(1 + LF )

b1(1− n1)P

(g1 + (1− n1)P )
Z − d1Z − h2(Z − Z∗)

− c1(1− n2)ZF

(g2 + (1− n2)Z)
,

dF

dt
=

c1c2(1− n2)ZF

(g2 + (1− n2)Z)
− d2F − h3(F − F∗).

(5)

Theorem 5. The equilibrium point U∗ is locally asymptotically
stable if (G1) : B1 > 0, B3 > 0, and B1B2 > B3 holds true.
Here

B1 = − (a11 + a22 + a33),

B2 = − a12a21 − a32a33 + a22a33 + a11a22 + a11a33,

B3 = a11a32a23 + a12a21a33 − a11a22a33.

Proof. To discuss the local stability of the controlled system (5)
about U∗, we choose h1 = 0, h2 > 0 and h3 = 0. The Jacobian
matrix of the system (5) around U∗ is given by

M∗
1 =

 a11 a12 0
a21 a22 a23
0 c32 c33

 ,

where

a11 = a1 −
2a1P∗

K
− g1b1(1− n1)Z∗

(g1 + (1− n1)P∗)2
− h1,

a12 = − b1(1− n1)P∗

(g1 + (1− n1)P∗)
,

a21 =
b1b2g1(1− n1)Z∗

(1 + LF∗)(g1 + (1− n1)P∗)2
,

a22 =
b1b2(1− n1)P∗

(1 + LF∗)(g1 + (1− n1)P∗)
− c1g2(1− n2)F∗

(g2 + (1− n2)Z∗)2

− d1 − h2,

a23 = − c1(1− n2)Z∗

(g2 + (1− n2)Z∗)
− b1b2LP∗Z∗

(1 + LF∗)2(g1 + (1− n1)P∗)
,

a32 =
(c1c2(1− n2)g2F∗)

(g2 + (1− n2)Z∗)2
,

a33 =
(c1c2(1− n2)Z∗)

(g2 + (1− n2)Z∗)
− d2 − h3.

The characteristic equation of the variational matrixM∗
1 w.r.t. U∗

is
λ3 +B1λ

2 +B2λ+B3 = 0, (6)

where

B1 = − (a11 + a22 + a33),

B2 = − a12a21 − a32a33 + a22a33 + a11a22 + a11a33,

B3 = a11a32a23 + a12a21a33 − a11a22a33.

Now, using Routh-Hurwitz criterion, (6) has negative eigenvalues
or eigenvalues with negative real parts if (G1) holds true around
U∗, where (G1) : B1 > 0,B3 > 0, andB1B2 >B3. The constants
hi, i = 1, 2, 3 are taken so as to satisfy condition (G1). Such a
choice of h′

is exclude the chaotic nature of the system and make
it stable.

5.2. Numerical validation
The chaotic system (1) and controlled dynamics (5) are sim-

ulated for the same choice of parameters [ℓ3]. Here, we choose
the gain parameters as h1 = 0, h2 = 0.5, h3 = 0. Figure 4
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Figure 8. Dynamics of controlled dynamical systems (11) for different values of τ

shows the stable behavior of the system (4), and the trajectory
converges to the same steady stateU∗(38.06489, 4.5769, 0.5341)
of (1).

Remark 1. In the same way, if we again set constants as h1 =
0, h2 = 0, and h3 = 0.5, the controlled dynamical system (5)
shows stable limit cycle (Figure 5). Thus, the unpredictable
and complex plankton dynamics (1) can be stabilize through
the controller system (5) to equilibrium point or to a stable
limit cycle.

5.3. Bounded feedback control scheme
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Figure 9. Stable limit cycles of controlled dynamical systems
(12) at τ = 0.001

In the previous subsection, we have perturbed the given
system by including noise in phytoplankton, zooplankton, and
fish dynamics to suppress chaos. Here, we will analyze the
impact of noise on plankton-fish dynamics by applying noise
only in zooplankton dynamics in a bounded region. We include
the control parameter w(t) as noise in the given chaotic dynamics
(1). To ensure small values of the noise perturbations, we restrict
the controller w(t) in the following way,

w(t) =

 w0 w0 > w(t)
w(t) −w0 < w(t) < w0

−w0 w(t) < −w0

(7)

where w0 is a small saturating positive constant. To stabilize the
chaotic dynamics (1), we propose a control design of system (1)
using bounded feedback control mechanism as,

dP

dt
= a1P (1− P

K
)− b1(1− n1)P

(g1 + (1− n1)P )
Z

dZ

dt
=

b2
(1 + LF )

b1(1− n1)P

(g1 + (1− n1)P )
Z − c1(1− n2)ZF

(g2 + (1− n2)Z)

− d1Z − w(t)

dF

dt
=

c1c2(1− n2)ZF

(g2 + (1− n2)Z)
− d2F (8)

where w(t) = L1 ∗ ( c1c2(1−n2)ZF
(g2+(1−n2)Z) − d2F ).

Theorem 6. The system (8) is locally asymptotically stable around
its equilibrium point U∗ if (G11): C1 > 0, C3 > 0, C1C2 > C3

holds true. Here

C1 = − (b11 + b22 + b33),

C2 = − b12b21 − b32b33 + b22b33 + b11b22 + b11b33,

C3 = b11b32b23 + b12b21b33 − b11b22b33.

Proof. The jacobian matrixM∗
2 of the controlled system (8) is

M∗
2 =

 b11 b12 0
b21 b22 b23
0 b32 b33

 ,

where

b11 = a1 −
2a1P∗

K
− g1b1(1− n1)Z∗

(g1 + (1− n1)P∗)2
,

b12 = − b1(1− n1)P∗

(g1 + (1− n1)P∗)
,

b21 =
b1b2g1(1− n1)Z∗

(1 + LF∗)(g1 + (1− n1)P∗)2
,

b22 =
b1b2(1− n1)P∗

(1 + LF∗)(g1 + (1− n1)P∗)
− c1g2(1− n2)F∗

(g2 + (1− n2)Z∗)2

− d1 − L1(
(c1c2(1− n2)g2F∗)

(g2 + (1− n2)Z∗)2
),

b23 = − c1(1− n2)Z∗

(g2 + (1− n2)Z∗)
− b1b2LP∗Z∗

(1 + LF∗)2(g1 + (1− n1)P∗)

− L1(
(c1c2(1− n2)Z∗)

(g2 + (1− n2)Z∗)
− d2),

b32 =
(c1c2(1− n2)g2F∗)

(g2 + (1− n2)Z∗)2
,

b33 =
(c1c2(1− n2)Z∗)

(g2 + (1− n2)Z∗)
− d2.

The characteristic equation of the variational matrixM∗
2 w.r.t. U∗

is
λ3 + C1λ

2 + C2λ+ C3 = 0, (9)

where,

C1 = − (b11 + b22 + b33),
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Figure 10. Controlling of chaos w.r.t. phytoplankton refuge n1

C2 = − b12b21 − b32b33 + b22b33 + b11b22 + b11b33,

C3 = b11b32b23 + b12b21b33 − b11b22b33.

Now, using the Routh-Hurwitz criterion,M∗
2 has negative eigen-

values or eigenvalues with negative real parts if (G11) holds
around U∗. Here (G11): C1 > 0, C3 > 0, and C1C2 > C3. It is
observed that the chaotic system (1) can be controlled through
bounded feedback scheme (8) using set of parameters [ℓ3], L1 =
0.4, and w0 = 1.4. Figure 6 shows that the controlled system
converges to U∗(37.2847, 6.3346, 5.8353).

6. Stability analysis of seasonally perturbed system

Aquatic species survive in the periodically varying environ-
ment and so severally affected by seasonal fluctuations [23, 41].
In this section, we include seasonal forces in the dynamical sys-
tem (1), which exhibited unpredictable behavior through an in-
finite number of unstable periodic orbits embedded within the
attractor (using [ℓ3]). To suppress the chaotic behavior of the
dynamics (1), we apply two control mechanisms, namely, non-
feedback control scheme and delayed feedback control scheme.
These two schemes convert the chaotic trajectory of system (1)
to a stable limit cycle.

6.1. Non-feedback control scheme using sinusoidal force

In [39] a plankton dynamical system is analysed by apply-
ing sinusoidal force on the growth rate of phytoplankton and
death rate of zooplankton as a diagnostic tool to detect chaos.
Here, we have included the sinusoidal force in zooplankton dy-
namics to stabilize the given chaotic system. Thus, in this mech-
anism, we have proposed a non-feedback controller g(t) using a
weak seasonal periodic sinusoidal force in zooplankton popula-
tion. Here g(t) = J1 + J2 sin(αt), in which J1 is a constant
bias. The parameters J2 and α are the amplitude and frequency
of sinusoidal periodic force function, respectively. We insert this
controller in the second equation of (1) and the following con-
trolled system is obtained.

dP

dt
= a1P (1− P

K
)− b1(1− n1)P

(g1 + (1− n1)P )
Z,

dZ

dt
=

b2
(1 + LF )

b1(1− n1)P

(g1 + (1− n1)P )
Z − c1(1− n2)ZF

(g2 + (1− n2)Z)

− d1Z + g(t),

dF

dt
=

c1c2(1− n2)ZF

(g2 + (1− n2)Z)
− d2F. (10)

We have carried out numerical simulation of the controlled sys-
tem (10) using set of parameters [O1]: [ℓ3], J1 = 0.2, J2 = 0.1,
and α = 22/7. Figure 7 shows that for the set of parametric val-
ues [O1], the controlled system (10) converts the unpredictable
trajectories of givenmodel (1) to quasi periodic orbit and as J1 in-
creases from 0.2 to 0.9 in [O1], the chaotic attractors suppressed
to stable limit cycle.

Remark 2. It is notable here that when we take J1 = 1.4
and J2 = 2.5 in [O1], the system (10) becomes stable and
converges to U∗(37.2754, 6.3349, 8.1180) (Figure 7c).

6.2. Delayed feedback control scheme
In this control scheme, we do not require external forces

and internal parameters to suppress chaos. In this mechanism,
we will again control the chaos by perturbing the system in a
more realistic way using delay. These perturbations are the dif-
ference between the current and delayed state of the plankton-
fish system. We have applied this delayed feedback scheme to
the given dynamical system (1) to eliminate its chaotic behavior
and will stabilize the unstable periodic orbits of period τ . The
set of differential equations of the controlled system is as given
below:

dP

dt
= a1P (1− P

K
)− b1(1− n1)P

(g1 + (1− n1)P )
Z

− J3(P (t)− P (t− τ)),

dZ

dt
=

b2
(1 + LF )

b1(1− n1)P

(g1 + (1− n1)P )
Z − c1(1− n2)ZF

(g2 + (1− n2)Z)

− d1Z − J4(Z(t)− Z(t− τ)),

dF

dt
=

c1c2(1− n2)ZF

(g2 + (1− n2)Z)
− d2F − J5(F (t)− F (t− τ)) (11)
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Figure 11. Controlling of chaos w.r.t. zooplankton refuge n2

Here, diag(J3, J4, J5) is the feedback gain matrix, and τ is taken
to be the same as the period of the target unstable periodic or-
bits. The controller in the dynamics (11) tends to zero as trajec-
tories converge to periodic orbit with a period of τ .

Firstly, we consider set of parameters [O2]: [ℓ3], J3 = 0.1,
J4 = 0.1, J5 = 1, and τ = 1.5. Now, simulating the dynami-
cal system (11) using set of parameters [O2], the unpredictable
chaotic orbits controlled by quasi periodic orbits (Figure 8a), if
we gradually increase time delay τ from 1.5 to 1.7 in [O2], the
system converts into double periodic (Figure 8b) and becomes
stable around a limit cycle for τ = 2.3 in [O2] (Figure 8c).

6.3. Approximated delay feedback scheme (ADFS)
In this subsection, we apply the ADFS (for detailed ex-

planation of this method reader can refer to [42]) to terminate
the chaotic nature of the given system (1) and convert it into
a stable limit cycle with a small period. The chaotic trajectory
(P(t),Z(t),F(t)) is very close to periodic trajectory with period τ .
Now, we apply Taylor’s theorem for small τ and get,

P (t− τ) = P (t)− τṖ (t) +O(τ2),

P (t)− P (t− τ) ∼= τṖ (t)

= τ(a1P (1− P

K
)− b1(1− n1)P

(g1 + (1− n1)P )
Z)

Z(t)− Z(t− τ) ∼= τŻ(t)

= τ(
b2

(1 + LF )

b1(1− n1)P

(g1 + (1− n1)P )
Z − d1Z

− c1(1− n2)ZF

(g2 + (1− n2)Z)
)

F (t)− F (t− τ) ∼= τḞ (t)

= τ(
c1c2(1− n2)ZF

(g2 + (1− n2)Z)
− d2F ) (12)

From (11) and (12), we get

Ṗ (t) = (1− J3τ)(a1P (1− P

K
)− b1(1− n1)P

(g1 + (1− n1)P )
Z)

Ż(t) = (1− J4τ)(
b2

(1 + LF )

b1(1− n1)P

(g1 + (1− n1)P )
Z − d1Z

− c1(1− n2)ZF

(g2 + (1− n2)Z)
)

Ḟ (t) = (1− J5τ)(
c1c2(1− n2)ZF

(g2 + (1− n2)Z)
− d2F ) (13)

where 0 < J3τ < 1, 0 < J4τ < 1, and 0 < J5τ < 1. For the set
of parameters [ℓ3], J3 = 0.01, J4 = 0.01, J5 = 1, and τ = 0.001,
we integrate (13) numerically and observed that the chaotic orbit
is controlled by stable limit cycle (Figure 9).

7. Controlling of chaos using internal parameters n1, n2, and
L.

In this section, we will study the role of phytoplankton
refuge (n1), zooplankton refuge (n2), and fear factor (L) in con-
trolling the unpredictable behavior of the chaotic planktonic dy-
namical system (1).
• We simulate the given system using [ℓ3] and determined
that when n1 ∈ (0, 0.23) it shows chaotic behavior as the
value of n1 gradually increased to 0.24, we found that the
system shows quasi-periodic trajectories and turns to dou-
ble periodic at n1 = 0.29. The dynamical system enters
into Hopf-bifurcation at n1 = 0.39, becomes stable for
n1 ∈ [0.71, 0.73] but as n1 crosses 0.73, the top predator
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Figure 12. Controlling of chaos w.r.t. fear effect L

extinct. Therefore the anti predator behavior of the phyto-
plankton should not exceed 0.73 (Figure 10).

• It is observed from Figure 11 that the model system (1) is
chaotic for 0 < n2 ≤ 0.43, quasi-periodic for 0.44 ≤
n2 < 0.54, double periodic for 0.55 ≤ n2 < 0.67, Hopf-
bifurcation occur in 0.68 ≤ n2 ≤ 0.72, complexity disap-
pear with existence of stability in 0.73 ≤ n2 ≤ 0.75, and
stable limit cycle exists for n2 ≥ 0.758 with the extinction
of top predator. These findings reveal that increase in prey
refuges makes the plankton dynamics stable from chaotic,
but for the co-existence of all plankton species n2 should
not exceed 0.758.

• We have studied the impact of fear effect (L) on the given
plankton dynamics and observed that the model system is
chaotic for 0 < L ≤ 0.07, quasi-periodic in 0.08 ≤ L ≤ 0.1,
double periodic in 0.1 < L ≤ 0.13, bifurcates in 0.14 ≤
L < 1.06, and becomes stable beyond L = 1.09 (Figure 12).

8. Discussion and Conclusion

In this paper, we have proposed and investigated the dy-
namical behaviour of a plankton-fish interaction model system
with prey refuge and fear effect. We have discussed the impact of
internal parameters (prey refuge and fear) on the given plankton-
fish dynamical system. It is observed that the system exhibits
chaotic dynamic with respect to fear parameter L and existence
of chaotic dynamics is confirmed by a positive Lyapunov expo-
nents coefficient (Figure 3). Further, it is found in Section 7 that
the chaotic behavior of the given system (1) can also be controlled
through different control parameters viz., phytoplankton refuge
(n1), zooplankton refuge (n2), and fear effect (L). The results of
our study reveal that the given chaotic plankton system remains
stable for n1 ∈ [0.71, 0.73], n2 ∈ [0.73, 0.75], and L ≥ 1.09 (see
Figure 10 to Figure 12). After that, in order to determine the ef-
fect of external factors (seasonality, noise, fluctuations, and time
delay) on the given system, we have applied two chaos control
schemes, viz., feedback and non-feedback. These schemes have
the following ecological implications;

• In linear feedback control scheme (subsection 5.1), a new

controlled dynamical system (4) has formulated with the
help of control agents v′is, i = 1, 2, 3, which represent noise
in the system. Our numerical simulations have shown that
noise transfer the chaotic trajectories of the given plankton
system into a stable orbit around U∗ (see Figure 4).

• In bounded feedback control scheme (subsection 5.3), we
have included a controller w(t) as a noise parameter in
the zooplankton dynamics to construct a controlled dynam-
ics (8). It is numerically observed that noise converts the
chaotic system to a stable one around U∗ (see Figure 6).

• In the non-feedback control scheme (subsection 6.1), a week
periodic sinusoidal force as a non-feedback controller g(t) is
applied to the given chaotic plankton dynamics (1). Numeri-
cally, it is seen that the sinusoidal force suppress the chaotic
behavior of the system to a great extent (see Figure 7).

Thus, it can be concluded that under certain parametric condi-
tions, both external and internal factors (n1, n2 and L) have a sta-
bilizing effect on the given plankton-fish interactive system and
reshape irregular dynamic of the system into a balancing state
which is necessary for the sustenance and co-existence of the
marine ecosystem.
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