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ABSTRACT. Mathematical models are crucial for developing control strategies, understanding disease transmission
dynamics, and solving real-world problems. In this study, it applied a novel approach to the HIV/AIDS model. The
saturated treatment was essentially used to model HIV/AIDS. A significant analysis of the HIV/AIDS epidemic model
was presented, incorporating the new parameter. The mathematical analysis conducted on the model involved the
examination of its boundedness, determination of its equilibria, calculation of the HIV/AIDS reproductive number, and
assessment of the stability of these equilibria. The verification of the convergence analysis confirmed the effectiveness
of the proposed scheme. The numerical results and simulations of the HIV/AIDS model are shown. Biologically, we
have conducted investigations to determine the effect of several parameters on the dynamics of HIV/AIDS transmission.

@ This article is an open access article distributed under the terms and conditions of the Creative Commons
@ @ Attribution-NonComercial 4.0 International License. Editorial of [JBM: Department of Mathematics, Uni-
BY NC

versitas Negeri Gorontalo, JIn. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

Globally, infectious diseases are the cause of death in 25
percen of the fatalities. The spread of infectious diseases is af-
fected by several factors, including media coverage, population
migration, and changes in temperature [1]. The global health
challenges posed by human immunodeficiency virus (HIV) and
acquired immunodeficiency syndrome (AIDS) are immense. The
HIV/AIDS pandemic, which was identified in the early 1980s, has
profoundly affected global communities, with sub-Saharan Africa
experiencing the most severe consequences. The global number
of people living with HIV/AIDS reached approximately 37.7 mil-
lion in 2023, with 1.5 million new cases reported annually [2].
Each year, millions of people die from human immunodeficiency
virus (HIV), one of the deadliest and most contagious viruses in
existence [3]. The public health crisis caused by HIV/AIDS has per-
sisted worldwide. Despite significant advances in understanding
and treating HIV / AIDS, it remains a major global health concern
(4].

Mathematical models are valuable tools for developing
public health strategies [5—-12]. While the long-term accuracy of
the mathematical model in predicting AIDS cases is questionable,
a model based on disease transmission interactions could still
help researchers to answer key questions. Several mathemat-
ical models have recently been developed to explain HIV/AIDS
transmission patterns, such as [1, 3, 13-25] and the references
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mentioned therein. Watthanasirikosone and Modnak [15] offer
a valuable framework for interventions and strategies to curb
the spread of HIV/AIDS using SICA models for HIV transmission.
Therefore, we recommend conducting this study.
Epidemiological models often incorporate saturation ef-
fects into treatment process descriptions. Some researchers have
mathematically expressed saturation in their treatment. For ex-
ample: Zhou and Chui [26] proposed the treatment function
T(I) = % where ¢ represents the maximum treatment rate,
and k is the infection level at which the recovery rate is half its
maximum (7'(k) = §), thus indicating the speed of saturation.
In 2020, Yadav and Srivastava considered a treatment function
T(I) = 1111, where ¢ is the treatment rate, and r is a constant
related to the level of saturation. A larger r value implies stricter
resource limitations. When r = 0, it indicates that the treat-
ment is accessible to everyone [27]. Other forms of saturated
treatments have been reported by Jana et al. [28] and Hu et al.
[29]. Their work includes a treatment function, T'(I) = 11%1,
incorporating a control variable, w. The analysis showed that this
function approaches zero for low values of I or v and approaches
a finite limit as I becomes very large. The expression o /r rep-
resents the maximum available therapeutic resources, whereas
1/(1 4+ rul) represents the efficiency of these resources; both
factors greatly influence the spread and control of disease.
Motivated by these various studies, we propose an epi-
demic model that considers saturated treatment for HIV/AIDS
problems.  This model was extended from the model by
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Watthanasirikosone and Modnak [15]. This article is structured as
follows: Section 2 presents the model development for HIV/AIDS
transmission. Section 3 covers positivity, boundedness, equilib-
ria, HIV/AIDS reproductive number, and stability. Section 4 pro-
vides a numerical simulation to confirm the analytical results pre-
sented graphically. In Section 5, the conclusions are presented.

2. Model Formulation For HIV/AIDS

In this section a mathematical model for antiretroviral ther-
apy and AIDS treatment is presented. The model divides the
human population (M) into four groups: susceptible individu-
als (.5), HIV-infected individuals (I), AIDS patients (A), and those
with controlled HIV/AIDS (C'). The controlled class, designated by
”C”, includes people with HIV who are currently asymptomatic
due to antiretroviral therapy (ART), even though the virus re-
mains in their bloodstream. Moreover, knowledge of HIV status
among class members leads to more careful behavior to prevent
the spread of the disease. We posit the average birth and death
rates for b and d, respectively. Let h; and hs denote the mor-
tality rates of HIV and AIDS, respectively. Susceptible individuals
acquire HIV through HIV, AIDS, or controlled individuals at rates
a1, a9, and ag, respectively. The HIV infection rate in suscep-
tible individuals is « for HIV-positive individuals, as for AIDS
patients, and a3 for individuals under medical observation.

I d + h]_
(a1l +a,A+ a o7
ki+rqI
o531
d ky+r
A d + h3

Figure 1. Scheme of HIV/AIDS transmission

Antiretroviral therapy in HIV/AIDS patients is important to
optimally suppress the virus so that it can delay or prevent the
development of chronic kidney disease [30]. However, in reality,
diverse geographic structures have become challenges in health-
care services. Limited healthcare resources can lead to delays
in healthcare services, including treatment for infected patients
[31, 32]. Based on considerations of the geographical challenges
in health services, we propose a mathematical form of HIV/AIDS
treatment with different saturations from [26, 27| as below. For
treatment on the HIV and AIDS patients, respectively

o 0'2_[
B ko + 1ol

01.[

=T

and T5(I)
where, we assume treatment rates of o for HIV-infected individ-
uals receiving ART, and o4 for AIDS patients receiving medical
care. The treated patients were placed in the control group. In
addition, individuals with HIV progress to AIDS at a rate of hs.
k1, ko represent the half-saturation parameters and measure how
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soon saturation occurs. k;p is the size of the virus in the HIV case
at saturation 50 %, and ks is the size infected in the AIDS case
at saturation 50 %. Next, r; indicates the significant impact of
infection on HIV patients who are delayed for treatment. Next,
ro indicates the significant impact of infection in AIDS patients
who are delayed in treatment.

Thus, our model takes the following form (see Figure 1 for
its diagram):

d

?f =b-— CXlIS*OLQAsfoé;gCS*dS,

dI o1l

< = oIS +02A8 +0a5CS —dl =l —hal — m
dA O'QA

— =hol —dA — h3A — ———

qr el mdA= s kg + A’

dC o1l oxA

= _ 1
dt kl + 7’1] + kg + ’I"QA dC, ( )
and initial condition

S>01>0A>0C>0. (2)

Table 1. The description of HIV/AIDS model parameter

Parameter Description Value References
b Birth rate 10 Assumption
d Natural death rate 0.03 [33]

ai Transmission rate from HIV group ~ 0.00045 [15]

[e % Transmission rate from AIDS  0.000025 [15]
group

as Transmission rate from con- 0.00015 [15]
trolled group

h1 Rate of the disease-related death 0.1 |15, 34]
of I

ho Rate progression to A for I 0.05 [15, 34]

h3 Rate of the disease-related death 0.2 |15, 34]
of A

o1 Rate of treatment for HIV pa- 0.7 [15]
tients

o2 Rate of treatment for AIDS pa- 0.7 [15]
tients

k1 Speed of saturation for HIV group 0.1-0.7 Assumption

ko Speed of saturation for AIDS 0.1-0.7 Assumption
group

r1 Resource limitations for HIV pa- 0.1-0.7 Assumption
tient to treatment

9 Resource limitations for AIDS pa- 0.1-0.7 Assumption

tient to treatment

3. Analytical Results
3.1. Positivity and boundedness

Theorem 1. Any solution (S, I, A,C) to system (1) subject to
nonnegative initial conditions (2) remains positive for all t > 0.

Proof. From HIV/AIDS model in system (1), we have

ﬁ =b>0,
dt |g_g
ﬁ =a1IS + aAS + a3CS > 0, (3)
dt|;_,
A4 =hol >0,
dt | 41—
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dcC 0'1]

O'QA
- — +
dt Cc=0 kl + 1"1[

>
]CQ +T’2A -

The preceding calculation demonstrates that all rates are non-
negative within the boundaries of the positive region Ri. Thus,
the solutions are confined to the positive region whenever the
system’s initial state is in the nonnegative region Ri. O

Theorem 2. The solutions of system (1) are bounded on the inter-
val t € [0, to].

Proof. Since we adding all equation in system (1), we get

M(t) = S(t) + I(t) + A(t) + C(t). (4)

Next, By substituting system (1) into the derivative results from
eq. (4), we get

d/\/l_dS dIl dA dC

T a Ta T a T
=b—hyl — h3A—dM,
<b-—dM.

Thusly,

b
0< mleoosupM( ) < -

Consequently, all solutions pertaining to the system (1) are defini-
tively bounded for all ¢ € [0, to]. Thus, the specified region is

= {(S,LA,C) ERY:0<SM() < Z}

3.2. Equilibria and HIV/AIDS reproductive number
System (1) always had a HIV/AIDS-free equilibria which

given by
b
E() = (d7070307>

To determine reproductive number PR, from system (1) we have
the F transition and V transmission matrices, where

ar 1S + asAS + a3CS
F = 0 ,
0
(d+ hy+ ho + k1+r1])l
(d+h3)A+ T +r2A hQI

dC - kz +7‘2A

Y =
k1+71I

Biologically, F' is entrywise non-negative and V' is a non-singular
M-matrix, so V! is entrywise nonnegative. Define F' =

[%ﬁo)} andV = {mg;f‘))} fori <1, j < m. Inaddition, % b =
Fi(y) — Vi(y) fori=1,..., )T

m, where y = (y1, ya, ... is the

| Jambura J. Biomath

number of individuals in each compartment [35]. Next, HIV/AIDS
reproductive number is given by

b apb  asb
d d d
F= 0 0 01,
0 0 0
d+hi+hy+ 7L 0 0
V = —ho d+h3+%§ 0
g1 02 d
k:l k2

Further, the HIV/AIDS reproductive number is then determined as
the spectral radius of FV ~1, which yields

Biky (onb (d+ by + 22 ) + azbhs )

moz/ﬂ/@ (d+h1+h2+%) (d+h3+02>d

L”)'b (O’thkl + kgO’l (d—|— h3 + Uz))
+
g2

k1ko (d+h1+h2+%) (d+h3+ )d
Next, HIV/AIDS equilibria which given by

= (5*71*7A*’C*)7

where
S* = b
_d+a1[*+a2A*+agC*’

A* g2
I = d+h —_—

h,2 ( + 3+k’2+7’2A*)7

I* o1 041]*+OZ30*
A* = d+hi+h —

OégS* ( thit 2+k1+’l“1[*> (6%} ’
o ol* o A*

(k’l +T1]*)d (kg +7’2A*)d
3.3. Stability of HIV/AIDS-free equilibria

Theorem 3. The HIV/AIDS free equilibria, 3 is locally asymptot-
ically stable if Rg < 1.

Proof. Consider the Jacobian matrix at 3 then

—d —OqSO —04250 _04350
0 21 asSy 35
J(Xg) = 5
( 0) 0 hz —n31 0 ) ( )
0 g1 g9 —d
where
No1 = a1So — (d + hy + ha + k1)
731 =(d+h3+ Z 22).
2

From the matrix J(Xy) in eq. (5), we get a characteristic equation
K(A) = A+ 50 + 5o A% + b3\ + by, (6)

Volume 6 | Issue 4 | December 2025
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Figure 2. (a) Dynamics of HIV/AIDS transmission when $3p > 1. (b) Dynamics of HIV/AIDS transmission when Rp < 1.

where

b1 = 2d + 131 — 21,

by = d? + 2dnz1 — (Soazhs + Soazoy + 2dne1 + 1217131,

The derivative of [y with respect to ¢ is

Vo _ dl o dA L dC
ar - a T T ar

by = d’n31 —

(2dna1ms1 + d27]21 + Soazhaog + Soaznzior

+ Sodazoy + 2Spdashs),
by = (dazhy + asnzio1 + azhaos)(—Sod) — d*na1ns:.-

From K()) in eq. (6), we deduce Re()\;),¢ = 1,2,3,4. There-

fore, the HIV / AIDS-free equilibria are locally asymptotically sta-
ble, given their existence. The numerical representation of the

0'1.[

= w1 (OleS + aAS + a3CS — dI — hil — hol

lavi 024
SR - T —dA—hgA— —222
]fl +T1I) T <h2 d h3 kQ +T2A>
0'1[ G‘QA
+W3 (kl +7‘1[ kg +’I"2A - dc)

analytical results is visible in eq. (14). Based on these results,
we observe that using the parameter values presented in Ta-
ble 1 consistently, except vy = 0.00000011, co = 0.00000021,
as = 0.000000015 produces negative real parts of the eigenval-

ues.

O

Theorem 4. The HIV/AIDS free equilibria X of the system (1) are

globally asymptotically stable for Ry < 1.

Proof. Define the Lyapunov function
Vo = wid +we A + wsC,

where
w1 = doks (d+h3 + )
ka
(.dQ:dO'le <d+h1+h2+ 2 )
1

w3 = klkg (ozlb <d + h3 + (;2) + Oégbhg)

b
+ 22 (gohoky + koo (d+hg + 22
d kz

| Jambura J. Biomath

UQA
= — d+h h
ws <k‘1 +7‘1[+k2—|—r2A> W1( thithe

01

02
— |1 — d+h — 1A
+]{/’1—‘y-’l"1l) WQ( + 3+/€2+7‘2A)
o 0'1]
s (k1+r1]> (d+h1+h2+ ey m)
g2 A o)
—_— A
tws <k2+T2A> (d+h3+ TQA)
g (02
S <W3ki — W1 (d+h1+h2+ k1)> I+ (OJgkz
<d+h3+ ))A ®
ko

Substituting w1, we, and ws in eq. (7) into eq. (8), we get

dv;
L SR -1 +4).

Clearly, dVO < 0 for Ry < 1. This led to the HIV/AIDS-free point
(20) becomlng globally asymptotically stable. O

3.4. Stability of HIV/AIDS equilibria

Theorem 5. The HIV/AIDS equilibria, 3. is locally asymptotically
stable if Ry > 1.

Volume 6 | Issue 4 | December 2025
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Figure 3. Simulation of the speed of saturation for HIV parameter (k1) with respect to time (¢) for each compartments (a) S, (b) 7, (c) A,
and (d) C. The red, blue, and green lines represent k; = 0.7, k1 = 0.4, and k1 = 0.1, respectively
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Figure 4. Simulation of the effects of unawareness parameter (k2) with respect to time (t) for each compartments (a) S, (b) I, (c) A, and
(d) C'. The magenta, cyan, and yellow lines represent ko = 0.7, k2 = 0.4, and k2 = 0.1, respectively.
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Figure 5. Simulation of the effects of unawareness parameter (r1) with respect to time (¢) for each compartments (a) S, (b) 7, (c) A, and
(d) C. The cyan, red, and green lines represent 71 = 0.7, 71 = 0.4, and 1 = 0.1, respectively.

Proof. Consider the Jacobian matrix at X, then

—p11 —1 St —apSt —azS*
_ | 9= P22 0 S* a3S*
0 P41 P42 —d
where
d11 = (d+ a1 " + s A" + a3C™),
o1 = ar1l* + ag A" + a3C7,
o1
=18 —(d+hi +hy) — ————
P22 = (d+ h1 + ha) VIR
Jgkg
=(d+h —_—
¢31 = (d+ 3)+k2—|—r2A’
- Ulkl
¢41 - k]l—i-’l“]]*’
_ O'ng
Ga2 = T b oA

From the matrix J(X,) in eq. (9), we get a characteristic equation
L) = M+ a1 X3 + ao)\? + ash + ay, (10)

where

ay =d+ ¢31 + P11 — P22,
as = a1¢0218™ + dd11 + dosi + dr11d31 — (S*azhe + S azda
+ ddaa + d11022 + P22¢031),

| Jambura J. Biomath

az = S*azhapor + S*daydar + ST 1131 + ST azP21d41
+do11¢31 — (S"dazhs + S*azhodr1 + S*azdr1041
+ S*a3p31041 + ST azhagaa) — (dd22gsz1 + dpi1d2z
+ P11022031),

ay = S*dazhadar + S*azhapaidas + S azdo1 31041
+ S*daypo1¢31 — (dP11¢22031 + S*dazhadin
+ S*azhodr1042 + S 3011031 041).

From L()\) ineq. (10), we deduce Re(\;),i = 1, 2, 3, 4. Therefore,
the HIV / AIDS equilibria are locally asymptotically stable, given
their existence. The numerical representation of the analytical
results is visible in eq. (13). Based on these results, we observe
that using the parameter values presented in Table 1 consistently
yields negative real parts of the eigenvalues. O

Theorem 6. If Ry > 1, HIV/AIDS equilibria X, exist and are
globally asymptotically stable, whereas when Rg < 1, X, is un-
stable.

Proof. The global stability of system (1) is under analysis at the
point X, provided that the conditions for the existence of X,
are satisfied, and that R > 1. The definition and derivation of
Lyapunov function V, are as follows:

Vi==[(S=S8)4+I—-I)+ (A— A"+ (C —C*]*. (11)

N |

Volume 6 | Issue 4 | December 2025
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Figure 6. Simulation of the effects of unawareness parameter (r2) with respect to time (t) for each compartments (a) .S, (b) , (c) A, and
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The time derivative of the function V, in eq. (11), considering
system (1), yields

dv.
dt

(I—I*)+(A—A*)+(C—C*)]%.

=[5~ 5+
This is because [S + 1+ A+ C] = & and ¢ = [b — dM]. It
follows that

avi. 1
dt  d

[b— dM]%. (12)

d;;* < 0 is strictly a Lyapunov function, as presented in eq. (12).
Consequently, the HIV/AIDS equilibrium point 3, exhibits global
asymptotic stability for Ry > 1 within region €2 (see Theorem 2).
From eq. (12), d(ft* =0ifand only ifweset S = S* I =1* A=
A*,and C' = C*, and d;;* converges in the positive regions ¢ as
t — o0. O

4. Numerical Results

This section presents a numerical simulation to illustrate
the behavior of an HIV/AIDS model that incorporates saturation
treatment. This is expected to support the preceding analysis. In
the context of the numerical examples, we assume certain hypo-
thetical values for the parameters, as shown in Table 1. Using the
parameter values in Table 1, we obtain Ry = 1.657020423 > 1,
where

A1 = —1.652548, Ay = —0.205124, A3 = —7.120269,
A4 = —0.299999.

(13)

| Jambura J. Biomath

The existence and stability of endemic equilibrium points are
presented here. The population dynamics for each compart-
ment is shown in Figure 2a. Subsequently, apply the parame-
ter values specified in Table 1, excluding only a;; = 0.00000011,
as = 0.00000021, and a3 = 0.000000015. We obtain Ry =
0.000168786 < 1, which shows the stability of the HIV-free
points, where

A1 = —0.300000, Ay = —7.179903, A3 = —7.230065,
Aq = —0.299951.

(14)

Figure 2b shows the dynamics of the population in each compart-
ment.
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Figure 7. Partial rank correlation coefficient (PRCC) between
model parameters and 9y for the HIV/AIDS model.
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Figure 9. Contour plots of the basic reproduction number Ry under pairwise variations of the transmission parameters a, a2, and as.

The red curves in (b) and (c) indicate the threshold Rp = 1.

4.1. Effects of k1 and ko

The subsequent subsection provides an analysis of the ef-
fect of parameter k; resulting from speed saturation within the
HIV group. We choose k1 = 0.1,0.4, 0.7 and consistently use the
values in Table 1. Increased speed saturation in the HIV group led
to a reduction in the population size of the I, A, C groups be re-
duced. This change is due to the level of infection at which the
control treatment is half its saturation, such that the suscepti-
ble individuals S are increased. The details of this behavior are
presented in Figure 3. Next, We choose k; = 0.1,0.4,0.7. In-
creased speed saturation in the HIV group led to a reduction in
the population size of the I, A groups. However, the number of
treatment controls is expected to increase. For the detailed dy-
namics, see Figure 4. Thus, the speed saturation parameters for
HIV / AIDS play a role in controlling the impact of infection. This
shows that geographic range has a significant impact on HIV/AIDS
treatment. Patients in urban areas with well-funded healthcare
systems may have more extensive access to cutting-edge treat-
ments than those in rural or underserved regions, where health-
care infrastructure may be less robust.

4.2. Effect of parameter r1 and ro

To study the implications of implementing resource limi-
tations in the system (1), we investigate the effects of the pa-

rameters r; and r. Selected value of ry = 0.1,0.4, and 0.7.
Increased the value of parameter r; causing the peak number of
HIV individuals to increase. A decrease in the number of AIDS
patients resulted in more individuals being treated. Changes in
the value of parameter r; affect the population of each class; S,
1, A, and C are presented in Figure 5. Next, we selected value of
ro = 0.1,0.4, and 0.7. Increased the value of parameter r5 also
caused the peak of HIV, AIDS, and Treatment individuals to de-
crease. For the detailed dynamics, see Figure 6. These results
indicate that a policy designed to elevate treatment intensity
is capable of reducing mortality rates for HIV/AIDS. This shows
that limited health resources significantly influence the spread of
HIV/AIDS. Limited health resources have an impact on the increas-
ing number of patients, so improvements to various resources to
maximize health services are very necessary.

4.3. Sensitivity analysis via PRCC

Partial rank correlation coefficient (PRCC) analysis is a
global sensitivity method that measures the monotonic influ-
ence of parameters on a model outcome, while accounting for
the effects of other parameters. Using Latin Hypercube Sam-
pling (LHS) with N = 1000 parameter sets drawn from plau-
sible ranges around the baseline values in Table 1, the closed-
form PRy was computed for each sample and PRCC values were

JJBM | Jambura J. Biomath
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obtained via rank regression residuals. The results in Figure 7
show that the natural mortality rate d has the strongest negative
effect on Ry, whereas the recruitment rate b and the transmis-
sion rate from controlled individuals a3 exert the largest posi-
tive effects. Other parameters, including disease-induced mor-
talities, treatment rates, half-saturation constants, and resource-
limitation terms, have comparatively minor influences, suggest-
ing that interventions reducing a3 and b are most effective in
lowering fRy.

4.4. Impact of oy on epidemic dynamics

Figure 8 illustrates the influence of the transmission-
related parameter «; on epidemic dynamics. As shown in panel
(a), when «7 is below a critical threshold, the maximum number
of infected individuals remains low; however, once this threshold
is exceeded, max I(t) increases rapidly, indicating the onset of a
major outbreak. Panel (b) reveals that the time to peak preva-
lence is longest near the threshold value but decreases mono-
tonically as a7 increases, implying that stronger transmission not
only raises the epidemic magnitude but also accelerates its pro-
gression. The heat map in panel (c) further confirms these ob-
servations by showing that higher «; values lead to earlier and
more intense outbreaks, with infection levels reaching substan-
tially larger peaks over time. These results highlight the pivotal
role of oy in determining the severity and timing of an epidemic.

4.5. Contour and sensitivity analysis of Rq

The contour plots in Figure 9 demonstrate how pairwise
changes in the transmission parameters affect the basic repro-
duction number, Ry. In panel (a), varying a7 and as results in
only a slight increase in fRg, with the effect more pronounced
along the «; direction, indicating its greater influence. Panels (b)
and (c) show that increasing «s3 significantly increases Ry, driving
it above the epidemic threshold, whereas sufficiently small values
of a3 can reduce R below unity. The red curves identify the crit-
ical parameter regions where Ry = 1, separating the disease-free
regime from the persistence regime and emphasizing the domi-
nant role of a3 in determining the outbreak potential.

5. Conclusion

We are developing a mathematical model. It describes how
HIV/AIDS spreads. The model includes saturated treatment. The
nonlinear mathematical model validates prior modeling investi-
gations found within the existing literature. The fundamental
properties of the model are established, next, the equilibria and
basic reproductive number Ry are computed. The results of the
numerical analysis corroborate the theoretical results presented
previously. Time series plots with respect to treatment suggest
that early intervention increases the number of HIV-managed in-
dividuals. This model has been designed using saturated treat-
ment. The existence of delayed treatment due to limited health
resources has had a significant impact on the spread of HIV/AIDS.
The problem in question becomes complex due to the geograph-
ical range that hinders the mobilization process in health ser-
vices. Thus, adequate allocation of health resources to address
the spread of HIV/AIDS is highly desirable for maximum antiretro-

| Jambura J. Biomath

viral treatment for infected individuals.
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