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ABSTRACT. We develop an eco-epidemiological model that includes three species comprising a food web: vulnerable
prey, diseased prey, and predator species that transmit disease to their prey. A population of prey consists of two
subpopulations: healthy prey (susceptible prey), which follow the logistic law and are capable of reproducing, and
diseased prey, which are destroyed by predation or die before reproducing. A predator devour vulnerable and infected
prey in various proportions in a Crowley-Martin type of interaction. In the Crowley-Martin functional response, there
is interdependence among predators, regardless of whether a particular predator is actively seeking prey or interacting
with prey at any given time. In Holling-type II interactions, vulnerable prey is consumed by infected prey.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJBM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction
Ecology is a branch of study that deals with living organ-

isms and their surroundings. Epidemiology is the scientific in-
vestigation of the prevalence, events, and determinants (risk fac-
tors, causes) of health-related conditions and occurrences in par-
ticular populations (state, country, global). Integrating ecology
and epidemiology, eco-epidemiology is a rapidly growing field
in mathematical biology. These two branches exist in the litera-
ture and have been explored separately. The basis for the devel-
opment of model dynamics through many mathematical models
was established by the early discoveries of Lotka [25] and Volterra
[52]. It has been studied quantitatively using multiple equation
constructs ranging from standard models governed by ordinary,
partial and random differential equations with respect to vari-
ous objectives in the environmental domain. These mathemat-
ical models are intensively analyzed to explore various environ-
mental effects, stating from their interactions [19], hunting co-
operation [2], supplementary food source [29], Allee effect [12],
prey refuge [42], fear effect [53] to harvesting [18]. Kermack
and McKendrick [23] were pioneers in the study of the quantita-
tive transmission of diseases. Several investigations have been
conducted independently in both fields. However, in the lat-
ter part of the 1990s, these two crucial fields of research be-
gan to overlap, and eco-epidemiology emerged as a new field
of study. The field of eco-epidemiology was introduced by An-
derson and May [3] on the premise that disease presence affects
how a predator and diseased prey interact. According to [5, 24],
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the predator-prey model system has been one of the most sig-
nificant subjects in biological systems. The predator-prey inter-
actions play a vital role in determining the stability and persis-
tence of many species in ecosystems [1]. Organisms’ survival de-
pends on how efficiently they eat or take their food resources
(such as prey for predators, while prey serves as food resources
and energy for associated predators). Consequently, the specific
predator directly affects the prey population as well as the in-
terconnected ecosystem. Numerous functional reactions have
been used to quantitatively depict these direct interactions be-
tween predator and prey. A key component of predator-prey in-
teractions is the functional response [5]. Gaining further biolog-
ical understanding into predator-prey interactions can be facili-
tated by comprehending the purpose of reactions. The Crowley–
Martin functional response [13] is advantageous because it in-
corporates predator interference during both searching and han-
dling phases, making it biologically more realistic than Holling
Type II and Beddington–DeAngelis models. By reducing preda-
tion efficiency when predator density is high, it avoids overesti-
mating consumption and better reflects natural crowding effects.
As a result, it produces more accurate and ecologically meaning-
ful predator–prey dynamics [16, 48, 50]. There is very little liter-
ature on the predator-prey model with the Crowley-Martin func-
tional response [51]. The Crowley–Martin functional response is
predator dependent. The per capita feeding rate for predator P
in this formulation is

f(S, P ) =
βS

(1 + ηS)(1 + µP )
,
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where β, η, µ are positive factors utilized in the feeding rate
that correspond to the handling time, catch rate, and amount of
predator interference, respectively. Nasir et al. [38] found that
delay parameters significantly influence the stability of the dia-
betic populationmodel, with certain delays causing a switch from
stability to instability and leading to periodic dynamics. Addition-
ally, reducing the rates of diabetes development and improving
medical resource allocation can notably decrease diabetes cases
and complications.

A predator-prey model of the Lotka-Volterra type with a
Michaelis-Menten-type functional response is examined in this
study. According to Holling [20], each predator’s functional reac-
tion approaches a constant as the quantity of prey increases, indi-
cating that the prey population density in this model is resource-
limited. A spatial refuge also protects a portion of the prey from
predators. In reality, not all prey are felled by predators, as they
often have safe havens that can be avoided [21, 45]. The study
of predator–prey models that incorporate prey refuge is a promi-
nent topic in biomathematics, and numerous studies have ad-
vanced our understanding of such systems [26–28, 34, 43]. Sev-
eral researchers [7, 8, 22, 31, 39, 44, 46] have employed deter-
ministic and fractional models in disease dynamics to investigate
stability and bifurcation.

Most of the time, diseased species are the main source
of disease spreading among non-infected species. Removal of
contaminated populations (eradication) is therefore one of the
most frequently used and important strategies to prevent disease
transmission [4, 49]. The exploitation of environmental resources
and harvesting of population species are commonly practiced in
fisheries, forestry, agriculture, biocontrol programs, and wildlife
management. Various studies reveal the different impacts of har-
vesting on the system. In research, harvesting is occasionally
seen as a moderating factor. Further, the inappropriate amount
of imposed harvesting schemes may be the cause of the extinc-
tion of the species. Many authors have shown interest in ana-
lyzing the harvested prey-predator model [4, 6, 9, 11, 14, 30].
Parasites may reduce both biomass and yield by increasing mor-
tality, reducing fertility, and affecting or reducing the population
size structure of harvested stocks [15].

Several recent studies have contributed significantly to the
development of nonlinear dynamical analysis, iterative numeri-
cal methods, and fractional-order modelling [10, 35–37, 40, 41].
These works highlight the increasing use of advanced numerical
techniques and fractional calculus for improving stability, conver-
gence, and dynamic interpretation in complex biological and eco-
logical systems. Many studies ignore the effects of fear, refuge,
and harvest in favor of focusing exclusively on the dynamics
of predator-prey interactions within the framework of Crowley-
Martin’s ecological-epidemiological paradigm. There are very
few studies in the literature that look at prey-predator models
that involve interactions between two species, such as Crowley-
Martin disease, in prey populations without fear effect. As far as
we are aware, a lack of research has been done on the Crowley-
Martin eco-epidemiological model that incorporates the level of
fear, refuge and harvesting. Inspired by this fact, we explore the
level of fear on the diseased prey-predator model and suscepti-
ble prey populations through Crowley-Martin-type interactions.
The current focus is on investigating and analyzing the impact of

fear, prey refuge, and harvesting the predator-prey paradigm. A
comprehensive study is conducted on the dynamical character-
istics of the current model system, which include transcritical,
saddle-node, and Hopf bifurcation propagation. This study takes
into account an eco-epidemiological setting, including harvest-
ing and refuge from predators, as well as the impact of fear. This
proposedmodel differs from earlier works in that it uses Crowley-
Martin-type interactions. An explanation of the structure of this
work is provided below. Section 2 provides a detailed descrip-
tion of the proposed model. Section 3 discusses the positivity
and boundedness of the proposed system. In Section 4, the sta-
bility analysis of every equilibrium point is described along with
its existence. Bifurcation analyses for harvesting are explained in
Section 5. Section 6 examines quantitative results for the sug-
gested model in support of the qualitative findings.

2. Mathematical model formation
Basically, there are two sorts of populations in the model:

(i), which is the prey population with density N(t), and (ii),
which is the predator population with concentration P (t). The
following presumptions have been considered for developing the
model:
• There are some infectious diseases in the prey population
and predators encounter both healthy and infected prey. As
a result of the illness, the prey population is assumed to be
split into two sub-classes: the vulnerable prey S(T ) and the
diseased prey I(T ), i.e., at any time T,N(T ) = S(T ) +
I(T ). R is the vulnerable prey’s intrinsic growth rate.

• When there is no disease, a logistic equation with carrying
capacity K(K > 0) states that the prey population density
rises.

• Also, the sick prey encounters the vulnerable prey through
a type II Holling functional response as α1SI

a1+S , where α1 de-
notes the infection rate at which susceptible prey acquire
infection from infected prey. Here, a1 represents the half-
saturation constants, and α1 represents the infection rate
for susceptible prey. Table 1 shows the descriptions of the
parameters.

• The predator population uses a functional response akin
to Crowley-Martin’s to devour the prey population. Here,
the prey are vulnerable to the rate of consumption, rate of
capture, handling time, and amount of interference among
the predator populations on feeding rate, respectively, for
β1, b1, η1, and µ1.

• For vulnerable and diseased prey, the adaptation efficiency
of predators is defined as c, (0 < c < 1), respectively. Ad-
ditionally, D1 represents the diseased prey mortality rate,
and D2 represents the natural predator mortality rate.

dS

dT
=

(
1− S + I

K

)
RS − α1 S I

a1 + S
− β1 S P

(1 + η1S) (1 + µ1P )
,

dI

dT
=

α1 S I

a1 + S
−D1 I − b1 I P

(1 + η1I) (1 + µ1P )
,

dP

dT
= −D2 P +

c b1 I P

(1 + η1I) (1 + µ1P )
+

c β1 S P

(1 + η1S) (1 + µ1P )
.

(1)

Initially, we incorporate the fear effect into the model (1). The
influence of fear, sometimes referred to as predator avoidance
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Table 1. Model Variables and Parameters with Biological Meaning and Units

Symbol Meaning Units
S Density of susceptible (vulnerable) prey Population density
I Density of infected (diseased) prey Population density
P Density of predator population Population density
R Intrinsic growth rate of susceptible prey Time−1

K Carrying capacity of prey Population density
γ Fear intensity due to infected prey (Population density)−1

U(γ, I) = 1
1+γI

Fear effect function Dimensionless
α1 Infection rate of prey Time−1 (density)−1

a1 Half-saturation constant in infection function Population density
β1 Predator attack rate on susceptible prey Time−1

b1 Predator attack rate on infected prey Time−1

η1 Predator interference parameter (prey-dependent) (Population density)−1

µ1 Predator interference parameter (predator-dependent) (Population density)−1

c Predator conversion/assimilation efficiency Dimensionless
D1 Mortality rate of infected prey Time−1

D2 Natural mortality rate of predators Time−1

ϑ Refuge fraction available to prey Dimensionless
H1E1(S) Harvesting function for susceptible prey Population density / Time
H2E2(I) Harvesting function for infected prey Population density / Time
H1, H2 Harvesting effort constants Time−1

E1(S), E2(I) Effort response functions (increasing) Dimensionless

tactics, has been included in predator-prey models to more accu-
rately reflect animal behavior in the wild. Predatory animals fre-
quently use strategies like running away or hiding from predators
in the wild. These types of actions have the potential to drasti-
cally alter the dynamics of predator-prey populations. Examining
the effect of fear on a prey-predator system helps researchers bet-
ter understand how these behaviors affect populations of various
species and how they interact. Prey populations in the biologi-
cal systems mentioned above become more vulnerable as a result
of the fear-inducing effects on impacted populations. The repro-
duction rate of susceptible prey may decline due to fear of sick
prey. In this case, S0 ≥ 0, I0 ≥ 0, and P0 ≥ 0 are the criteria.
The fear effect’s prerequisite is

U(γ, I) = 1
1+γI .

The amount of fear experienced by vulnerable prey due to the
presence of diseased prey is described here. In this case, γ de-
notes the amount of dread. Considering the epidemiological in-
terpretation of γ, the subsequent requirement is very permissi-
ble:

γ(0, I) = U(γ, 0) = 1,

lim
γ→∞

U(γ, I) = lim
I→∞

U(γ, I) = 0,

∂U(γ, I)
∂γ

< 0,

∂U(γ, I)
∂I

< 0.

In order to incorporate the amount of fear, we must include the
term 1

1+γI in model (1), where γ denotes the degree of dread.
Therefore, model (1) after the fear effect is added is as follows:

dS

dT
=

RS

1 + γ I

(
1− S + I

K

)
− α1 S I

a1 + S
− β1 S P

(1 + η1S) (1 + µ1P )
,

dI

dT
=

α1 S I

a1 + S
− D1 I − b1 I P

(1 + η1I) (1 + µ1P )
,

dP

dT
= −D2 P +

c b1 I P

(1 + η1I) (1 + µ1P )
+

c β1 S P

(1 + η1S) (1 + µ1P )
.

(2)

We use the interacting species model (2) in this work with a con-
stant prey refuge area of 0 ≤ ϑS < S, where ϑ is a non-negative
constant. During the study, it is assumed that for a significant
ecological system, 0 ≤ ϑ < 1. Consequently, model (2) becomes
eq. (3) upon the addition of the Holling type II interaction func-
tion and the constant percentage prey refuge.

dS

dT
=

RS

1 + γ I

(
1− S + I

K

)
− β1 S P

(1 + η1S) (1 + µ1P )

− α1 (1− ϑ)S I

a1 + (1− ϑ)S
,

dI

dT
=

α1 (1− ϑ)S I

a1 + (1− ϑ)S
− D1 I − b1 I P

(1 + η1I) (1 + µ1P )
,

dP

dT
= −D2 P +

c b1 I P

(1 + η1I) (1 + µ1P )
+

c β1 S P

(1 + η1S) (1 + µ1P )
.

(3)

Here the conditions are S0 ≥ 0, I0 ≥ 0 and P0 ≥ 0.
In order to prevent the disease transmission/contact of ill-

ness, the number of prey is removed (harvested) by some external
harvester (not by a predator). Here, we assume that the rates of
removal of vulnerable prey and diseased prey are not the same.
Thus, we introduce the general harvesting functions H1E1(S)
andH2E2(I) depending upon the population density of prey in-
dividuals (vulnerable/sick prey) and satisfying the properties:
• For any S, I > 0,H1E1(S) > 0 andH2E2(I) > 0. In other
words, if there is no infection, there is no need to harvest
them, and if there is, harvesting strategies are put into place.

• The functions H1E1(S) and H2E2(I) are growing.
During this event, the spread of the disease is very dangerous, so
they should be harvested at the same rate. Now, using this as-
sumption of disease control, the relationship between prey har-
vesting and the prey and predator model is represented mathe-
matically by a set of three coupled differential equations as fol-
lows:

dS

dT
=

RS

1 + γI

(
1− S + I

K

)
− α1(1− ϑ)SI

a1 + (1− ϑ)S
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− β1SP

(1 + η1S)(1 + µ1P )
−H1E1(S),

dI

dT
=

α1(1− ϑ)SI

a1 + (1− ϑ)S
−D1I −

b1IP

(1 + η1I)(1 + µ1P )

−H2E2(I),

dP

dT
=

cb1IP

(1 + η1I)(1 + µ1P )
+

cβ1SP

(1 + η1S)(1 + µ1P )

−D2P. (4)

where S0 ≥ 0, I0 ≥ 0, and P0 ≥ 0 denote non-negative condi-
tions.

2.1. Dimensionless model
In order to decrease the total number of system variables,

one needs to non-dimensionalize the aforementioned model (4)
by adding the dimensions t = λKT and sK = S, iK = I, pK =
P . Here, λ represents a time-scaling parameter introduced dur-
ing the non-dimensionalization process. The following transfor-
mations can be used to express model (4) in dimensionless form.

ds

dt
=

r s

1 + γ i
(1− s− i)− α(1− ϑ) s i

a+ (1− ϑ) s
− β s p

(1 + η s) (1 + µ p)

− h1 s,

di

dt
=

α(1− ϑ) s i

a+ (1− ϑ) s
− d i− b i p

(1 + η i) (1 + µ p)
− h2 i,

dp

dt
= − δ p+

c b i p

(1 + η i) (1 + µ p)
+

c β s p

(1 + η s) (1 + µ p)
.

(5)

with initial conditions are s(0) ≥ 0, i(0) ≥ 0, p(0) ≥ 0. Where,

r =
R

λK
, α =

α1

λK
, a =

a1
K
,

β =
β1
λ
, η = η1K, µ = µ1K,

b =
b1
λ
, d =

D1

λK
, δ =

D2

λK
.

3. Well posedness of the model

Theorem 1. There exists the unique solution of model (5) if
(s(0), i(0), p(0)) > 0 and is non-negative ∀t ≥ 0.

Proof. There exists a particular solution in [0, I), where 0 < I <
∞, since the right-hand side ofmodel (5) is continuous and locally
Lipschitzian in R3

+.

s(t) = s(0) exp

( t∫
0

[
rs(ξ)(1− s(ξ)− i(ξ))

1 + γi
− α(1− ϑ)s(ξ)i(ξ)

a+ (1− ϑ)s(ξ)

− βs(ξ)p(ξ)

(1 + ηs(ξ))(1 + µp(ξ))
− h1s(ξ)

]
dξ

)
> 0,

i(t) = i(0) exp

( t∫
0

[
α(1− ϑ)s(ξ)i(ξ)

a+ (1− ϑ)s(ξ)
− bi(ξ)p(ξ)

(1 + ηi(ξ))(1 + µp(ξ))

− di(ξ)− h2i(ξ)

]
dξ

)
> 0,

p(t) = p(0) exp

( t∫
0

[
cbi(ξ)p(ξ)

(1 + ηi(ξ))(1 + µp(ξ))
− δp(ξ)

+
cβs(ξ)p(ξ)

(1 + ηs(ξ))(1 + µp(ξ))

]
dξ

)
> 0,

which completes the proof.

Theorem 2. All solutions of model (5) in R3
+ are uniformly

bounded.

Proof. Assume that all model parameters are nonnegative and
that

ζ := min{h1, d+ h2, δ} > 0.

Let (s(t), i(t), p(t)) be any solution of model (5) with initial con-
dition

s(0) = s0 ≥ 0, i(0) = i0 ≥ 0, p(0) = p0 ≥ 0,

and define
χ(t) := s(t) + i(t) + p(t).

From the first equation of model (5) (dropping nonnegative loss
terms and using 1+ γi ≥ 1 and 1− s− i ≤ 1− s) we obtain the
scalar inequality

ds

dt
≤ rs(1− s).

Hence lim supt→∞ s(t) ≤ 1 and, in particular, s(t) remains non-
negative for all t ≥ 0. Differentiating χ along solutions of model
(5) yields

dχ

dt
=
rs(1− s− i)

1 + γi
− α(1− θ)si

a+ (1− θ)s
− βsp

(1 + ηs)(1 + µp)
− h1s

− bip

(1 + ηi)(1 + µp)
− di− h2i+

cb ip

(1 + ηi)(1 + µp)

+
cβsp

(1 + ηs)(1 + µp)
− δp.

Using 0 ≤ c < 1 and collecting the predator/prey interaction
terms gives the estimate

dχ

dt
≤ rs(1− s− i)

1 + γi
−h1s−(d+h2)i−δp ≤

rs(1− s)

1 + γi
−ζ χ(t),

where we used 1 + γi ≥ 1 and the definition of ζ. Now for all
s ≥ 0 and i ≥ 0 we have

rs(1− s)

1 + γi
≤ rs(1− s) ≤ r

4
,

since the function s 7→ rs(1 − s) attains its maximum r/4 at
s = 1

2 . Therefore
dχ

dt
+ ζ χ ≤ r

4
.

Multiply by the integrating factor eζt and integrate from 0 to t to
obtain

χ(t)eζt − χ(0) ≤ r

4

∫ t

0

eζs ds =
r

4ζ

(
eζt − 1

)
.

JJBM | Jambura J. Biomath Volume 6 | Issue 4 | December 2025



A. Divya et al. – Dynamical Analysis of a Crowley–Martin Eco-Epidemiological Model with Impact of Fear, Prey Refuge, and Harvesting… 367

Rearranging gives the explicit bound

χ(t) ≤ r

4ζ

(
1− e−ζt

)
+ χ(0)e−ζt.

Letting t→ ∞ yields the uniform bound

0 ≤ χ(t) ≤ r

4ζ
for all sufficiently large t,

and consequently all solutions enter and remain in the compact
set

Ω :=
{
(s, i, p) ∈ R3

+ : s+ i+ p ≤ r

4ζ
+ ε

}
for any ε > 0. This proves that all solutions of model (5) in R3

+

are uniformly bounded.

4. Stability analysis
The fixed points (s,i,p) of the model (5) may be found by

solving the following equations:

(1− s− i)rs

1 + γi
− α(1− ϑ)si

a+ (1− ϑ)s
− βsp

(1 + ηs)(1 + µp)
− h1s = 0,

α(1− ϑ)si

a+ (1− ϑ)s
− di− bip

(1 + ηi)(1 + µp)
− h2i = 0,

−δp+ cbip

(1 + ηi)(1 + µp)
+

cβsp

(1 + ηs)(1 + µp)
= 0.

We explore the possibility of biologically relevant points of equi-
librium under specific parametric settings and analyze the behav-
ior of these points in terms of stability and instability. It follows
that the model (5) should possess
1. There will always be a point of trivial equilibrium. is

E0(0, 0, 0). It means the chance of species extinction can-
not be denied without restriction.

2. If the development rate of the vulnerable prey exceeds the
harvest rate imposed on the vulnerable prey, then there ex-
ists an equilibrium point that is free from infected prey and
predator species, i.e., E1( r−h1

r , 0, 0), provided r > h1.
3. If (cβ − δη(1 + µp)) > 0 and the imposed har-
vesting on susceptible prey does not exceed a partic-
ular threshold, i.e., 0 < h1 <

(
r(1− s)− β

µ(1+ηs)

)
then there exists an infected prey free equilibrium point
E2

(
δ(1+µp)

cβ−δη(1+µp) , 0,
(1+ηs)(r(1−s)−h1)

β−µ(1+ηs)(r(1−s)−h1)

)
(assume h1 <

r(1− s) and s < 1).

4. The predator-free point of equilibrium E3 =
(
ŝ, î, 0

)
could

not be obtained explicitly due to algebraic complexity, so
the number of predator-free equilibrium points depends
upon the parametric values. The second component of the
E3, i.e., î, is the non-negative solution of the following equa-
tion:

Q1î
2 +Q2î+Q3 = 0,

where,

î =
−Q2 ±

√
Q2

2 − 4Q1Q3

2Q1
,

Q1 = γ(1− ϑ)2(α− d− h2)
2,

Q2 = (1− ϑ)(α− d− h2)[a(r + h1γ)] + (1− ϑ)(α

− d− h2),

Q3 = a[ar(d+ h2)− (1− ϑ)(r − h1)(α− d− h2)].

Using the value of î, the expression for the first compo-
nent of E3 is given by ŝ = a(d+h2)

(1−ϑ)(α−(d+h2))
. The number of

predator-free equilibrium is governed by the Qi(i = 1− 2)
sign.

5. The coexistence equilibrium pointmay be calculated by solv-
ing the predator-prey model:

s∗ =
δ(1 + ηi∗)(1 + µp∗)− bci∗

bcηi∗ + (1 + ηi∗)(cβ − δη(1 + µp∗))
,

i∗ =
1

η(1 + µp∗)
×

[
b(a+ (1− ϑ)s∗)p∗

α(1− ϑ)s∗ − (d+ h2)(a+ (1− ϑ)s∗)

− (1 + µp∗)[α(1− ϑ)s∗ − (d+ h2)(a+ (1− ϑ)s∗)]

α(1− ϑ)s∗ − (d+ h2)(a+ (1− ϑ)s∗)

]
,

p∗ =
(1 + ηs∗)[ r(1−s∗−i∗)

1+γi∗ − α(1−ϑ)i∗

a+(1−ϑ)s∗ − h1]

β − µ(1 + ηs∗)[ r(1−s∗−i∗)
1+γi∗ − α(1−ϑ)i∗

a+(1−ϑ)s∗ − h1]
.

Thus, the conditions that must exist for E∗ are

δη(1 + µp)

c
< β,

d+ h2 <
α(1− ϑ)s∗

a+ (1− ϑ)s∗
,

r(1− s∗ − i∗)

1 + γi∗
<

α(1− ϑ)i∗

a+ (1− ϑ)s∗
− h1 +

β

µ(1 + ηs∗)
.

At this point, we talk about the equilibrium’s local stability. The
following Jacobian matrix JE is connected with the model (5). Let
us assume a tiny perturbation from the equilibrium and linearize
the resultant equation.

J(E) =

ζ11 ζ12 ζ13
ζ21 ζ22 ζ23
ζ31 ζ32 ζ33

 ,
where,

ζ11 =
r(1− 2s− i)

1 + γi
− aα(1− ϑ)i

(a+ (1− ϑ)s)2
− βp

(1 + ηs)2(1 + µp)

− h1,

ζ12 = − (γ(1− s) + 1)rs

(γi+ 1)2
− (1− ϑ)αs

s(1− ϑ) + a
,

ζ13 = − βs

(1 + ηs)(1 + µp)2
, ζ21 =

αa(1− ϑ)i

(a+ (1− ϑ)s)2
,

ζ23 = − bi

(1 + µp)2(1 + ηi)
,

ζ22 =
α(1− ϑ)s

a+ (1− ϑ)s
− bp

(1 + ηi)2(1 + µp)
− (d+ h2),

ζ31 =
βcp

(1 + µp)(1 + ηs)2
, ζ32 =

bcp

(1 + µp)(1 + ηi)2
,

ζ33 = − δ +
bci

(1 + µp)2(1 + ηi)
+

βcs

(1 + µp)2(1 + ηs)
.
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• The eigenvalues of JE at E0(0, 0, 0) are λ1 = r − h1, λ2 =
−(d+ h2), and λ3 = −δ.

• The eigenvalues of JE at E1
(

r−h1

r , 0, 0
)
is calculated as λ1

= h1 − r, λ2 = α(1−ϑ)(r−h1)
ar+(1−ϑ)(r−h1)

− d − h2, and λ3 = −δ +

cβ
[

r−h1

r+η(r−h1)

]
.

Proposition 1. abcdefghijklmno
If the rate of harvesting imposed on susceptible prey is
greater than their intrinsic development rate, i.e., h1 > r,
then the model (5) is locally stable around E0(0, 0, 0).

(i)(ii) If 0 < (r − h1) <
rδ

cβ−δη and h2 > d − α(1−ϑ)(r−h1)
ar+(1−ϑ)(r−h1)

then the model (5) is locally stable around E1
(
r−h1

r , 0, 0
)
.

(iii) The infection-free

E2

(
δ(1 + µp)

cβ − δη(1 + µp)
, 0,

(1 + ηs)(r(1− s)− h1)

β − µ(1 + ηs)(r(1− s)− h1)

)
equilibrium point is LAS if and only if Z1 > 0, Z3 > 0 and
Z1Z2 − Z3 > 0.

(iv) The predator-free E3 = (ŝ, î, 0) equilibrium point is LAS iff
Z4 > 0, Z6 > 0 and Z4Z5 − Z6 > 0.

(v) The coexisting equilibrium E∗(s∗, i∗, p∗) is LAS iff Z7 > 0,
Z9 > 0, Z7Z8 − Z9 > 0.

Remark 1. For details and the meaning of Zi(i = 1 − 9)
interested readers may refer to Appendix A.1.

Theorem 3. If E∗ is GAS then E∗ inG = {(s, i, p) : s > s∗, i >
i∗ and p > p∗)}.

Proof. For proof, refer to Appendix A.2.

5. Bifurcation analysis

Theorem 4. There exists a transcritical bifurcation between E′
and E∞ if the system parameters satisfy the following criteria:
h1 = hTC

1 = r, where hTC
1 is the threshold value for the same.

Proof. For proof, refer to Appendix A.3.

Theorem 5. We discuss the prerequisites for the coexisting equi-
librium point’s existence. Assume that the following requirements
are satisfied by the parameters of model (5).
1. JE |E∗ has purely imaginary eigenvalues, and
ξ1(h

∗
1)ξ2(h

∗
1)− ξ3(h

∗
1) = 0,

2. d
dh1

(Re(S(h1)))|h1=h∗
1
6= 0. Where h1 = h∗1 is the root

of ξ1(h∗1)ξ2(h
∗
1) − ξ3(h

∗
1) = 0. Then, the model (5) may

undergo a Hopf-bifurcation with respect to the bifurcation
parameter h1 around the equilibrium point E∗.

Proof. The characteristic equation corresponding to JE∗ is given
as,

(ξ1(h
∗
1) + ξ2(h

∗
1))(S(h∗1) + S2(h∗1))) = 0.

− ξ1(h
∗
1) and ± i

√
ξ2(h∗1).

(6)

In order to obtain the Hopf-bifurcation at h∗1 = h1, the following
transversality criteria must be satisfied:

d
dh1

(Re(S(h1)))|h1=h∗
1
6= 0.

For all h1, the general roots of the above characteristic equation
for model (5) are

S1(h1) = ψ1(h1) + iψ2(h1),

S2(h1) = ψ1(h1)− iψ2(h1),

S3(h1) = − ξ1(h1).

We check the criteria
d

dh1
(Re(Sj(h1)))|h1=h∗

1
6= 0, j = 1, 2.

Let, S1(h1)=ψ1(h1)+iψ2(h1) in eq. (6), we get σ1(h1)+iσ2(h1)
= 0, where

σ1(h1) = ξ2(h1)ξ1(h1) + ξ2(h1)ψ1(h1)− ξ1(h1)ψ
2
2(h1)

− 3ψ1(h1)ψ
2
2(h1) + ξ1(h1)ψ

2
1(h1) + ψ3

1(h1),

σ2(h1) = ξ2(h1)ψ2(h1)− ψ3
2(h1) + 2ψ2(h1)ψ1(h1)ξ1(h1)

+ 3ψ2
2(h1)ψ2(h1),

dσ1
dh1

= ψ
′

1(h1)ϱ1(h1)− ψ
′

2(h1)ϱ2(h1) + ϱ3(h1) = 0, (7)

dσ2
dh1

= ψ
′

1(h1)ϱ2(h1) + ψ
′

2(h1)ϱ1(h1) + ϱ4(h1) = 0, (8)

ϱ4(h1) = ψ2(h1)ξ
′

2(h1) + 2ψ1(h1)ψ2(h1)ξ
′

1(h1),

ϱ3(h1) = ξ
′

2(h1)ψ1(h1) + ξ
′

3(h1)− ψ2
2(h1)ξ

′

1(h1)

+ ψ2
1(h1)ξ

′

1(h1),

ϱ2(h1) = 2ψ2(h1)ξ1(h1) + 6ψ1(h1)ψ2(h1),

ϱ1(h1) = ξ2(h1)− 3ψ2
2(h1) + 2ψ1(h1)ξ1(h1) + 3ψ2

1(h1).

By multiplying eqs. (7) and (8) in ϱ1(h1) and ϱ2(h1), respectively,

−ϱ1(h1)ϱ3(h1) + ϱ2(h1)ϱ4(h1)

ϱ21(h1) + ϱ22(h1)
= ψ

′

1(h1). (9)

Substituting ψ1(h1) = 0 and ψ2(h1) =
√
ξ2(h1) at h1 = h∗1 on

ϱ4(h1), ϱ3(h1), ϱ2(h1) and ϱ1(h1) we obtain

−2ξ2(h
∗
1) = ϱ1(h

∗
1),

2
√
ξ2(h∗1)ξ1(h

∗
1) = ϱ2(h

∗
1),

−ξ2(h∗1)ξ
′

1(h
∗
1) + ξ

′

3(h
∗
1) = ϱ3(h

∗
1),√

ξ2(h∗1)ξ
′

2(h
∗
1) = ϱ4(h

∗
1).

The eq. (9), implies

ψ
′
(h∗1) =

ξ
′
3(h

∗
1)−(ξ1(h

∗
1)ξ

′
2(h

∗
1)+ξ

′
1(h

∗
1)ξ2(h

∗
1))

2(ξ22(h
∗
1)+ξ21(h

∗
1))

, (10)
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(a) (b)

Figure 1. The solution of model (5). The subfigure (a) shows the time evolution of the population densities. (b) shows the phase portrait
around E∗.

(a) (b)

Figure 2. The solution of the model (5) shows the time evolution of the population densities, and the phase portrait diagram is unstable.

(a) (b)

Figure 3. The time evolution for model (5) is non-stationary.

(a) (b)

Figure 4. The solution of model (5). The subfigure (a) shows the time evolution of the population densities. (b) shows the phase portrait
around E∗. When (ϑ = 0.2, and h1 = 0.2.)
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(a) (b) (c)

Figure 5. Effects of hunting cooperation with different values for h1 = 0.01, 0.08, 0.2, 0.3 and ϑ = 0.2.

Table 2. Parameters used in the model and their sources

Parameter Description Values Source / Reference
r Prey intrinsic growth rate 2 Assumed
α Infection transmission rate 0.7 [17]
a Saturation constant for infection 0.6 [33]
β Predation rate (susceptible prey) 0.2 [33]
γ Fear parameter (or effect of infected) 0.2 [33]
ϑ Refuge coefficient 0.3 [33]
η, µ Saturation constants in predation 0.1 (each) [32]
h1, h2 Harvesting rates for S and I 0.2, 0.1 [32]
d Death / recovery rate of infected 0.1 [32]
b Predation rate (infected prey) 0.55 Assumed
δ Predator death rate 0.1 [32]
c Conversion efficiency (prey � predator) 0.5 [47]

If −(ξ
′

2(h
∗
1)ξ1(h

∗
1) + ξ

′

1(h
∗
1)ξ2(h

∗
1)) + ξ

′

3(h
∗
1) 6= 0, which implies

that

d

dh1
(Re(Sj(h1)))|h1=h∗

1
= ξ

′
(h∗1) 6= 0.j = 1, 2,

S3(h
∗
1) = − ξ1(h

∗
1) 6= 0

If −(ξ
′

2(h
∗
1)ξ1(h

∗
1) + ξ

′

1(h
∗
1)ξ2(h

∗
1)) + ξ

′

3(h
∗
1) 6= 0, it is guaran-

teed that the transversality criterion is satisfied, so the Hopf-
bifurcation at h1 = h∗1 is reached in model (5). Our analysis
shows that the system undergoes a supercritical Hopf bifurca-
tion. Specifically, the bifurcating periodic solutions emerging at
the critical parameter value are stable, confirming that the Hopf
bifurcation is supercritical.

6. Numerical Analysis
Using the quantitative findings discussed in this part, we

show our numerical results for a model (5) that includes harvest,
refuge, and fear effects. However, since our model is an integer-
order ODE system, all simulations in this study were carried out
exclusively with the standard RK4 scheme. Table 2 shows the
parametric values of the model. The numerical simulations were
performed using a fixed time step of 0.01, initial conditions used
were (S, I, P) = (50,5,10) and oscillatory mode up to 800-time
units.

Figure 1 describes the changing behavior of the solution
state with respect to time at E∗ of the model (5). To ensure
biological relevance, all numerical simulations were carried out
using parameter values obtained from previously published eco-
epidemiological studies. Specifically, the values of r, α, β, b,
c, d, δ, γ, h1, h2 and the saturation constants were selected

based on empirical or widely used modeling ranges reported
[17, 32, 33, 47]. These studies provide parameter estimates
for predator–prey interactions, disease transmission within prey
populations, and predator functional responses that are consis-
tent with the structure of our model. The chosen values, there-
fore, reflect biologically plausible ranges and ensure that the nu-
merical results are grounded in established literature. In Fig-
ure 1a, all three populations survive in oscillatory mode up to
800-time units, and the later system approaches a stable coex-
isting point of equilibrium (E∗(0.727601, 0.121224, 0.228488).
Figure 1b depicts the phase graph that goes with Figure 1a.

When the development rate of vulnerable prey declines,
i.e., r = 1, the model (5) oscillates at E∗, as illustrated in Fig-
ure 2a. Figure 2b represents the corresponding phase diagrams
of Figure 2a. For the model (5), the corresponding time-analysis
of vulnerable prey and diseased prey are shown in Figures 3a
and 3b. Figure 4, we investigate the harvesting parameters in-
dividually. If h1 = 0.2 and h2 = 0.1, then the model (5) is LAS
about E∗(0.727601, 0.121224, 0.228488), which is shown in Fig-
ure 4. Figures 5a to 5c show that as the rate of harvesting vul-
nerable prey is raised, the number of diseased prey increases and
the population of vulnerable prey and predators falls.

The hues blue, red, and green in Figure 6 stand for vul-
nerable prey, diseased prey, and predator populations, respec-
tively. Here, Figure 6a depicts the oscillatory dynamics tending
to a sustainable steady state as the harvesting rate h1 increases.
Further, as we change the value of h1 = 0.5, the oscillatory be-
havior (Figures 6a to 6c) are the bifurcation diagrams with respect
to harvesting parameter h1. Next, we investigate the effect of
varying the refuge rate ϑ. It is LAS, as shown in Figure 7. For
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(a) (b) (c)

Figure 6. Bifurcation diagrams of model (5) with respect to the system parameter h1.

(a) (b)

Figure 7. The solution of model (5). The subfigure (a) shows the time evolution of the population densities. (b) shows the phase portrait
around E∗. When h1 = 0.2, and ϑ = 0.1.

(a) (b) (c)

Figure 8. Effects of refuge with different values for ϑ = 0.1, 0.3, 0.4, 0.5. and h1 = 0.2

0.1 < ϑ < 0.5, respectively, the coexisting point of equilibrium
E∗(0.727601, 0.121224, 0.228488) exists. According to Figure 8,
when the refuge rate of susceptible prey is raised, the proportion
of susceptible prey increases and the proportion of sick prey de-
creases.

6.1. Optimal harvesting strategy

The model contains two harvesting parameters, h1 (har-
vesting of susceptible prey) and h2 (harvesting of infected prey).
Numerical simulations reveal a consistent pattern regarding their
ecological roles. First, increasing the infected-prey harvesting
rate h2 substantially reduces the size of the infected class i(t),
lowers the effective transmission potential, and enlarges the pa-

rameter region in which the disease-free equilibrium becomes
stable. Thus, harvesting infected individuals acts as an effective
disease-control mechanism. Second, excessive harvesting of sus-
ceptible prey (h1 large) destabilizes the system by driving the sus-
ceptible population below the level required to suppress trans-
mission, thereby facilitating disease persistence and weakening
predator–prey coexistence. Finally, a balanced regime moderate
h1 together with sufficiently large h2 produces the most desir-
able outcome: a healthy susceptible population, suppressed in-
fection, and stable predator persistence. Therefore, the model
indicates that the optimal harvesting strategy is to apply intensive
harvesting to infected prey (large h2) while applying only light
or moderate harvesting to susceptible prey (small to moderate
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Figure 9. Effects of Harvesting on infection dynamics

h1), ensuring both disease control and ecological stability. The
effects of optimal harvesting on susceptible and infected popu-
lations, as well as the bifurcation behavior due to harvesting, are
shown in Figures 5, 6 and 9.

6.2. Biological observations of Fear, Refuge, Disease Transmission,
and Harvesting

The numerical simulations reveal several important biolog-
ical insights arising from the combined influences of fear, refuge,
disease transmission, and harvesting. The fear parameter re-
duces the effective contact rate between susceptible and infected
prey, thereby lowering infection pressure. When fear exceeds a
critical threshold, the infected population declines to zero, en-
larging the domain of disease-free stability. Similarly, the refuge
parameter protects a portion of susceptible prey from both pre-
dation and infection. Increasing refuge decreases predation pres-
sure and disease transmission, ultimately preventing the persis-
tence of infection. The combined effects of fear, refuge, and ap-
propriate predator harvesting guide the system toward a healthy,
disease-free state. These numerical observations support and
complement the theoretical results established in the preceding
theorems.

7. Discussions and Conclusion

An eco-epidemic model deals with the interdependent en-
vironments of populations that transmit disease. Different con-
trol measures and techniques are used to control the disease;
harvesting is one of them.It is observed that harvesting plays a
very crucial role in preventing the transmission of infectious ill-
nesses. Therefore, it becomes more significant to analyze the
impact of harvesting on a system when the disease is prevalent.
An eco-epidemic model incorporating prey harvesting has been
presented in the current investigation. We have discussed the
impact of the rate of harvesting by considering linear harvesting
functions. A thorough investigation of the model reveals a wide
range of complex behaviors. We started out by talking about the
positivity and boundedness of the suggested model system’s so-
lutions. There are five different sorts of equilibria states that can

arise for model (5) under different harvesting schemes: trivial,
disease and predator-free, without infection, predator-free, and
coexistence of species. The stability conditions of different exist-
ing states majorly depend on disease control parameters h1 and
h2. It could be observed in Proposition 3 for linear harvesting.
To determine whether a disease has the potential to propagate
and continue spreading or if it will eventually fade out and cease
to exist, the reproduction number is calculated. The various bi-
furcations occur for model (5) under harvesting schemes. During
harvesting, the transcritical bifurcation (Theorem 4) and Hopf bi-
furcation (Theorem 5) are experienced by the model (5) when the
harvesting parameter h1 is varied. Furthermore, the quantitative
results pertaining to the harvesting operations are carried out.
The positivity ensures that the population cannot be negative,
while the limitation of the solution can be understood as a natu-
ral limit to growth due to limited resources. Furthermore, we ob-
serve that, in the long run, the predator population will die out of
the system if the overall growth of the predator does not exceed
its natural mortality rate. The trivial point of equilibrium depicts
that there is no predator when there is no prey (susceptibility and
infection). The infection-free equilibrium point implies that vul-
nerable prey and predators survive when illness is not present.
The equilibrium point without a predator shows that there are
susceptible and infected prey when there is no predator. The
coexisting states depict that in the presence of disease, the sur-
vival of species is possible. Further, the local stability of various
states could be managed by varying the imposed control param-
eters. A transcritical bifurcation in a system states that stability
could be exchanged between two existing states by governing
the bifurcation parameter (refer to Theorem 4). In the context of
our study, a transcritical bifurcation underscores the capacity for
sudden alterations in ecological patterns. Based on the above de-
scription, we can infer that an appropriate harvesting technique
is helpful in controlling the infection. By varying the rate of har-
vesting, one could eradicate the disease. In summary, this study
offers several threshold values for which the system can support a
higher number of susceptible prey in the presence of harvesting.
However, the future direction of research looks very attractive.

JJBM | Jambura J. Biomath Volume 6 | Issue 4 | December 2025



A. Divya et al. – Dynamical Analysis of a Crowley–Martin Eco-Epidemiological Model with Impact of Fear, Prey Refuge, and Harvesting… 373

In the future, we would like to perform a detailed analysis of the
model and investigate the impact of delay on the model dynam-
ics. These future studies will yield exciting results related to the
effect of delay.
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Appendix
A.1

The Jacobian matrix JE at

E2
(

δ(1 + µp)

cβ − δη(1 + µp)
, 0,

(1 + ηs)(r(1− s)− h1)

β − µ(1 + ηs)(r(1− s)− h1)

)

is given byh

J(E2) =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 ,
a11 = r(1− 2s̄)−

βp̄

(1 + ηs̄)2(1 + µp̄)
− h1,

a12 = − s̄r(2− s̄) +
αs̄(1− ϑ)

a+ (1− ϑ)s̄
,

a13 = −
βs̄

(1 + ηs̄)(1 + µp̄)2
, a21 = 0,

a22 =
α(1− ϑ)s̄

a+ (1− ϑ)s̄
−

bp̄

1 + µp̄
− (d+ h2), a23 = 0,

a31 =
βcp̄

(1 + ηs̄)2(1 + µp̄)
, a32 = −

bcp̄

1 + µp̄
,

a33 = − δ +
βcs̄

(1 + ηs̄)(1 + µp̄)2
.

The characteristic equation associated with the above matrix is

λ3 + Z1λ2 + Z2λ+ Z3 = 0,

where,

Z1 = − (a11 + a22 + a33), Z2 = a22a33 + a11a33 − a13a31 + a11a22,

Z3 = − det (JE |E2) = −[a11a22a33 − a13a22a31].

Now, using Routh-Hurwitz criterion, E2 is locally asymptotically stable iffZ1 > 0,
Z3 > 0, and Z1Z2 − Z3 > 0.
The Jacobian matrix JE at E3 = (ŝ, î, 0) associated with the model (5) is given
as:

J(E3) =

b11 b12 b13
b21 b22 b23
b31 b32 b33



b11 =
r(1− 2ŝ− î)

1 + γî
−

aα(1− ϑ)̂i

(a+ (1− ϑ)ŝ)2
− h1,

b12 = − ŝ

[
r(2− ŝ)

(1 + γî)2
+

α(1− ϑ)

a+ (1− ϑ)ŝ

]
,

b13 = −
βŝ

1 + ηŝ
, b21 =

αa(1− ϑ)̂i

(a+ (1− ϑ)ŝ)2
,

b22 =
α(1− ϑ)ŝ

a+ (1− ϑ)ŝ
− (d+ h2), b23 = −

b̂i

1 + ηî
,

b31 = 0, b32 = 0, b33 = −δ +
bĉi

1 + ηî
+

βcŝ

1 + ηŝ
.

The characteristic equation corresponding with the above matrix is given by

γ3 + Z4γ2 + Z5γ + Z6 = 0,

where,

Z4 = − (b11 + b22 + b33), Z5 = b22b33 + b11b33 + b11b22 − b12a21,

Z6 = − det (JE |E3) = −[b11b22b33 − b12b21b33].

According to Routh-Hurwitz criterion, E3 is locally asymptotically stable iff Z4 >
0, Z6 > 0, and Z4Z5 − Z6 > 0.
Also, the Jacobian matrix JE at the coexisting equilibrium point E∗(s∗, i∗, p∗)
associated with model (5) is given as:

J(E∗) =

c11 c12 c13
c21 c22 c23
c31 c32 c33

 ,
where,

c11 = −
rs∗

1 + γi∗
+

α(1− ϑ)2s∗i∗

(a+ (1− ϑ)s∗)2
+

ηβs∗p∗

(1 + ηs∗)2(1 + µp∗)
,

c12 = − s∗
[
r(2− s∗)

(1 + γi∗)2
+

α(1− ϑ)

a+ (1− ϑ)s̄

]
,
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c13 =−
βs∗

(1 + ηs∗)(1 + µp∗)2
, c21 =

αa(1− ϑ)i∗

(a+ (1− ϑ)s∗)2
,

c22 =
ηbi∗p∗

(1 + ηi∗)2(1 + µp∗)
, c23 = −

bi∗

(1 + ηi∗)(1 + µp∗)2
,

c31 =
βcp∗

(1 + ηs∗)2(1 + µp∗)
, c32 =

bcp∗

(1 + ηi∗)2(1 + µp∗)
,

c33 = −
µbci∗p∗

(1 + ηi∗)(1 + µp∗)2
−

µβcs∗p∗

(1 + ηs∗)(1 + µp∗)2
.

The characteristic equation associated with the above matrix is

ψ3 + Z7ψ2 + Z8ψ + Z9 = 0,

where,

Z7 = − (c11 + c22 + c33),

Z8 = − (c12c21 + c13c31 + c23c32 − c11c22 − c11c33 − c22c33),

Z9 = − (c11c22c33 + c12c23c31 + c13c21c32 − c13c31c22 − c12c21c33

− c11c23c32).

If Z7 > 0, Z9 > 0, along with the condition Z7Z8 − Z9 > 0, then
model (5) is locally asymptotically stable around the coexisting equilibrium point
E∗(s∗, i∗, p∗).

A.2.
Proof. The global stability of the model (5) around the endemic equilibrium
E∗(s∗, i∗, p∗). A function of Lyapunov form

L(s, i, p) = s− s∗ − s∗ln
s

s∗
) + (i− i∗ − i∗ln

i

i∗
) + (p− p∗ − p∗ln

p

p∗
.

Here, L(s, i, p) ≥ 0 since ψ − 1 ≥ ln ψ for ψ > 0 and L(s∗, i∗, p∗) = 0.
Differentiating L with respect to t, we obtain

dL

dt
=

(
s− s∗

s

)
ds

dt
+

(
i− i∗

i

)
di

dt
+

(
p− p∗

p

)
dp

dt
,

= (s−s∗)
{
−
r(s+i)

1+γi
−
α(1−ϑ)i
a+(1−ϑ)s

−
βp

(1+ηs)(1+µp)
+
r(s∗+i∗)

1+γi∗

+
α(1−ϑ)i∗

a+(1−ϑ)s∗
+

βp∗

(1+ηs∗)(1+µp∗)

}
+ (i− i∗)

{
α(1− ϑ)s

a+ (1− ϑ)s

−
bp

(1 + ηi)(1 + µp)
−

α(1− ϑ)s∗

a+ (1− ϑ)s∗
+

bp∗

(1 + ηi∗)(1 + µp∗)

}

+ (p− p∗)

{
cbi

(1+ηi)(1+µp)
+

cβs

(1+ηs)(1+µp)

−
cbi∗

(1+ηi∗)(1 + µp∗)
−

cβs∗

(1+ηs∗)(1+µp∗)

}
.

After some simplifications, we get

dL

dt
= −(s−s∗)

{(
s+i

1+γi
−
s∗+i∗

1+γi∗

)
r +

(
(1−ϑ)i

a+(1−ϑ)s
−

(1−ϑ)i∗

a+(1−ϑ)s∗

)
α

+

(
p

(1+ηs)(1+µp)
−

p∗

(1+ηs∗)(1+µp∗)

)
β

}

− (i− i∗)

{
b

(
p

(1 + ηi)(1 + µp)
−

p∗

(1 + ηi∗)(1 + µp∗)

)

− α

(
(1− ϑ)s

a+ (1− ϑ)s
−

(1− ϑ)s∗

a+ (1− ϑ)s∗

)}

− (p− p∗)c

{
b

(
η µ (i∗p− i∗p∗)− µ (ip∗ − i∗p)− (i− i∗)

(1 + ηi)(1 + µp)(1 + ηi∗)(1 + µp∗)

)}
− (p− p∗)c

{
β

(
η µ (s∗p− s∗p∗)− µ (sp∗ − s∗p)− (s− s∗)

(1 + ηs) (1 + µp) (1 + ηs∗) (1 + µp∗)

)}
.

Now, we see that dL
dt
is negative definite in the region: G = {(s, i, p) : s > s∗,

i > i∗ and p > p∗) or s < s∗, i < i∗ and p < p∗} and consequently, for all
solutions in G, L is a Lyapunov function.

A.3.
Proof. If h1 = hTC

1 = r, then det (JE |E0) = 0 and hence the Jacobian matrix
JE |h1=hTC

1
(at E0) and JT

E |h1=hTC
1

(at E0) corresponding to zero eigenvalue,
respectively then

S =

s1s2
s3

 =

10
0

 ,
I =

i1i2
i3

 =

10
0

 .
Further, using Sotomayor’s Theorem, we have

Fh1
(E0;hTC

1 ) =

00
0

 ,
DFh1

(E0;hTC
1 )X =

−1 0 0
0 0 0
0 0 0

s1s2
s3

 =

−1
0
0

 .
Thus,

△1 = Y TFh1
(E0;hTC

1 ) = 0,

△2 = Y T [DFh1
(E0;hTC

1 )X] = −1 ̸= 0,

△3 = Y T [D2Fh1
(E0;hTC

1 )(X,X)],

= i1(fsss
2
1 + fiis

2
2 + fpps

2
3 + 2fsis1s2 + 2fips2s3 + 2fpss1s3)

+ i2(gsss
2
1 + giis

2
2 + gpps

2
3 + 2gsis1s2 + 2gips2s3 + 2gpss1s3)

+ i3(hsss
2
1 + hiis

2
2 + hpps

2
3 + 2hsis1s2 + 2hips2s3 + 2hpss1s3),

= − 2r ̸= 0,

where

f(s, i, p) =
rs(1− s− i)

1 + γi
−

α(1− ϑ)si

a+ (1− ϑ)s
−

βsp

(1 + ηs)(1 + µp)
− h1s,

g(s, i, p) =
α(1− ϑ)si

a+ (1− ϑ)s
− di−

bip

(1 + ηi)(1 + µp)
− h2i,

h(s, i, p) = − δp+
cbip

(1 + ηi)(1 + µp)
+

cβsp

(1 + ηs)(1 + µp)
.

Hence, by Sotomayor’s Theorem, model (5) undergoes a transcritical bifurcation
around E0.
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