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ABSTRACT. In this paper, the mathematical formula of the reliability function of a special (3+ 1) cascade model is
found, where this model can work with three active components if it can cope with the stresses to which it is subjected,
while the cascade 3+ 1 model consists of four components, where the components ( A, , A2 and As) are the basic
components in the model and (A4)is a spare component in an active state of readiness, so when any of the three
core components (A, , As and As) fails to cope with the stress they are under working, they are replaced by the
standby component (A4) readiness to keep the model running, it was assumed that the random variables of stress
and strength follow one of the statistical life distributions, which is the Frechet distribution. The unknown parameters
of the Ferchet distribution were estimated by three different estimation methods (maximum likelihood, least square,
and regression), and then the reliability function of the model was estimated by these different methods. A Monte
Carlo simulation was performed using MATLAB software to compare the results of different estimation methods and
find out which methods are the best for estimating the reliability of the model using two statistical criteria: MSE and
MAPE and using different sample sizes. After completing the comparison of the simulation results, it was found that
the maximum likelihood estimator is the best for estimating the reliability function of the model among the three

different estimation methods.

1. Introduction

At the beginning of the twentieth century, interest in indus-
trial machines increased and developed rapidly. Their complexity
increased and it became impossible to do without them, so at-
tention was increased to to the reliability of these machines and
industrial models to avoid their downtime and loss of time [1-
3]. Reliability is simply defined as the working time of the com-
ponent and can be found using the function R = pr (X <Y)
[4, 5], where X stands for the random variable of strength and Y’
stands for the random variable of stress (6, 7|, where the strength
of the component resists stress and if the stress is greater than
the strength the component stops working [8-10]. One of the
best ways to keep the model working is to use cascade mod-
els, which are considered a special type of standby redundancy
system, cascade models are a hierarchical standby redundancy
where the failed unit of the model can be replaced by an active
standby component according to the hierarchical order of the
model and thus the model continues to work and reliability in-
creases [11, 12].

There are many papers that have dealt with this topic, such
as: Khan and Jan [13] derived the reliability of a multi-component
system when the factors follow the Burr distribution. Khaleel
[9] found the reliability of a model of one component that has
strength and is subjected to four stresses. Khaleel and Karam
[12, 14] derived the reliability function of the cascade model for
two primary components and a backup component. Doloi and
Gogoi [15] Find the reliability function of a model consisting of
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n-components.

The cascade model in the form 3+1 consists of the
components( A, Ay , A3 and A4) where the components
(\Ay, Az and Ajs) are the basic units and necessary for the model
to work, while component (A4) is a redundancy component in
an active-standby state and is activated in the event of failure of
one of the basic components ( A, A; and A3) and replaces the
failed component, so the model continues to work and the stress
on the component t (A44) increases by (k) and its strength by (m),
where (k and m) are attenuation factors.

This paper aims to find the mathematical formula for the
reliability function of the cascade special model 3+1, assuming
that random variables follow the Frechet distribution and esti-
mate the reliability function of the model using the estimation
methods ML, LS, Rg. The results will be compared using the MSE
and the MAPE to find the best estimator.

2. Model Formulation

To find the mathematical formula for the Cascade Model
3+1, which contains three basic components and a standby re-
dundant component, four cases must be found for the model
to work. Suppose that the random variables of strength and
stress are independent and identically and the random variable
X, : 1 =1,2,3,4 represents the strength and the random vari-
able Y; : j = 1,2,3,4 represents the stress of the Frechet dis-
tribution with shape parameter known o and the unknown scale
parameters ;. and §. The pdf and CDF functions for Frechet dis-
tribution where X ~ F'r(o,u) and Y ~ Fr (o, 9) are:
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g(z) = oéy_(°+1)e Y ,>0;0>0;0>0 (3) L OOO -
Y R Clos1) —O

Gx) = e, 2>00>0,0>0 (4) / (1 — e 13Ys ) 0035 (o+1), s dys

0 _

oo B o +6 —o -
S, = / 081y, (0+1) =81y, dy; — / 081y; (o+1),, —(p1+61)y; dy,
Cases of reliability of a model consisting of four cases can 0 0

be written as follows: /°° 0015 (0+1) —b207 dys
1. The first case: when the three basic components L/0
(A,, Az and As) are in an active state, the mathematical [T o=@t D, (u2+62)yz_°d
formula is: 00242 Y2
o0
U 0dgyy "tV e Vs dy,
Sy =p(x1 > y1,72 > Y2, 23 > y3) 0

i o —(L +03)y;
0

2. The second case: when (A, ) fails and is replaced by compo-
nent (A,) while components (A, and A3 ) remain active,

so the mathematical formula is: Now, S; can be written as the following:

S — H1 M2 M3 (6)
52217(371<yl,$2Zy27$32y37$42y4) L= /1“1+61 M2+52 Iu3+53
3. The third case: when (.A,) fails and is replaced by compo- To find the 55 is started as follows:
nent (A,) while components (A; and Az ) remain active,
so the mathematical formula is: [ [oe _ k
Sy = / (Fey (1)) ( Fay | —y1 ) ) 9(y1)dy
LJo m
= > > > [ [ = * =
Ss=p(x1 > y1,22 < Y2,T3 > Y3,Tq > Ya) / (Fm2 (y2)) g(yg)dyQ} {/ (Fm3 (yg)) g(yg)dyg]
Lo 0
4. The fourth case: when (.A,) fails and is replaced by compo- = / (6*H1yf°> (1 — e*l‘l(ﬁ)_oyfo) 0o y_(°+1) —01yy dyl}
nent (A,) while components (A, and Ay ) remain active, LJ/0
. fe (oo} _ 6 —o
so the mathematical formula is: / (1 _ omh2vs )0623/2 (o+1),,~02v2 dy2]
LJo
r o0 o 6 —o0
Sy =p(r1 > y1,72 > Y2, 23 < Y3, T4 > Y4) / (1 — e H3Ys ) 003y; e W dyg]
LJo
. N S, — [ Sy Ot o= (ma+6,)y: % g
Then the general mathematical formula for the reliability of the 2 001y e Y1

model is as follows: -
_/ 081y, —(o+1) —(u1(1+(“,) )+61)y1"dy1}
0

- . —02y5 ° —(p2+02)y5 ° ’
R=51+5+ 55+ 54 (5) |:/ 0§2y2 (0+1)6 02Ys dys — / o8 295 (o+1) 2102)Y, dys
0 0

oo o . 3 (pats o Z
|:/ 0(53y3( +1)€—53y3 dys _/ o5 2/3( +1) (13+03)y3 dys
0 0

Now, the four cases of reliability will be derived successively

Sy = [/OOO (Fe, (1)) g(yl)dyl} [/OOO (Fa, (42)) g(yz)dyz} fhen
o (&) 79,
[/0 (F;E3 (93)) g(ys)dys} Sy = (1 +81) ('Zl (1 . ((j;)—o> I 51) )
where F' () = 1 — F (z). |:/,62‘u—f(52:| |:/,L3lf(53:|
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To find S5, track the following: Sy = {/ o081y (o+1) fﬁlyfodyl
0
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Now the final mathematical formula for the reliability func-
tion of the model can be obtained by collecting Egs. (6), (7), (8),
(9) and as follows:

[ 1) M3
R= +
| f1 +51} le +52} L:’) +53}

() "0, { iz H s

| (1 +61) (ul (1 + (ﬁ)“’) + 51) pi2 + 02 | | 3 + 03

w1 H2 (%)—052 13

Lt 51} (12 + 02) (ug (1 + (%)70) + 63) Lg + 3

[ m } { o } () 9,
Lin 4 0u] Lz 4020 | (4 + 63) (M:s (1 + (%)70) + 53)
(10)

3. Results and Discussion

The reliability of the model will be estimated by three dif-
ferent estimation methods, and then a simulation will be per-
formed and the results of the different estimation methods will
be compared to indicate which methods are the best for estimat-
ing reliability.

3.1.  Estimation by Maximum Likelihood Method
In the maximum likelihood method, the general form func-
tion L can be used as following eq. (11)

L (-Ttha' < 5T, 0y /’(‘) :f (X1;07 /”') f(xZ;Ov /’(‘) o .f(l‘n;O, /’(‘)
” s —o (11)
:On’un H z,e HT,
1=1

Taking the logarithm of Eq. (11):

n n

InL :nLno—&—nLn,u—&—(a—&—l)Zln(Xi) —/AZX;J (12)

1=1 1=1
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Derive Eq. (12) yields: Linear equation of the CDF:
dlnlL T
= —— l’;g 13 _ —ux;o
) —In (F(z@))) = px;?
By equating Eq. (13) to zero: f ( (33( ))) HEq)
n_ Z 277 =0 (14)  F(xq)) is replaced by:
K 1=1
The ML estimator for parameter / : F(2w) = L ., =123 . .n
(’L) n+ 1 b ) 9 ) )
N n
PML= = —o (15)
Zz:l Ty .
Eq. (20) becomes:
In a similar way to the steps above, the ML estimator for param-
eter § is obtained: R m n )
L — (16) S(om) = (a-nagy) (22)
Zj:l Yj =1

Now, the maximum likelihood estimator for parameters can be
obtained as follows:

N n,
/"LEML:ﬁ7£:1’273?4 (]7)
Zlg:l xgts
and m
ML = e » €=1,2,3,4 (18)
st:1 Ye;,
Substituting (17) and (18) by (10) produces:
Ry = _A ﬁ1M£ ] [A ﬁQMi ] [A 173M£ } "
Liiaer +01mr ) Lliaarr + donmr ) Litsnr + 03mr
~ k)~ °%
MlML(é) 01w

| (ﬁlML + glML) (ﬁlML (1 + (15()70) + glML)

[ fomer ] [ Hanr ] [ Binr ]
Lo + Sonrr ] Liisarr + 93z timr + 01MmL
~ K\ Oo¢
H2M L (E() oL

i (/72ML + 32ML) (/72ML (1 + (15‘)70) + S\SML)

HanmL ] [ i ] [ Hanrr ]
Lfsnmr + L Biarr + 01l Litonrr + domrr

Asvn () "0y,

fisnrr + 0snrr ) (Asare (1 4+ (5)7°) + Gsarr
' A A (19)

3.2. Estimation by Least Squares Method

To find an estimator of parameter ;4 by the method of least
square, start using the minimize equation:

S (o, ) :Zr: (F (@w)-F (f’«“(z)))2

1=1

5 ()

where q(,)= —In (/15 (;v(l))> = —In(P,). Eq.(22) is partially de-
rived for parameter p:

BN (amn) () =0

1=1

— Z qzxa’—i—u Z x(’l)zo =0.
1=1 1=1
then the least square estimator of the parameter y is:

Zz:l e "E(;)

BLs=——n—
Zi:lm(z)o

The estimator for parameter ¢ can be obtained in the same
previous steps:

S NGy

6LS: m 20 (24)
5=t YG)
The estimator for parameters are:
ZZCZI qlg xg(obs)
M&LS:W s f = 1,273,4 (25)
€= )
and
R Z;Zil Qje yg_(o )
55Lsiz:m5—,20'§ , €=1,2,3,4. (26)
Je=1 yi(jg)
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Substituting (25) and (26) by (10) produces:

S Y } {
Rps = = =
Litins + d1Ls

f2rs ] [ H3Ls } N
Hors + 025 Liisns + 031
s (n) 0 s
i (ﬁms + 51Ls) (ﬁu:s (1 + (%)_O) + 51LS>
[ Tiors } { H3rs ] { Hirs }
Lfiars + d2rs] LisLs + d3rns dirs +01Ls

fizzs (%) 0y
i (/72Ls + SQLS) (ﬁst (1 + (%)_O) + 8\3LS>

Hars } [ HiLs } { Hars }
Lisrs + 0srs firs +01rsl Litars + dars

' fiazs (%) "8y
i (ﬁSLs + 33Ls) <ﬁ3Ls (1 + (%)70) + 8\3LS>

(27)

3.3.  Estimation by Regression Method
To start by finding the estimator of parameter p by the

regression method, the standard equation of regression is used
[16]:

z; = a—+ bu, +e, (28)

where (z,) is the "dependent variable” and (u,) is the "indepen-

dent variable” while (e,) is "error random variable independent”.
Let 1, z,. . .,x, of Fr(o, u). By taking the logarithm of the

cumulative distribution function for Frechet distribution:

—o

F(zw) =e "

o (29)
Ln [F (z¢))] = — KTy -
Replace F (z(,)) by plotting position P, :
LnP, = —,ux(_Z;’. (30)

Comparing eq. (28) and eq. (30) shows:
z,=LnP,, a=0, b =4, uz:—x(_z;’;z: 1,2,...n (31)

Now it is possible to estimate b by reducing the sum of the
quadratic error as follows:

B_“Zinzl ZU— 3 Z s, W
= > ‘ !
nZ:L:1 (u,) _(Z?ﬂ u,)

By substitution eq. (31) in eq. (32), the regression estimator for
Lis:

(32)

Y [ me) = S [xgs] S ey

HRg=

33)

The Rg of § is:

_om [ ey
Srg=

- S [y Zmey)
i [58) = [S5 ()]

The regression estimator for parameters are:

~ R
figrg = — - (35)
e[| - [ ()
where
13 ng ne
mne Y [ ) = X [ | Ymee)
1e=1 3 re=1 ¢ reml
é. :17 2’ 3’ 4)
and
< R
Ocrg = — S (36)
mesin | - (2 ()
where
me mg me
me Z [—yf(‘: )} In (P]’E) - Z {—yg(‘: )] Z In (Pjg) ,
je=1 ' je=1 4 Ge=1
£=1,2,3,4.
Substituting eq. (35) and eq. (36) by eq. (10) produces:
ER _ ﬁle //J/QR_(] ﬁ3Rg +
9 = | = = = = — =
| H1Rg + 01Rrg | | H2Rrg + O2Rg | | H3Rg + 03Rg

ﬁle(lﬁ()iogle
I (ﬁle + gle) (ﬁle (1 + (lé)_o> + 3le>
i [ H3Rg ] l 1Ry ]
H3rg + gng HiRrg + gle
/72R9(IH()7032R9

L (ﬁ2Rg + 52Rg> (ﬁ2Rg (1 + (lﬁ()_o> + 53Rg>
+ //’Zle ﬁ2Rgz\
H2Rg + 2Ry
~ k) °
H3Rg (H) 63Rg

Hirg + Sle
L (ﬁBRg + ZS\3Rg> (ﬁ?)Rg (1 + (%)_O> + ZS\3Rg>

ﬁ2Rg
| H2Rrg + O2Rg

H3Rg
_;U'SRg + 63Rg

(37)

3.4. Simulation

Monte Carlo simulation of estimation methods was con-
ducted with the results compared using two criteria, MSE and
MARPE. It is repeated 10,000 times with samples of different sizes
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(small sample, medium sample, large sample) and independently Table 2. Results of simulation trial 1
[11]. . . . . Sizes of simples  Criterion ML LS Rg Best
Slmula.ltlon algorlthms' pl.'(?grammed.usmg MATLAB soft- 25.25.25.25, Mean 01370 01371 01371
ware to estimate model reliability, according to the steps out- 25.25,25.25 MSE 0.0010 0.0013 0.0019
lined below: MAPE  0.1877 02073 0.2530
1. Let be the random variables Xy,;0 = 1,2,...,n1 , 50,50,50,50, Mean  0.1372 0.1373 0.1373
Xoyt = 1,2,...,n2, Xgis1 = 1,2,...,n3 , Xaj1 = 50,50,50,50 MSE  0.0005 0.0007 0.0010 ML
1,2,...,ng, Yij55 = 1,2,...,mq, Yoj55 = 1,2,...,ma, MAPE  0.1337 0.1504 0.1869
Yaj;i = 1,2,...,m3 and Yy;5 = 1,2,...,my 80,80,80,80, Mean  0.1372 0.1372 0.1371
for  sample  sizes  my,na, g, ng, My, M2, M3, M4 80,80,80,80 MSE  0.0003 0.0004 0.0006
= (25,25,25,25,25,25,25,25) small  samples, MAPE  0.1058 0.1198 0.1505
(50,50,50,50,50,50,50,50) middle samples and
(80,80,80,80,80,80,80,80) large are generated from Table 3. Results of simulation trial 2
Ferchet distribution. . Sizes of simples  Criterion ML LS Rg Best
2. Parameter values were selected for ten trials in Table 1: 75.25.25.25, Mean 01532 0.1530 0.1527
R 25,25,25,25 MSE 0.0012 0.0014 0.0021
Table 1. The parameters and reliability MAPE 01779 01963 02401
Trial k m 0 w1 w2 3 01 02 03 R 50,50,50,50, Mean 0.1534 0.1530 0.1526
1 19 02 12 12 12 12 12 12 12 0.1372 50,50,50,50 MSE 0.0006 0.0008 0.0012 ML
2 19 02 08 12 12 12 12 12 12 0.1536 MAPE 0.1298 0.1453 0.1803
3 19 02 16 12 12 12 12 12 12 0.1300 80,80,80,80, Mean 0.1537 0.1534 0.1531
4 19 02 12 10 10 10 12 12 12 0.1039 80,80,80,80 MSE 0.0003 0.0004 0.0007
5 19 02 12 26 26 12 12 12 12 03398 MAPE 0.1019 0.1148 0.1440
6 19 02 12 12 12 12 04 04 04 0.4421
7 19 02 12 12 12 12 14 14 14 0.1087 Table 4. Results of simulation trial 3
8 1.8 04 12 12 12 12 12 12 12 0.1535
9 1.5 06 12 12 1.2 12 12 12 12 0.1785 Sizes of simples  Criterion ML LS Rg Best
10 1.1 09 12 12 12 12 12 12 1.2 0.2308 25,25,25,25, Mean 0.1300 0.1301 0.1301
25,25,25,25 MSE 0.0010 0.0012 0.0018
. . . MAPE 0.1937 0.2133 0.2586
3. Egp;rlaze(tgl ((515)’}}26)’ (35), 5(3%) 'I:Sdu;e)daz?grsis:"litiﬁz 50,50,50,50, Mean  0.1300 0.1299 0.1298
aran 1 H2, [13, 14, 01, 02, 03, 04 g 50,50,50,50 MSE  0.0005 0.0006 0.0009 ML
estimation methods (ML, LS, Rg) respectively. MAPE 0.1371 0.1523 0.1882
4, Eq. (19), (27), (37) included eStilTlating the l‘ellablllty of the 80,80,80,80, Mean 0.1303 0.1303 0.1303
model according to estimation methods (ML, LS and Rg). 80,80,80,80 MSE 0.0002 0.0004 0.0006
5. The mathematical formula for the mean used is: MAPE 0.1078 0.1203 0.1504
Loa
Mean = # Table 5. Results of simulation trial 4
. » ” Sizes of simples  Criterion ML LS Rg Best
6. The mathematical formula for the "mean square error” used 25.25.25.25, Mean 01046 01047 01050
15 L 25,25,25,25 MSE  0.0007 0.0009 0.0014
MSE ( R) _! 3 ( R,— R>2. MAPE 02076  0.2307 0.2822
L 1 50,50,50,50, Mean 0.1042 0.1043 0.1045
. " 50,50,50,50 MSE 0.0003 0.0004 0.0007 ML
7. The mathematlcfal formula for the ” mean absolute percent- MAPE 0.1455 0.1626 0.2024
age error "used is: 80,80,80,30, Mean _ 0.1039 0.1038 0.1039
) R R 80,80,80,80 MSE 0.0002 0.0003 0.0004
A v MAPE 0.1156 0.1308 0.1644
MAPE(R) = — ; = |

After completing the previous steps, the results of the sim-
ulation are produced, which are as shown in Tables 2-11, where
each table contained the results of one of the ten trials.

4. Conclusion

From Table 1, the following was concluded that Comparing
trial 2 with trial 1 as well as trial 3 with trial 2, it is observed that
the increases the value of the coefficient (o), the decreases reli-
ability value and vice versa, and this can be shown when looking
at the reliability values in the mentioned trials. When comparing

trial 4 with trial 1, as well as trial 5 with trial 4, it is observed that
the increases the value of the parameters (i1, 1 and pq), the
more the reliability value increases exponentially, and this can
be seen when looking at the reliability values in the trials men-
tioned. When comparing trial 6 with trial 1, as well as trial 7 with
trial 6, it is observed that with the increase in the value of param-
eters (61, d; and d;), the reliability value decreases, and this can
be seen when looking at the reliability values in the mentioned
trials. Comparing trials 1, 8, 9, 10, it is noted that the decreases
value of (%), the increase in the reliability function, and this can
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Table 6. Results of simulation trial 5

Table 10. Results of simulation trial 9

Sizes of simples  Criterion ML LS Rg Best Sizes of simples  Criterion ML LS Rg Best
25,25,25,25, Mean 0.3346 0.3339 0.3313 25,25,25,25, Mean 0.1775 0.1775 0.1771
25,25,25,25 MSE 0.0026 0.0031 0.0046 25,25,25,25 MSE 0.0015 0.0018 0.0028

MAPE 0.1197 0.1311  0.1598 MAPE 0.1719 0.1919 0.2349
50,50,50,50, Mean 0.3371 0.3364 0.3348 50,50,50,50, Mean 0.1777 0.1776  0.1771
50,50,50,50 MSE 0.0013 0.0016 0.0025 ML 50,50,50,50, MSE 0.0007 0.0009 0.0014 ML

MAPE 0.0835 0.0935 0.1168 MAPE 0.1214 0.1369 0.1706
80,80,80,80, Mean 0.3382 0.3376 0.3364 80,80,80,80, Mean 0.1781 0.1781 0.1780
80,80,80,80 MSE 0.0008 0.0010 0.0016 80,80,80,80 MSE 0.0004 0.0005 0.0009

MAPE 0.0657 0.0741 0.0931 MAPE 0.0976  0.1091 0.1359

Table 11. Results of simulation trial 10
Table 7. Results of simulation trial 6 Sizes of simples _ Criterion ML S Rg Best

Sizes of simples  Criterion ML LS Rg Best 25,25,25,25, Mean 0.2284  0.2279  0.2267
25,25,25,25, Mean  0.4353 0.4336 0.4295 25,25,25,25 MSE  0.0020 0.0024  0.0036
25,25,25,25 MSE  0.0028 0.0034 0.0051 MAPE _ 0.1559 0.1717  0.2091

MAPE 0.0958 0.1059 0.1297 50,50,50,50, Mean 0.2294 0.2292 0.2286
50.50,50,50, Mean 04384 04377 04356 50,50,50,50 MSE 0.0010 0.0013 0.0020 ML
50,50,50,50 MSE  0.0014 0.0017 0.0027 ML MAPE  0.1115 0.1244 0.1545

MAPE 0.0666 0.0746 0.0929 80,80,80,80, Mean 0.2302 0.2302 0.2300
80,80,80,80, Mean  0.4398 0.4391 0.4375 80,80,80,80 MSE ~0.0006 0.0008 0.0012
80,80,80,80 MSE  0.0009 0.0011 0.0017 MAPE _ 0.0873 0.0977 0.1225

MAPE 0.0529 0.0593 0.0744

Table 8. Results of simulation trial 7 Acknowledgement. The authors express their gratitude to the editor

Sizes of simples _ Criterion ML S Rg Best and reviewers for their meticulous reading, insightful critiques, and prac-
2575 2575 Mean 0.1088 0.1088 0.1090 tical recommendations, all of which have greatly enhanced the quality of
25,25,25,25 MSE  0.0008 0.0010 0.0014 this work.

MAPE 0.2055 0.2261 0.2746
50,50,50.50, Mean 0.1091 0.1092 0.1093 Funding. This research received no external funding.
50,50,50,50 MSE 0.0003 0.0004 0.0007 ML

MAPE 0.1430 0.1605 0.2005 Conflict of interest. The authors declare that there are no conflicts of
80,80,80,80, Mean 0.1089 0.1089 0.1089 interest related to this article.
80,80,80,80 MSE 0.0002 0.0003 0.0004

MAPE 0.1142 0.1279 0.1599 Data availability. Not applicable.
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