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Epidemic Dynamics with Nonlinear Incidence Considering
Vaccination Effectiveness

Putri Zahra Kamalia1,∗ and Dipo Aldila1,2

1Department of Mathematics, Faculty of Mathematics and Natural Sciences, Universitas Indonesia, Depok 16424, Indonesia
2Innovative Mathematics and Predictive Analytics for Complex System and Technology Laboratory (IMPACT Lab), Universitas Indonesia,
Depok 16424, Indonesia

ABSTRACT. This paper presents a mathematical model that examines the effect of nonlinear incidence on disease
transmission dynamics. Furthermore, we also accommodate newborn and adult vaccination strategy as the preven-
tion strategy to prevent rapid spread of the disease due to nonlinear incidence rate. Assuming a constant population
size, the system is reduced to a two-dimensions and nondimensionalized using the average infectious period as the
time scale. Analytical results reveal the existence of both disease-free and endemic equilibria, with the possibility
of backward bifurcation when the nonlinear incidence parameter exceeds a critical threshold. This implies that dis-
ease persistence may still occur even when the basic reproduction number is less than one. Numerical simulations
using MATCONT conducted to visualize the occurrence of both forward and backward bifurcations phenomena. Using
COVID-19 parameter values, a global sensitivity analysis via Partial Rank Correlation Coefficient - Latin Hypercube
Sampling method indicates that newborn vaccination has a stronger impact on reducing the basic reproduction num-
ber. These findings provide important insights for designing effective vaccination strategies and understanding the
complex dynamics arising from nonlinear transmission and imperfect immunization.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJBM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

Mathematical models have beenwidely used by researchers
to understand the mechanisms of disease transmission within
populations. Since the pioneering work of Kermack and McK-
endrick in 1927 [1], compartmental models based on disease sta-
tus have been extensively developed and adapted to various in-
fectious diseases [2, 3]. The global outbreak of COVID-19 in 2019
further amplified the use of mathematical models—not only by
mathematicians [4] but also by researchers from other disciplines
such as public health, epidemiology, and economics [5, 6]. These
models have been employed to predict outbreak trajectories and
evaluate potential intervention strategies.

Among the various public health interventions, vaccination
remains one of the most effective for controlling and potentially
eliminating infectious diseases such as COVID-19, measles, and
tuberculosis (TB). However, most vaccines do not provide 100%
efficacy. For instance, COVID-19 vaccines generally show efficacy
rates ranging from 70% to 95% depending on the type and timing
of the dose [7], the measles vaccine achieves around 97% effi-
cacy after two doses [8], and the Bacille Calmette–Guérin (BCG)
vaccine for TB shows variable protection between 60% and 80%
depending on geographical and demographic factors [9]. More-
over, some vaccines require periodic updates or booster doses
due to waning immunity. Therefore, incorporating imperfect vac-
cine efficacy into disease models is essential when assessing the
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feasibility of disease eradication through vaccination strategies.
Human behaviour, especially not knowing about or not fol-

lowing disease warnings and health protocols, is another impor-
tant factor that affects how diseases spread. People with cer-
tain infectious diseases can keep doing normal things even if they
have symptoms or are at risk of getting sick. This lack of action
can greatly speed up the spread of disease, especially in the early
stages of an outbreak. The more people who are infected, the
more likely it is that people who are susceptible will come into
contact with people who are infectious. This happens in a way
that isn’t always linearly proportional. This phenomenon, which
is also called saturation incidence or nonlinear incidence, shows
that the number of infected people doesn’t always affect the rate
of transmission in a straight line [10, 11]. Instead, the number
of new infections may rise faster than the number of people who
are already infected because of behavioural or biological feed-
back. People who don’t know better may act in ways that make
this worse, like skipping vaccinations, avoiding isolation, or ig-
noring hygiene rules. This can make outbreaks grow faster than
simple linear models predict [12]. Because of this, it is impor-
tant to take these kinds of behaviour changes into account when
making realistic models and plans for effective interventions.

Numerous mathematical models have been developed to
study the spread of infectious diseases by incorporating vaccina-
tion as a primary control intervention. In 2011, Safi and Gumel
[13] proposed a mathematical model that considered imperfect
vaccination combined with quarantine measures. Their analysis
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Table 1. Description of variables in model (1)

Variable Description
S(t) Total number of susceptible population at time-t which is vulnerable with disease infection, and not under the

impact of vaccination
V (t) Total number of vaccinated individuals at time-t.
I(t) Total number of infected individuals at time-t and ready to spread disease.

revealed the possibility of a backward bifurcation triggered by
the imperfection of the vaccine. A more specific application was
presented in [14], where the authors implemented a vaccination
strategy for malaria. The model parameters were calibrated us-
ing incidence data from Papua, Indonesia, and an optimal control
framework was employed to evaluate the efficacy of the vacci-
nation strategy in eradicating malaria. In a recent study, Aldila
et al. [15] introduced a novel mathematical model to assess
the potential impact of the M72/AS01E vaccine on tuberculosis
(TB) transmission dynamics. Their model exhibited rich dynam-
ics, including periodic solutions, backward bifurcation, and for-
ward bifurcation with hysteresis. The findings highlighted that
the combination of imperfect vaccination and secondary infec-
tion pathways—such as relapse and reinfection—could sustain
disease transmission even when the basic reproduction number
is less than one. More recently, Fatahillah et al. [16] incorporated
a saturated infection rate into their vaccination model, uncov-
ering the emergence of backward bifurcation due to saturation
effects. This saturation reflects the scenario where the disease
transmission rate decelerates as the number of infected individ-
uals increases beyond a certain threshold.

Different with authors in [16] and [17], here in this article
we introduce a modified Susceptible – Vaccinated – Infected (SVI)
compartmental model that incorporates two key features. The
first is the consideration of imperfect vaccination, allowing vacci-
nated individuals to retain a nonzero probability of infection. The
second is the incorporation of a nonlinear incidence rate, which
reflects the assumption that as the number of infected individ-
uals increases, the disease spreads more easily—a phenomenon
often observed in real-world outbreaks. Through both analyti-
cal and numerical approaches, we demonstrate the occurrence of
backward bifurcation in the model, primarily induced by the non-
linear transmission mechanism. Furthermore, we perform both
local and global sensitivity analyses of the model parameters and
the corresponding basic reproduction number.

The structure of the paper is as follows. Section 2 presents
the formulation of the mathematical model, including the as-
sumptions involved. In Section 3, we analyze the existence of the
disease-free equilibrium and derive the basic reproduction num-
ber. Section 4 investigates the existence of the endemic equi-
librium, followed by a detailed analysis of backward bifurcation
in Section 5. Numerical simulations, including global sensitiv-
ity analysis and parameter fitting using COVID-19 data, are dis-
cussed in Section 6. Finally, concluding remarks are presented in
Section 7.

2. The mathematical model
2.1. The construction of the mathematical model

We assume that the population can be divided based on
the infection status and vaccination status. Hence, let the hu-
man population divided into three compartments as described

in Table 1. With the compartment definition shown in Table 1,
we define our model as follows.

dS

dt
= (1− u1)Λ + δV − (1 + αI)β1SI + γI − (u2 + µ)S,

dV

dt
= u1Λ + u2S − (1 + αI)β2V I − (δ + µ)V,

dI

dt
= (1 + αI)(β1S + β2V )I − (γ + µ)I.

(1)

The model assumptions are as follows:
A1. Assumption for Vaccination:

we assume that the total populationN increases due to the
natural birth rate, denoted by Λ. We include two types of
vaccination in the model, namely newborn vaccination, de-
noted by u1, and non-newborn vaccination, denoted by u2.
Hence, u1Λ individuals enter the vaccinated compartment
due to newborn vaccination, while the remaining (1−u1)Λ,
who are not vaccinated, enter the susceptible compartment.
Next, we consider non-newborn vaccination, which is ad-
ministered to individuals in the S compartment. Thus, u2S
individuals move from the S compartment to the V com-
partment. Furthermore, we assume that the effect of vacci-
nation is not lifelong. Therefore, there is a dropout from the
V compartment to the S compartment at a constant rate δ.

A2. Assumption for infection of susceptible individuals:
we use a nonlinear incidence rate (1 + αI)β1 to model the
infection rate, where β1 represents the infection rate for
the susceptible population, and α reflects the increase in in-
fection rate due to a rising number of infected individuals.
With this nonlinear formulation, the infection spreads more
rapidly as the number of infected individuals increases.

A3. Assumption for infection of the vaccinated individuals:
we assume that vaccination does not fully protect individu-
als from infection. The vaccine is assumed to have an effi-
cacy level denoted by ξ, with ξ ∈ [0, 1], where ξ = 1 indi-
cates that the vaccine provides 100% protection, and ξ = 0
indicates that the vaccine offers no protection at all. Under
this assumption, the infection rate for vaccinated individuals
is given by (1− ξ)β1. Since both ξ and β1 are constants, we
define β2 := (1 − ξ)β1. Consequently, the infection term
for vaccinated individuals is given by (1 + αI)β2I , where
β2 ≤ β1.

A4. Assumption for recovery and natural death rate:
we assume that infected individuals can recover from the
disease but do not acquire temporary immunity. Hence, all
individuals who recover from the I compartment at a rate γ
return to the S compartment. Furthermore, we assume that
each compartment decreases due to a natural death rate µ.

The description of model parameters are given in Table 2.
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Table 2. Description of parameters in model (1)

Parameters with
dimension

Description Dimension
Dimensionless
Equivalent

Λ Recruitment rate per capita
human
days

-

µ Natural death rate
1

days
m

u1 Proportion of newborn get vaccinated - c1

u2 Non newborn vaccination rate
1

days
c2

δ Vaccination waning rate
1

days
d

β1 Infection rate of the susceptible individuals
1

human× days
b1

β2 Infection rate of the vaccinated individuals
1

human× days
b2

α Correction parameter that increases infection rate
due to nonlinear impact of infection term

1

human
a

γ Recovery rate
1

days
-

2.2. Nondimensionalization of the model
We assume that the total population in model (1) is con-

stant, hence we have that

dN

dt
= Λ− µN = 0 ↔ Λ = µN.

Let

x1 =
S

N
, x2 =

V

N
, x3 =

I

N
, x1 = 1− x2 − x3, t =

τ

γ
,m =

µ

γ
,

c1 = u1, c2 =
u2

γ
, d =

δ

γ
, a = αN, b1 =

β1N

γ
, b2 =

β2N

γ
.

Using this assumption, we have the non-dimensional version of
model (1) is given as follows:

dx2

dt
= c1m+ c2(1− x2 − x3)− dx2 − (1 + ax3)b2x2x3

−mx2, (2a)
dx3

dt
= (1 + ax3)x3(b1(1− x2 − x3) + b2x2)− (1 +m)x3.

(2b)

The above non-dimensionalized model completed with the fol-
lowing initial conditions:

x2(0) ≥ 0, x3(0) ≥ 0, with x2(0) + x3(0) ≤ 1.

With this nondimension model in hand, we will analyze model
(2) instead of the complete model in model (1). In the follow-
ing section, we will start our mathematical analysis with the cal-
culation of the basic reproduction number and the disease-free
equlibrium.

3. The basic reproduction number and the disease-free
equilibrium

The first mathematical property we need to examine in our
proposed model (model (2)) is its long-term behavior, which al-
lows us to predict the possible final state of the system. To this
end, we begin by determining the equilibrium points of model
(2).

The first equilibrium point of model (2) is the disease-free
equilibrium point, denoted by E∗, and is given by:

E∗ =
(
x0
2, x

0
3

)
= (0, 0).

Since x1 = 1 − x2 − x3, then x1 in E∗ is given by x0
1 = 1.

Therefore, we can see that one possibility of the final state of
model (2) is that all individuals in the population are susceptible
individuals.

Before we calculate the next equilibrium point, i.e., the en-
demic equilibrium, it is important to determine a key threshold
in epidemic modeling, known as the basic reproduction number.
This threshold, often denoted by R0, represents the expected
number of secondary cases generated by a single primary case in
a fully susceptible (or ’virgin’) population during one infectious
period [18]. The term ’virgin population’ refers to a population
in which all individuals are susceptible to infection. In many epi-
demic models, R0 plays a crucial role in determining whether
the disease will die out or persist in the population [19–25]. Typ-
ically, the disease persists if R0 > 1, and may die out if R0 < 1.
The expression of the basic reproduction number of model (2) is
stated in the following theorem.

Theorem 1. Model (2) has a respected basic reproduction number
given by:

R0 =
b2c2 + b1m(1− c1) +mb2c1

(1 +m)(m+ d+ c2)
.

Proof. We use the next-generation matrix method [26] to calcu-
late the basic reproduction number of model (2). First, we com-
pute the Jacobian matrix associated with the infected compart-
ment of model (2), which in our case is x3. By direct calculation,
the Jacobian matrix evaluated at the disease-free equilibrium E∗

is given by:

J(E∗) =
[
−1 + b1

(
1− c1m+c2

c2+d+m

)
+ b2(c1m+c2)

c2+d+m −m
]
.

Next, we decompose this Jacobian into the transmission and tran-
sition matrices of model (2), denoted by F and V , respectively,
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such that J(E∗) = F + V . The transmission matrix F includes
all terms related to new infections, while all other terms are in-
cluded in the transition matrix V . Therefore, we obtain:

F =

[
b1

(
1− c1m+ c2

c2 + d+m

)
+

b2 (c1m+ c2)

c2 + d+m

]
,

V = [−(1 +m)].

From direct calculation, the next-generation matrix of model (2)
is given by:

NGM = −FV −1 =

[
b2c2 + b1m(1− c1) +mb2c1

(1 +m)(m+ d+ c2)

]
.

The basic reproduction number is defined as the spectral radius
of the corresponding next-generation matrix. Thus, the basic re-
production number of model (2) is given by:

R0 =
b2c2 + b1m(1− c1) +mb2c1

(1 +m)(m+ d+ c2)
.

Having the formula of the basic reproduction number in
hand, we are ready to determine the local stability criteria of E∗,
whih is stated in the following theorem.

Theorem 2. The disease-free equilibrium E∗ is locally asymptoti-
cally stable if R0 < 1, and unstable saddle node if R0 > 1.

Proof. The linearization of model (2) at equilibrium E∗ is given
by:

J (E∗) =

[
J11 J12

0 J22

]
,

J11 = − c2 − d−m,

J12 = − c2 −
b2 (c1m+ c2)

c2 + d+m
,

J22 = − 1 + b1

(
1− c1m+ c2

c2 + d+m

)
+

b2 (c1m+ c2)

c2 + d+m
−m.

Hence, the eigenvalues of J (E∗) are

λ1 = − (m+ d+ c2),

λ2 = − 1 + b1

(
1− c1m+ c2

c2 + d+m

)
+

b2 (c1m+ c2)

c2 + d+m
−m.

From the expression ofR0, solve it with respect to b1 and substi-
tute it to λ2, then λ2 can be rewritten as λ2 = −(1+m)(1−R0).
Hence, we have that all eigenvalues of J (E∗) are negative if and
only if R0 < 1. On the other hand, since λ1 is always negative
and λ2 > 0 if R0 > 1, then we have E∗ is a saddle point if
R0 > 1. Hence the proof is complete.

Epidemiological Significance of Theorem 1 and 2:
our calculations in Theorem 1 and 2 highlight the importance
of R0 in determining the extinction of the disease. Maintaining
the reproduction number below one increases the likelihood of
eliminating the disease. As shown in Theorem 1, the formula of
R0 involves model parameters that can be controlled, such as the
infection rate, vaccination rate, and others.

4. The endemic equilibrium
The next equilibrium of model (2) is the endemic equilib-

rium, denoted by E†. Taking the right hand side of eq. (2a) equal
to zero, and solve it respect to x2 gives

x2 =
c1m+ c2(1− x3)

ab2x2
3 + b2x3 + d+m+ c2

.

Substitute this to eq. (2b) and collect it respect to x3 gives:

f(x3) =

4∑
i=0

aix
i
3 = 0, (3)

where

a4 = a2b1b2,

a3 = (2− a)ab1b2,

a2 = a(b1(m+ d) + b2(m+ c2 + 1)) + b1b2(1− 2a),

a1 = amb1c1 − amb2c1 − adb1 − amb1 − ab2c2 + db1

+mb1 +mb2 − b1b2 + b2c2 + b2,

a0 = (1 +m)(m+ d+ c2)(1−R0).

Based on the above analysis, we have the following
lemma.

Lemma 1. Model (2) has an endemic equilibrium which is given
by

E† =
(
x†
2, x

†
3

)
=

(
c1m+ c2(1− x†

3)

ab2(x
†
3)

2 + b2x
†
3 + d+m+ c2

, x†
3

)
,

where x†
3 is the positive root of the polynomial in eq. (3).

From the expression of polynomial eq. (3), it can be seen
that a4 is always positive, while a0 < 0 ⇐⇒ R0 > 1. Since
x†
3 < 1, there will always be at least one endemic equilibrium of

model (2) when R0 > 1. This result is stated in the following
lemma.

Lemma 2. Model (2) will always has at least one endemic equilib-
rium E† if R0 > 1.

We observe that the number of endemic equilibrium E†

that may arise from model (2) depends on the number of posi-
tive roots of the polynomial in eq. (3). To determine the possible
number of positive roots, we apply Descartes’ Rule of Signs, as
shown in Tables 3 and 4. From Table 4, and based on Lemma 2,
we confirm that at least one endemic equilibrium E† always ex-
ists when R0 > 1. Moreover, depending on the sign pattern,
it is possible to have either one or three endemic equilibrium in
this case. On the other hand, Table 3 shows that the disease does
not always vanish whenR0 < 1, as it is still possible to have two
or even four endemic equilibrium (see rows 1–5 in Table 3). This
result highlights the potential for backward bifurcation, where
disease persistence can occur even when R0 < 1. We will con-
tinue our analysis on the existence of backward bifurcation on
the next section.
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Table 3. Descartes’ Rule of Signs for the polynomial
∑4

i=0 aix
i
3 = 0 when a0 > 0 ⇔ R0 < 1

Coefficient Sequence Sign Changes in eq. (3) Possible Number of Positive Real Roots
+,+,+,+,+ 0 0
+,+,+,−,+ 2 0, 2
+,+,−,+,+ 2 0, 2
+,+,−,−,+ 2 0, 2
+,−,+,+,+ 2 0, 2
+,−,+,−,+ 4 0, 2, 4
+,−,−,+,+ 2 0, 2
+,−,−,−,+ 2 0, 2

Table 4. Descartes’ Rule of Signs for the polynomial
∑4

i=0 aix
i
3 = 0 when a0 < 0 ⇔ R0 > 1

Coefficient Sequence Sign Changes in eq. (3) Possible Number of Positive Real Roots
+,+,+,+,− 1 1
+,+,+,−,− 1 1
+,+,−,+,− 3 1, 3
+,+,−,−,− 1 1
+,−,+,+,− 3 1, 3
+,−,+,−,− 3 1, 3
+,−,−,+,− 3 1, 3
+,−,−,−,− 1 1

5. Existence of backward bifurcation
We will use the Theorem by Castillo-Chavez and Song [27]

to prove the existence of backward bifurcation from model (2).
For this purpose, let b1 be the bifurcation parameter with a criti-
cal value obtained from R0 = 1, i.e.

b∗1 =
−mb2c1 + dm+m2 +mc2 − b2c2 + d+m+ c2

d+m(1− c1)
.

To use this theorem, we need to calculate the following coeffi-
cient:

A =

3∑
k,i,j=2

vkwiwj
∂2fk

∂xi∂xj
(E∗), and B =

3∑
k,i=2

vkwi
∂2fk
∂xi∂b1

(E∗),

where v and w are the left and right eigenvector of the zero
eigenvalue of the Jacobian matrix of model (2), f2 and f3 is dx2

dt

and dx3

dt in model (2), respectively.
Linearization of model (2) around the disease-free equilib-

rium E∗ evaluated at b∗1 is given by:

J =

 −(c2 + d+m) −
(
c2 +

b2 (c1m+ c2)

c2 + d+m

)
0 0

 .

The eigenvalues are λ1 = 0 and λ2 = −(m+ d+ c2). Hence, we
have 0 is a simple eigenvalue of J , while the other is negative.
Hence, we can implement a center manifold approach to ana-
lyze the local stability around b∗1, which is equivalent to R0 = 1.
To use the Castillo Chavez and Song bifurcation theorem, we
should determine the left and the right eigenvector respect to
the eigenvalue 0. The left eigenvector W = [w2 w3] should sat-
isfy WJ = 0. By direct calculation, we have:

w2 = −mb2c1 + c2d+mc2 + b2c2 + c22

(c2 + d+m)
2 , w3 = 1.

On the other hand, the right eigenvector V = [v2 v3]
T should

satisfy JV = 0. Similarly, by direct calculation we have:

v2 = 0, v3 = 1.

From the derivative of f2 and f3, we may calculate A and B as
follows:

A = v3w2w2
∂2f3
∂x2

2

(E∗) + v3w2w3
∂2f3

∂x2∂x3
(E∗)

+ v3w3w2
∂2f3

∂x3∂x2
(E∗) + v3w3w3

∂2f3
∂x2

3

(E∗),

=
1

(m(1− c1) + d)(m+ d+ c2)
(2 (m+ 1) (c2 + d

+m) (−mc1 + d+m) a+ 2dmb2c1 + 4m2b2c1 − 2mb22c1

+ 2mb2c1c2 − 2d2m− 4dm2 − 2dmc2 − 2m3 − 2m2c2

+ 2mb2c1 + 2mb2c2 − 2b22c2 − 2d2 − 4dm− 2c2d− 2m2

−2mc2 + 2b2c2) ,

B = v2w3
∂2f3

∂x2∂b1
(E∗) + v3w3

∂2f3
∂x2∂b1

(E∗),

= 1− c1m+ c2
m+ c2 + d

.

Since c1 ∈ [0, 1], then B > 0. To find a backward bifurca-
tion atR0 = 1, thenA should be positive, which in this case the
following condition should be hold:

a > a∗,

where

a∗ =
1

(1 +m)(m+ d+ c2)((1− c1)m+ d)

(
(c1m+ c2) b

2
2

+
(
−dmc1 − 2m2c1 −mc1c2 − c1m−mc2 − c2

)
b2

+(1 +m) (d+m) (c2 + d+m)) .

(4)

With the above calculation, we have the following theorem.

Theorem 3. Model (2) undergoes a backward bifurcation at
R0 = 1 if a > a∗ where a∗ is given in eq. (4).

Epidemiological significance of Theorem 3:
the existence of a backward bifurcation reveals an important in-
sight: the condition R0 < 1 may not always guarantee disease
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Figure 1. Bifurcation diagram of model (2) at R0 = 1 shows a forward bifurcation phenomena when a = 2.102 in panel (a) and a
backward bifurcation when a = 12.617 and a = 42.05 in panel (b) and (c), respectively. Note that the critical value of a∗ is
4.205.

elimination. In our case, the occurrence of backward bifurca-
tion may be driven by a high level of population ignorance re-
garding disease transmission. The greater the ignorance within
the population, the higher the likelihood of disease persistence,
even when R0 has been reduced below unity. This finding high-
lights the necessity of combining epidemiological control strate-
gies with awareness campaigns or behavioral interventions to en-
sure successful disease eradication.

6. The numerical experiments
6.1. Bifurcation diagram

In this section, we visualized our previous result on the ap-
pearance of backward bifurcation when a larger than critical val-
ues a∗. To produce the bifurcation diagram, we use MATCONT, a
MATLAB-based continuation tool. For this purpose, we choose
b1 as the bifurcation parameter and use the following parameter
values:

d = 0.34, m =
14

23725
, b2 = 2.5, c1 = 0.1, c2 = 0.14,

a = 42.0588.

By choosing b1 = 1.0, then we have R0 = 1.436 which based
on previous analytical results, we will have a unique and stable
endemic equilibrium E†, while the disease-free equilibrium E∗ is

unstable. With this parameter values, E† is given by:

(x†
2, x

†
3) = (0.0000327, 0.976259).

With the same parameter values, we calculate the critical values
a∗ that will determine the type of bifurcation that will appears.
By direct calculation, we find a∗ = 4.20588. Hence, if we choose
a > 4.20588 we will have a backward bifurcation atR0 = 1, and
if a < 4.20588, we will have a forward bifurcation at R0 = 1.

With the above preliminary results, we start our continua-
tion from the endemic equilibrium using MATCONT with three dif-
ferent values of a as shown in Figure 1. The first continuation re-
sult depicted in Figure 1a by choosing a = 0.5a∗ = 2.102. It can
be seen that when b1 started from 0, then we only have one equi-
librium that appears, denoted by blue line for x3 = 0. This line
represents a stable E∗. This stability maintained until it reaches
its Branching Point (BP) at b1 = 0.383. BP represent the condi-
tion when R0 = 1. It can be seen that when b1 reach BP, then
E∗ loses its stability, represented by solid red line. In the same
time, the endemic equilibrium E† started to arise, and maintain it
stability as b1 increases. The next bifurcation diagram is shown
in Figure 1b when we choose a = 3a∗ = 12.617. With this
chosen a, we will have a backward bifurcation at R0 = 1. Dif-
ferent with previous discussion, when we discuss the bifurcation
diagram start from smaller b1, now we discuss the bifurcation
diagram starting from bigger value of b1. When we choose b1
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Figure 2. Dynamic of model (2) respect to bifurcation diagram in Figure 1b with three different value of b1. Panel (a) depicted dynamic
of model (2) with b1 = 0.1, while panel (b) and (c) for b1 are 0.2 and 0.6, respectively.
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Figure 4. PRCC results for R0

as in Figure 1b, we have two equilibria that appear. The first
equilibrium is E†, which is stable, while E∗ is unstable. Start-
ing from the blue branch, we track another equilibrium on this
branch. Following the path, when b1 get smaller, we have E†

keeps maintaing its stability but with smaller size of endemic
equilibrium until it reaches the Fold Point (FP) at b1 = 0.166.
Passing this point, E† loses it stability. As b1 getting larger from
this FP , we have another unstable branch represented with the
red curve. As b1 getting larger on this branch, the smaller en-
demic equilibrium E† stay unstable until it reach the Branching
Point BP at b1 = 0.383. Reaching this point, the endemic equilib-
rium E† disappeared. It can be seen that the disease-free equi-
librium is stable when b1 is smaller than BP, and unstable if b1
is larger than BP. Another important feature that we have from
this bifurcation diagram is that it is possible to have two endemic
equilibria (stable and unstable) and the disease-free equilibrium
when R0 < 1, to be precise when b1 ∈ (FP,BP). In this interval,
the long-time behaviour of the system will depend on the initial
condition x2(0) and x3(0), since we have a bistability phenom-
ena in this interval. This implies that disease eradication cannot

be guaranteed solely by reducing R0 below one and that strong
or early intervention is necessary to avoid a rapid escalation in
disease prevalence near critical parameter values. Figure 2 rep-
resents the dynamic of x2 and x3 with respect to three different
values b1 based on the transmission diagram in Figure 1b. In Fig-
ure 2a, we choose b1 = 0.1, which gives us only E∗ exist and sta-
ble. Hence, all trajectories tends to E∗. In Figure 2b, we choose
b1 = 0.2, which is larger than the FP but smaller than BP. With
this b1, we have two stable equilibrium, i.e E∗ and E†. Hence, we
can see in Figure 2b that different initial conditions may give dif-
ferent solution, some of them tends to E∗, while the other tends
to E†. Finally, we choose b1 = 0.6 which is larger than BP, which
gives us all solution tends to the endemic equilibrium E†.

Figure 1c depict a backward bifurcation diagram when we
choose an extreme value of a, i.e 10a∗. With this chosen param-
eter, we will always have a bistability phenomena for all values
R0 < 1 since the fold point FP appears in the negative region
of b1. In the absence of a fold point in the positive region of
b1, the system exhibits structurally persistent bistability for all
R0 < 1, indicating that disease persistence is not driven by a
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Figure 5. (a) R0 as a function of c1, and (b) Dynamic of model (2) respect to the variation of c1.

saddle-node bifurcation but is inherent to the system dynamics.
Consequently, effective eradication requires not only reducing
R0 below one but also altering initial conditions or applying suf-
ficiently strong control to escape the attraction basin of the en-
demic equilibrium.

6.2. Sensitivity analysis: Study case on COVID-19
In this section, we use the following parameter values

based on the model introduced by authors in [28] to perform
sensitivity analysis on R0 and dynamic of model (2).

Λ =
4994000

(71.85× 365)
, c1 = 10× 0.0344, c2 =

10× 0.154

0.0751
,

m =
1/(71.85× 365)

0.0751
, b1 =

10× 1.4× 10−7 × 4994000

0.0751
,

b2 =
10× 8.4× 10−8 × 4994000

0.0751
, d =

0.1

0.0751
.

Using the parameter values above, we substitute them into the
expression for R0, keeping c1 and c2 as variables. The resulting
contour plot ofR0 with respect to c1 and c2 is shown in Figure 3.
It is evident from Figure 3 that increasing vaccination coverage
in both newborns and adults can significantly reduce the value of
R0.

Next, a global sensitivity analysis is conducted using the
Partial Rank Correlation Coefficient (PRCC) method combined
with Latin Hypercube Sampling (LHS) [29] (see [30–32] for more
example on the implementation of this method in epidemic mod-
els). We use the parameter values given above and generate
sample points within a range of ±50% around each parameter.
The results are presented in Figure 4, where Figure 4a shows the
global sensitivity of R0 with respect to each parameter, and Fig-
ure 4b displays the distribution of R0 based on the 10,000 sam-
ple points used to produce Figure 4a. It can be observed that the
natural death rate plays a crucial role in determining the magni-
tude of R0; however, this parameter is typically uncontrollable
in practice. Among the controllable parameters, the most influ-
ential in our model are b1, b2, c1, c2, and d, listed in order of
decreasing sensitivity. These results indicate that reducing the
transmission rates b1 and b2 could be effective in lowering R0 if
they can be significantly reduced. Additionally, since the sensi-
tivity values of c1 and c2 are negative, increasing the vaccination
rates can also help suppress R0. Newborn vaccination (c1) has a
stronger impact than adult vaccination (c2).

Next sensitivity analysis is conducted to see the impact of
variation of c1 on the change of R0 and the dynamic of x2 and
x3. The results is depicted in Figure 5. In Figure 5a, we confirm
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Figure 6. (a) R0 as a function of c2, and (b) Dynamic of model (2) respect to the variation of c2.

our previous sensitivity analysis that increasing c1 can reduceR0.
With thisR0 as a function of c1, we choose seven sample points
of c1 (represented by red dot point in panel (a)), and use it to
produce the dynamic of x2 and x3 as shown in Figure 5b. It can be
seen that larger c1 will increase x2 and reduce x3 at equilibrium.
With a larger value of c1, x2 increases initially until it reaches
its peak outbreak, and then starts to decrease and tends to its
equilibrium point. On the other hand, smaller vaccination for
newborn will increase the number of infected individuals x3.

A final sensitivity analysis is conducted to examine the im-
pact of the adult vaccination rate, c2, on themagnitude ofR0 and
the dynamics of x2 and x3. The results are shown in Figure 6. Fig-
ure 6a demonstrates that increasing c2 leads to a reduction inR0.
However, unlike the effect of c1, which shows a linear decrease in
R0, the relationship between c2 andR0 is nonlinear—exhibiting
a rapid decrease at smaller values of c2 and a slower decline as c2
becomes larger. Five sample points of c2, indicated by red dots in
Figure 6a, are selected to illustrate their effects on the dynamics
of x2 and x3, as presented in Figure 6b. Similar to the influence
of c1, increasing the adult vaccination rate results in higher values
of x2 and a reduction in x3. These findings highlight the poten-
tial role of adult vaccination in decreasing the number of infected
individuals in the population.

7. Conclusions

In this paper, we propose a mathematical model to investi-
gate the impact of imperfect vaccination and nonlinear incidence
on disease dynamics. The nonlinear incidence function is used to
capture the potential for accelerated disease transmission as the
number of infected individuals increases, a phenomenon com-
monly observed in real-world epidemics due to behavioral or
saturation effects. The model is formulated as a system of or-
dinary differential equations, involving the compartments: sus-
ceptible, vaccinated, and infected individuals. Two vaccination
strategies are considered: newborn vaccination and adult vacci-
nation. We assume that recovered individuals do not develop
lasting immunity and may become reinfected immediately after
recovery. Consequently, the recovered compartment is excluded
from the model.

Assuming a constant total population, themodel is reduced
to a two-dimensional system. Additionally, the system is nondi-
mensionalized by rescaling parameters and time, where one unit
of time corresponds to the average infectious period. The analy-
sis of the model reveals the existence of two types of equilibria:
the disease-free equilibrium and the endemic equilibrium. The
disease-free equilibrium is locally asymptotically stable when the
basic reproduction numberR0 < 1, and unstable whenR0 > 1.
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Interestingly, the model can exhibit multiple endemic equilib-
ria. Moreover, we identify the occurrence of a backward bifur-
cation when the nonlinear incidence parameter exceeds a critical
threshold. In this scenario, the system admits a stable endemic
equilibrium even whenR0 < 1, complicating disease eradication
efforts [33–35].

Several numerical experiments were conducted to support
the analytical findings. A bifurcation diagram was generated us-
ing MATCONT, illustrating the potential for both forward and back-
ward bifurcation in the model. In particular, the results highlight
the possibility of bistability when R0 < 1, provided the nonlin-
ear infection parameter exceeds a critical threshold. This sug-
gests that even when the basic reproduction number is below
one, the disease may persist if initial conditions are not prop-
erly controlled. Furthermore, a global sensitivity analysis was
performed using the Partial Rank Correlation Coefficient com-
bined with Latin Hypercube Sampling (PRCC-LHS) to examine
how model parameters influence the basic reproduction number
R0. The analysis reveals that newborn vaccination has a more
significant impact on reducingR0 compared to adult vaccination.
This result underscores the importance of implementing effective
newborn vaccination programs, which have been widely adopted
for controlling various infectious diseases.

In conclusion, our study demonstrates that accounting for
nonlinear transmission and imperfect vaccination in epidemio-
logical models provides critical insights into the dynamics of dis-
ease spread. The presence of backward bifurcation emphasizes
the need for early and sustained control strategies, while sensi-
tivity analysis reinforces the value of prioritizing newborn vac-
cination to achieve disease elimination. Although the formu-
lated model present for a general type of disease, the proposed
model provides a flexible framework that can be adapted to var-
ious infectious diseases with a similar transmission mechanism.
This generality ensures broader applicability while allowing fu-
ture studies to calibrate the model to specific diseases, such as
seasonal influenza, tuberculosis, or other direct-contact diseases
that can be prevented through vaccination.

For future research, our model may be improved in several
directions. One idea is to include non-homogeneous vaccination
rates, for example by differentiating between adult, child, and
newborn vaccination. Another possible direction is to formulate
vaccination interventions as an optimal control problem, in order
to address budget limitations during pandemic situations. Real
data calibration, as well as incorporating stochasticity and un-
certainty factors, could also be considered to better capture the
possibility of random outbreaks.
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