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Group of All Taxicab Isometries: A Combinatorial Approach

Oki Neswan1 and Harry Sumartono1,∗

1Department of Mathematics, Institut Teknologi Bandung, Indonesia

ABSTRACT. In this work, we give a more thorough and exhaustive proof of the set of all isometries in taxicab
geometry using a combinatorial approach. We show that isometries preserving taxicab distance while leaving the
origin fixed are uniquely determined by how they permute the vertices of circles. Then, we use this principle to identify
all isometries in taxicab geometry.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJBM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction
Geometry of space is determined or characterized by its

group of symmetry, which in turn depends on the distance or
metric defined on the space. Minkowski distance is a large fam-
ily of mathematical distance functions used to measure the dis-
tance between two points in a multi-dimensional space. The
Minkoswski distances are keys for many applications in many ar-
eas, such as image processing [1–3], biometric, fingerprint, and
face recognition [4–7], data mining [8, 9], tomography [10–13],
urban planning [14], and network analysis [15].

LetX = (x1, . . . , xn) and Y = (y1, . . . , yn) be two points
in Rn and u1, . . . , un where ui = (ui1, . . . , uin) be linearly
independent n unit vectors. For each positive real numbers,
λ1, . . . , λn, we define the function dp(u1,..., un) : Rn × Rn → R
as

dp(u1,..., un) (X,Y ) = p

√√√√ n∑
i=1

(λi |ui • (X − Y )|)p.

The function dp(u1,..., un) is called the (u1, . . . , un)-Minkowski
distance function in Rn and real numbers dp(u1,..., un) (X,Y )
is called the (u1, . . . , un)-Minkowski distance between X and
Y . If p = 1 and p = 2, then dp(u1,..., un) (X,Y ) is called
the (u1, . . . , un)-taxicab distance and (u1, . . . , un)-Euclidean
distance respectively. Therefore, if we choose ui, i =
1, . . . , n, to be standard unit vectors on Rn, the (u1, . . . , un)-
taxicab distance and (u1, . . . , un)-Euclidean distance, respec-
tively, are called generalized taxicab-distance and generalized
Euclidean-distance. The taxicab-distance and Euclidean-distance
are, respectively, generalized taxicab-distance and generalized
Euclidean-distance with λi = 1 for i = 1, . . . , n.

The group of all isometries first studied by Kocayusufo
ǧlu and Ozdamar, see [16]. In [17], Ekmekci, et. al., identifies
group of all isometries for plane generalized taxicab geometry.
In [18, 19], Çolakoǧlu defines a more general taxicab distance,
called m-generalized taxicab metric. Çolakoǧlu also provides us
with isometries preserving the metric. Every isometry with a
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fixed-point can be decomposed into translation and an isome-
try leaving the origin fixed. Here, we present an entirely new
approach for identifying isometries leaving the origin fixed. We
show that such isometries permute vertices of circles, especially
the unit circle. Then we show that isometries are uniquely deter-
mined by their behavior on the vertices of circle. However, none
of the references [17–19], or [16] make any reference to this key
result, which is essential to identifying all isometries.

Next, we determine the necessary condition for a permu-
tation to give rise to an isometry. This allows us to discriminate
between the permutations that give rise to an isometry and the
rest. As a result, all isometries leaving the origin fixed can be ob-
tained by simply identifying all vertex permutations that give rise
to an isometry. This gives a combinatorial flavor to the method
of identifying isometries. The similar technique can also be used
to find isometries of more general taxicab metrics.

2. Methods
We already know that isometries that have a fixed-point can

be decomposed into a product of an isometry, leaving the origin
fixed and some translations. Therefore, determining all isome-
tries that leave the origin fixed is central to problem of identify-
ing all isometries. We outline the approach we used to identify
all such isometries in the following.

Isometries with a fixed-point leave all circles centered at
the fixed-point invariant. Consequently, we need to understand
the distance between any two points on a circle in order to iden-
tify isometries leaving the circle invariant. This study shows that
vertices play important role in this problem: when restricted to
the set of vertices, isometries turn out to be a permutation of
vertices. Thus we can find all isometries by studying all possible
such permutations.

Assume a permutation gives rise to an isometry. We must
figure out how to identify the isometry. Is it possible to identify
the isometry simply by seeing how it permutes the vertices? To
be more specific, in order to identify the isometry, we need to
know if isometries are uniquely determined by their behavior on
the set of vertices. It can be shown that the answer is affirmative.
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To ensure that all isometries have been identified, we need
to distinguish permutations that do not give rise to an isometry.

3. Results and Discussion
3.1. Distance Between Points on a Circle

A transformation on the plane is one-to-one correspon-
dence from the set of points in the plane onto itself. A trans-
formation that preserves distance defined on the plane is called
an isometry. Thus, in this work, a bijection φ : R2 → R2 is an
isometry if

dT (X,Y ) = dT (φ (X) , φ (Y ))

and dT : R2 × R2 → R with

dT (X,Y ) = |x1 − y1|+ |x2 − y2| .

for any X(x1, x2), Y (y1, y2) ∈ R2. Throughout this work, we
assume the plane is endowed with taxicab distance.

Let Sr be a circle centered at the origin with radius r > 0,

Sr = {X : dT (O,X) = r}.

Let A (r, 0) , B (0, r) , C(−r, 0) andD(0,−r) be the vertices the
circle. From now on, let dT (X,Y ) denote the taxicab distance
between two points, X and Y, on R2 plane.

Lemma 1. Let P (a, b) with a > 0 and b > 0, be a point ofAB.
For any X(x, y) ∈ Sr,

dT (P,X) =



2 (a− x) , if X∈AB and y≥b,
2 (b− y) , if X∈AB and 0≤y < b,

2a, if X∈BC and y≥b,
−2x, if X∈BC and 0≤y < b,

2r, if X∈CD,
−2y, if X∈AD and 0≤x < a,

2b, if X∈AD and x≥a.

An illustration of lemma 1 can be seen in figure 1.

Figure 1. Taxicab distance on a circle of radius r > 0 be-
tween a point in the first quadrant and another
point

Proof. Firstly, let us consider the caseX (x, y) ∈ AB, i.e. x+y =
r. Thus

x+ y = a+ b.

We subdivide the case into two subcases: y ≥ b and 0 < y < b.
If y ≥ b, since b = a− x, then 0 ≤ x ≤ a and, hence,

dT (P,X) = |x− a|+ |y − b|
= a− x+ y − b

= a− b+ y − x

= (r − b− b) + (y − (r − y))

= r − 2b+ 2y − r

= 2 (y − b)

= 2 (a− x) .

If 0 ≤ y < b, then a < x and, hence

dT (P,X) = |x− a|+ |y − b| = x− a+ b− y

= b− a+ b− y

= (b− (r − b)) + ((r − y)− y)

= 2b− r + r − 2y

= 2 (b− y) .

LetX (x, y) ∈ BC. Then y = x+ r and −a ≤ x ≤ 0. Again, we
subdivide case into two subcases: y ≥ b and 0 ≤ y < b. If y ≥ b,
then

dT (P,X) = |x− a|+ |y − b|
= a− x+ y − b

= a− b+ y − x

= a− (r − a) + r

= 2a.

On the other hand, if 0 ≤ y < b, then

dT (P,X) = |x− a|+ |y − b|
= a− x+ b− y

= a+ b− x− (x+ r)

= r − 2x− r

= − 2x.

Now, we consider the case,X ∈ CD. Since y = −x−r, we have
that

dT (P,X) = |x− a|+ |y − b|
= a− x+ b− y

= a+ b− x− (−x− r)

= r − x+ x+ r

= 2r.

Suppose that X ∈ AD, which means y = x − r. If 0 ≤ x < a
then
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dT (P,X) = |x− a|+ |y − b|
= a− x+ b− y

= a+ b− x− (x− r)

= r − x− x+ r

= 2 (r − x)

= − 2y.

If a < x ≤ r, then

dT (P,X) = |x− a|+ |y − b|
= x− a+ b− y

= b− (r − b) + x− (x− r)

= 2b− r + r = 2b.

The distance between any two circle points can be deter-
mined using lemma 1.

Lemma 2. If P = A(r, 0) ∈ Sr, then for any X ∈ Sr,

dT (P,X) = r − x+ |y| =


2y, if x≥0, y≥0,

2r, if x < 0,

−2y, if x≥0, y < 0.

An illustration of lemma 2 can be seen in figure 2.

Figure 2. Taxicab distance on a circle with radius r > 0 be-
tween the vertex A(r, 0) and another point

Proof. Let X(x, y) be any point the circle Sr. If x < 0, then

dT (P,X) = |r − x|+ |y|
= r − x+ r − |x|
= r − x+ r − (−x)
= 2r.

Assuming x ≥ 0, we have that

dT (P,X) = |r − x|+ |y|
= r − x+ r − |x|
= r − x+ r − x

= 2r − 2x

= 2 (r − x) .

If y ≥ 0, then |x|+ |y| = x+ y = r and r − x = y. As a result,

dT (P,X) = 2y.

If y ≥ 0, then |x|+ |y| = x− y = r and r − x = −y. Thus,

dT (P,X) = −2y.

The distance from any circle’s vertex to any point on the
circle can be found using lemma 2.

3.2. Isometries Leaving The Origin Fixed
The main result is that isometries which leave the origin

fixed can be determined by how they permute the vertices of cir-
cles centered at the origin. Thus, we have a combinatorial flavor
of isometries. Let FixO (2) be the set of all taxicab isometries
leaving the origin fixed.

The following lemma 3, that isometries in taxicab geometry
preserve order along lines.

Lemma 3. Let φ : R2 → R by any isometry and A, B are two

distinct points. For any X ∈
←→
AB,

dT (A,X)

dT (A,B)
=
dT (φ (A) , φ (X))

dT (φ (A) , φ (B))
.

Proof. Let (a1, a2), B(b1, b2), and X (t)=A+t (B−A)∈
←→
AB

with t ∈ R.

X (t) = (a1, a2) + t (b1 − a1, b2 − a2)

= (1− t) a1 + tb1, (1− t) a1 + tb2.

In general,

dT (A,X) = |(1− t) a1 + tb1 − a1|+ |(1− t) a2 + tb2 − a2|
= t (|b1 − a1|+ |b2 − a2|)
= tdT (A,B)

(1)

dT (B,X) = |(1− t) a1 + tb1 − a1|+ |(1− t) a2 + tb2 − a2|
= (1− t) (|b1 − a1|+ |b2 − a2|)
= (1− t)dT (A,B)

(2)

Since φ is an isometry, we have that

dT (φ (A) , φ (X)) = dT (A,X)

= tdT (A,B)

= tdT (φ (A) , φ (B))

(3)

dT (φ (B) , φ (X)) = dT (B,X)

= (1− t) dT (A,B)

= (1− t) dT (φ (A) , φ (B))

(4)
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which shows that, in general, isometries preserve order along
lines and also the relative position of points along lines.

Theorem 1 shows that isometries leaving the origin fixed
permute the vertices of circles.

Theorem 1. Let r > 0 and A (r, 0) , B (0, r) , C(−r, 0), and
D(0, −r) are vertices of the circles Sr. If φ ∈ FixO(2), then φ
permutes {A,B,C,D}, the set all vertices of Sr.

Proof. Given φ (O) = O, it follows φ (Sr) ⊂ Sr. Let

A′ = φ (A) , B′ = φ (B) , C ′ = φ (C) , D′ = φ (D) .

It suffices to show that φ (A) = A′ ∈ {A,B,C,D}. Suppose
that A′ /∈ {A,B,C,D}. Lemma 1 yields

dT (A,B) = dT (A,C) = dT (A,D) = 2r.

and thus,

dT (A′, B′) =T (A′, C ′)

= dT (A′, D′)

= 2r.

(5)

Since A′ is a not vertex, using Lemma 1, we obtain that B′, C ′,
andD′ must be on a segment of Sr across the segment that con-
tain A′. The fact that φ is isometry, and thus injective, gives us
that B′, C ′, and D′ are three distinct points. Since B′, C ′, and
D′ are points on the same segment of the circle, consequently,
for some X and Y in {B′, C ′, D′},

dT (X,Y ) < 2r,

which contradicts with eq. (5). Thus, φ maps vertex to a vertex.
Furthermore, since φ is injective, φ permutes {A,B,C,D}.

Theorem 2. Suppose φ ∈ FixO(2). If φ leaves all vertices of Sr

fixed, then each point on the x-axis and y-axis is a fixed-point of
φ.

Proof. Let φ be any isometry such that φ (O) = O. Let
A,B,C,D be vertices of Sr. Suppose that all vertices of Sr are
also fixed-points of φ. It suffices to show that all points on the
x-axis are fixed-point of φ.

Let X(x, 0) be any point on the x-axis. Without loss of
generality, we may assume that X ̸= A and X ̸= C. Suppose
that φ (X) = X ′(u, v). Since φ isometry, we have that

dT (B,X) = |x|+ |r|
= dT (B,X ′)

= |u|+ |v − r|
dT (D,X) = |x|+ |r|

= dT (D,X ′)

= |u|+ |v + r| .

Since r > 0, it follows that v = 0. Thus, X ′ must be a point on
the x-axis.

dT (A,X) = |r − x|
= dT (A,X ′)

= |r − u|
(6)

dT (C,X) = |r + x|
= dT (C,X ′)

= |−r − u|
= |r + u| .

(7)

First, consider the case where |x| < r. Eq. (6) and eq. (7),
respectively, yields

dT (A,X) = r − x = dT (A,X ′) = |r − u|
dT (C,X) = r + x = dT (D,X ′) = |r + u| .

Since |x| < r, it follows that u ̸= r and u ̸= −r. If u > r, then
dT (A,X ′) = u−r and dT (A,X ′) = r+u. The above equations
give us

r − x = u− r

x+ r = r + u

and therefore r = u = x. This contradicts the assumption that
|x| < r. Thus u < r. Similarly, we can show that u > −r and
consequently, |u| < r. Using eq. (6) and eq. (7) we obtain that

r − x = r − u

x+ r = r + u.

We just show that u = x and hence X ′ = X .
Now consider the case where x > r. In this case, the eq.

(6) and eq. (7), respectively, yield

dT (A,X) = x− r = dT (A,X ′) = |r − u|
dT (D,X) = r + x = dT (D,X ′) = |r + u| .

If |u| < r, then

x− r = r − u

x+ r = r + u.

So, r = u = x. This contradicts the fact that x > r. On the other
hand, if we assume that u < −r, the eq. (6) and eq. (7) simplifies
to

x− r = r − u

x+ r = − r − u

and hence r = 0 and u = −x. This also contradicts the fact that
r > 0. Therefore, we have that u ≥ r and thus using eq. (6) and
eq. (7), we can infer that
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x− r = r − u

x+ r = r + u

which shows that x = u. Therefore X = X ′.
Similar to the case x > r, we can show that if x < −r, that

X ′ = X .

Theorem 3 sheds light on the importance of isometry,
which leaves all the vertices of a circle fixed.

Theorem 3. Let φ be any isometry in FixO(2). If all vertices of
Sr are fixed-points of φ, then every point on Sr is a fixed-points
of φ.

Proof. It suffies to show that every interior of AB is fixed-point
of φ. Let

X (t) = A+ t (B −A) = (r, 0) + t (−r, r) = ((1− t) r, tr) ,

with 0 < t < 1, be any interior point of AB. Since φ is an
isometry,

dT (A,X) = dT (A,X ′) = |(1− t) r − r|+ |0− tr|
= 2tr < 2r

dT (B,X) = dT (B,X ′) = |(1− t) r − r|+ |tr − r|
= 2 (1− t) r < 2r

Since dT (A,X ′) < 2r, using Lemma 2, we have thatX ′ ∈ AB∪
DA. Similarly, we also have that X ′ ∈ AB ∪ BC. Therefore,
we have that X ′ ∈ AB. Since dT (A,X) = dT (A,X ′) dan
dT (B,X) = dT (B,X ′), it is easy to see that X = X ′.

Corollary 1. Let φ be any isometry in FixO(2). If all vertices of
Sr are fixed-points of φ, for some r > 0, then φ is an identity.

Proof. Let r > 0 and A (r, 0), B (0, r), C(−r, 0) and D(0,−r)
are vertices of Sr. Suppose that O (0, 0), A (r, 0), B (0, r),
C(−r, 0) and D(0,−r) are fixed-points of φ. Theorem 3 shows
that all points on the x-axis and y-axis are also fixed-points of φ.
Then, for all t > 0, all vertices of St are fixed-points of φ and con-
sequently, all points St are also fixed-points of φ. We just show
that φ is identity.

Corollary 1 enables us to identify an isometry based on how
it behaves on the vertices of a circle.

Theorem 4. For any φ and ψ isometries in FixO(2), if there exist
r > 0 such that

φ (r, 0) = ψ (r, 0) , φ (0, r) = ψ (0, r) , φ (−r, 0) = ψ (−r, 0) ,

and φ (0,−r) = ψ (0,−r), then φ = ψ.

Proof. If α = ψ−1 ◦ φ , then O (0, 0) , (r, 0) , (0, r) , (−r, 0) and
(0,−r) are fixed-points of α and thus α identity. Consequently,
φ = ψ.

Theorem 4 says that isometries are uniquely determined by
their behavior on the vertices of a circle. This result is essential to
the problem of identifying isometries. We can locate an isometry,
leaving the origin fixed based on how it permutes the vertices of
any circle.

Let A,B,C, and D be the vertices of the circle Sr and µ
be any permutation of {A,B,C,D}.We need to find a condition
that there exists an isometry φ such that the

φ|A,B,C,D = µ.

In this case, we say that µ gives rise to the isometry φ.
This would enable us to completely determine all isometries in
FixO(2). Two points X and Y on the circle Sr are called neigh-
bors if the line segment XY ⊂ Sr. Two points X and Y are
opposite, if they are not neighbors.

Theorem 5. Let φ ∈ FixO(2) and ∁ be the set of vertices of Sr.
If φ|∁ permutes ∁, then φ preserves neigborliness.

Proof. Suppose vertices A and B are neighbors. Assume that
φ(A) and φ(B) opposites. Then

{φ (A) , φ(B)} = {A,C} or {φ (A) , φ(B)} = {B,D}.

Without loss of generality, we may assume that φ (A) , φ(B) =
A,C . Furthermore, assume that φ (A) = C and φ (B) = A. Let

M =
1

2
A+

1

2
B =

(r
2
,
r

2

)
∈ AB

be midpoint of A and B.

dT (A,M) = dT (M,B) =
r

2
.

Suppose φ (M) = N(u, v). Since φ is an isometry,

r

2
= dT (A,M) = dT (φ (A) , φ (M))

= dT (C,φ (M))

= |u+ r|+ |v|
r

2
= dT (M,B) = dT (φ (M) , φ (B))

= dT (φ (M) , A)

= |u− r|+ |v| .

We conclude that u = 0, since r > 0. Given that φ (O) = O, we
may deduce that

φ (O,M) = r = φ (O,φ(M)) = |v| .

Hence v = ± r implies that either φ (M) = B or φ (M) = D.
This contradicts the fact that φ permutes {A,B,C,D}.

Assuming that ϕ (A) = A and ϕ (B) = C, we can also
arrive at contradiction using similar strategy. The same result, is
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also obtained if we suppose that {φ (A) , φ(B)} = {B,D}. As a
result, φ (A) and φ (B) are neighbors.

Similar reasoning can be used to show isometries neigh-
borliness of vertices. For a pair X and Y , that neighbors on Sr,
we can use Lemma 3 to show that φ (X) and φ (Y ) are neighbors
on Sr.

We use Theorem 4 and Theorem 5 to determine the set
of all isometries, leaving the origin fixed. First, use Theorem 5
to determine whether one permutation of vertices gives rise to
isometry or not and, secondly, use Theorem 4 to determine the
isometry that arises from one particular permutation.

The number of permutations of n distinct objects is n! =
24. By using Theorem 5, we can show there are 16 permutations
that do not give rise to isometries. The following is the list of all
such permutations,

(AB), (BC) , (CD) , (AD) ,

(ABC), (ACB) , (ABD) , (ADB) ,

(ACD), (ADC) , (BCD) , (BDC) ,

(ABDC), (ACBD) , (ACDB) , (ADBC) .

which is further represented in Figure 3.

Figure 3. Permutations that do not give rise to isometries

The following are eight permutations that give rise to isometries,

(AC) ⇔ Ωy−axis (ABCD) ⇔ ρπ
2

(BD) ⇔ Ωx−axis (AC)(BD) ⇔ ρπ
(AB)(CD) ⇔ Ωy=x (ADCB) ⇔ ρ 3π

2

(AD)(BC) ⇔ Ωy=−x (A) ⇔ ρ2π

which is further represented in Figure 4.

Figure 4. Permutations that give rise to isometries

Theorem 6.

FixO (2) = {Ωx−axis,Ωy−axis,Ωy=x,Ωy=−x, ρπ
2
, ρπ, ρ 3π

2
, Id}

The set FixO (2) under the function composition is a group
isomorphic to the dihedral group, FixO (2) ∼= D4.

3.3. Isometries of Taxicab Geometry

Let τv : R2 → R2 be a translation by vector v = (a, b). For
any X(x1, x2) and Y (y1, y2)

dT (τv (X) , τv(Y )) = |(y1 + a)− (x1 + a)|+ |(y2 + b)− (x2 + b)|
= |x1 − y1|+ |x2 − y2| = dT (X,Y ) .

Thus, we show the Theorem 7.

Theorem 7. Every translation is an isometry

Proof. We identify all isometries by showing isometries are mo-
tions and vice versa.

Definition 1. An isometry that is a product of a finite number of
reflections is called a motion.

We have shown that reflections in axes are isometries. We
can show that reflections on vertical lines and reflections on hor-
izontal lines are isometries. For any vertical line x = a,

dT (Ωx=a (x1, x2) ,Ωx=a (y1, y2)) = dT ((2a− x1, x2) ,

(2a− y1, y2))

= |2a− y1 − (2a− x1)|+
|y2 − x2|

= |x1 − y1|+ |y2 − x2|
= dT ((x1, x2) , (y1, y2)) .

Let φ = Ωy=x be a reflection in the line y = x. For any
X (x1, x2) and Y (y1, y2)

JJoM | Jambura J. Math Volume 6 | Issue 1 | February 2024



O. Neswan and H. Sumartono – Group of All Taxicab Isometries: A Combinatorial Approach… 60

dT (Ωy=x(X),Ωy=x (Y )) = dT ((x1, x2) ,Ωx=p (y1, y2))

= |y1 − y2|+ |x1 − x2|
= dT (X,Y ) .

Similarly, reflection in the line y = −x is also an isometry.

Theorem 8. Every non trivial translation is a product of either
two or four reflections.

Proof. Let φ = τ v be a translation by a vector v = (a, b).
φ (X) = X + v = (x1 + a, x2 + b), with X = (x1, x2).

If b = 0, then for any X (x1, x2),

τv(X) = (x1, x2) + (a, 0)

= (x1 + a, x2)

=
(
2
(a
2

)
− (−x1) , x2

)
= Ωx= a

2
(−x1, x2)

= Ωx= a
2
(Ωx=0(X))

= Ωx= a
2
◦ Ωx=0 (X) .

In similar way, we can show that τ(0,b) = Ωy= b
2
◦Ωy=0. If a ̸= 0

and b ̸= 0, then

τ(a,b) = τ(a,0) ◦ τ(0,b) = Ωx= a
2
◦ Ωx=0Ωy= b

2
◦ Ωy=0.

Theorem 9. If φ is an isometry leaving the origin fixed, then φ is
a motion.

We determine all isometries of taxicab plane geometry in
the following theorem. The proof of the theorem shows the
structure of the isometry group and how each isometry breaks
down into more basic isometries: reflections in lines parallel to
x-axis, y-axis, y = x, or y = −x.

Theorem 10. Every isometry is a motion.

Proof. Let φ be any isometry. We consider several cases.
1. Case 1. φ (O) = O. Then in this case φ ∈ IO and thus a

motion.
2. Case 2. φ (P ) = P for some P ̸= O. Then τ−P ◦ φ ◦ τP is

an isometry leaving O fixed and thus it is motion by Case 1.
3. Case 3. φ has no fixed-point. Let P = φ(O). Then, ψ =
τ−P ◦ φ is an isometry. Since ψ (O) = τ−P ◦ φ (O) =
τ−P (P ) = O, then ψ ∈ IO and therefore a motion.

Consequently, φ = τP ◦ ψ is also a motion.

Let FixP (2) denotes the group of isometries leaving a point
P fixed. The above proof shows that FixP (2) is a conjugate of
FixO (2), because FixP (2) = τ−P FixO (2) τP . Therefore, for any
X and Y,

FixX (2) ∼= FixY (2) .

Corollary 2. For every pointX on the plane, the group of isome-
tries leaving X fixed, FixX(2), is isomorphic to dihedral group
D4:

FixX (2) ∼= D4.

Note that Case 2 can be handled as part of Case 3. Con-
sequently, of all isometries, IsomdT

(2) preserving taxicab dis-
tance, is a semidirect-product of group T of all translation and
the symmetry group FixO (2), as it is mentioned in [4].

Corollary 3. IsomdT
(2) is a semidirect-product of T and

FixO (2).

4. Conclusion

The main finding of this work is that the way isometries
in taxicab geometry a circle’s vertices uniquely identifies them.
This result paves the way to utilizing combinatorial reasoning to
identify all isometries in taxicab plane geometry.

Additionally, we were able to delve farther into the al-
gebraic structure of IsomdT

(2) . We show that IsomdT
(2) a

semidirect product of T and FixO (2). We further show that for
every point on the plane, every group of isometries leave the
point fixed is isomorphic to dihedral group.

Author Contributions. O. Neswan as the main author, provides and de-
velops ideas and concepts, as well as outlines the proof of key results.
H. Sumartono as the second author, provides details of the proofs. All
authors discussed the results and contributed to the final manuscript.

Acknowledgement. For their tremendous support during his studies
and research at ITB, the second author would like to extend his sincere
gratitude to Mr. H. Ade Tarya Hidayat, Mrs. Hj. Adjeng Sugiharti, andMr.
H. Achmad Fauzan from the AbdiNusa Parahyangan Foundation, which
oversees the Al Azhar Syifa Budi Parahyangan School. The principal of
Al Azhar Syifa Budi Parahyangan Senior High School, Mrs. Ana Agustina
Ihsani, is especially appreciated for providing him with a lot of free time
and the chance to concentrate on this research.

Funding. This research received no external funding.

Conflict of interest. The authors declare that there are no conflicts of
interest related to this article.

Data availability. Not applicable.

References
[1] H. Chugh, et al., ”Image Retrieval Using Different Distance Methods and

Color Difference Histogram Descriptor for Human Healthcare”, J. Healthc.
Eng., vol. 2022, p. 10, 2022, doi: 10.1155/2022/9523009.

[2] O. Soltani and S. Benabdelkader, ”Euclidean Distance Versus Manhattan Dis-
tance for New Representative SFA Skin Samples for Human Skin Segmenta-
tion”, Traitement du Signal, vol. 38, no. 6, December, 2021, pp. 1843-1851,
doi: 10.18280/ts.380629.

[3] S. Veerashetty and N. B. Patil, ”Manhattan distance-based his-
togram of oriented gradients for content-based medical image re-
trieval”, ”Int. J. Comput. Appl., vol 43, no. 9, pp. 924-930, 2021, doi:
10.1080/1206212X.2019.1653011.

[4] N. Bala and V. K. Dabbara, ”Comparative Analysis of Machine Learning Algo-

JJoM | Jambura J. Math Volume 6 | Issue 1 | February 2024

https://doi.org/10.1155/2022/9523009
https://doi.org/10.18280/ts.380629
https://doi.org/10.1080/1206212X.2019.1653011


O. Neswan and H. Sumartono – Group of All Taxicab Isometries: A Combinatorial Approach… 61

rithms for Biometric Iris Recognition Systems”, Faculty of Machine Learning
at Blekinge Institute of Technology, 2022.

[5] V. H. Kamble and M. P. Dale, ”Machine learning approach for longitudinal
face recognition of children”, in Machine Learning for Biometrics, 2022, doi:
10.1016/B978-0-323-85209-8.00011-0.

[6] K. Kavitha, B. Thirumala Rao, and B. Sandhya, ”Evaluation of Distance Mea-
sures for Feature based Image Registration using AlexNet”, Int. J. Adv. Com-
put. Sci. Appl., vol. 9, no. 10, pp. 284-290, 2018.

[7] A. Z. Putra, et al. ”Fingerprint Identification for Attendance Using Euclidean
Distance and Manhattan Distance”, Sinkron, vol. 8, no. 4, pp. 2345–2352,
2023, doi” 10.33395/sinkron.v8i4.12844.

[8] K. Janani, S. S. Mohanrasu, A. Kashkynbayev, and R. Rakkiyappan,
”Minkowski distance measure in fuzzy PROMETHEE for ensem-
ble feature selection”, Mathematics and Computers in Simulation, doi:
10.1016/j.matcom.2023.08.027.

[9] X. Yang, ”Data mining techniques”, in Introduction to Algorithms for Data Min-
ing and Machine Learning, 2019, doi: 10.1016/B978-0-12-817216-2.00013-2.

[10] C. Vincze, ”On the taxicab distance sum function and its applications in dis-
crete tomography”, Periodica Mathematica Hungarica, vol. 179, pp: 177–190,
2019, doi:10.1007/s10998-018-00278-7.

[11] C. Vincze and Á. Nagy, ”On the theory of generalized conics with applica-
tions in geometric tomography”, J. of Approx. Theory, vol. 164, pp: 371-390,
2012.

[12] C. Vincze and Á. Nagy, ” On the average taxicab distance function and its
applications”, Acta Appl. Math., vol. 161, no. 1, pp: 201-220, 2019, doi:
10.1007/s10440-018-0210-1.

[13] C. Vincze and Á. Nagy, ”On Taxicab Distance Mean Functions and their Geo-
metric Applications: Methods, Implementations and Examples”, Fundamenta
Informaticae, vol. 189, no. 2, pp. 145–169, 2022, doi: 10.3233/FI-222156.

[14] X. Zhang, W. Hou, and J. Shi, ”Research on Manhattan Distance Based Trust
Management in Vehicular Ad Hoc Network”, Secur. Commun. Netw., vol.2021,
2021, doi: 10.1155/2021/9967829.

[15] C. Vincze and Á. Nagy, ”On the theory of generalized conics with applica-
tions in geometric tomography”, J. of Approx. Theory, vol. 164, pp: 371–390,
2012.

[16] I. Kocayusufoglu and E. Ozdamar, ”Isometries of Taxicab Geometry”, Com-
mun. Fac. Sci. Univ. Ank. Series Al, vol. 47. pp. 73–83, 1998.

[17] S. Ekmekci, A. Bayar and A. K. Altintas, ”On the group of isometries of the
generalized taxicab plane”, Int. J. Contemp. Math. Sc., vol. 10, no. 4, pp. 159–
166, 2015, doi: 10.12988/ijcms.2015.5213.

[18] H. B. Çolakoglu, ”On the distance formulae in the generalized taxicab geom-
etry”, Turk. J. Math., vol. 43, no.3, pp. 1578–1594, 2019, doi: 10.3906/mat-
1809-78.

[19] H. B. Çolakoglu, ”A generalization of the taxicab metric and related isome-
tries”, Konuralp J. Math., vol. 6, no. 1, pp. 158–162, 2018.

JJoM | Jambura J. Math Volume 6 | Issue 1 | February 2024

https://doi.org/10.1016/B978-0-323-85209-8.00011-0
https://doi.org/10.33395/sinkron.v8i4.12844
https://doi.org/10.1016/j.matcom.2023.08.027
https://doi.org/10.1016/B978-0-12-817216-2.00013-2
https://doi.org/10.1007/s10998-018-00278-7
http://dx.doi.org/10.1007/s10440-018-0210-1
https://doi.org/10.3233/FI-222156
https://doi.org/10.1155/2021/9967829
http://dx.doi.org/10.12988/ijcms.2015.5213
http://dx.doi.org/10.3906/mat-1809-78
http://dx.doi.org/10.3906/mat-1809-78

	Introduction
	Methods
	Results and Discussion
	Distance Between Points on a Circle
	Isometries Leaving The Origin Fixed
	Isometries of Taxicab Geometry

	Conclusion

