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1. Introduction

The tribonacci sequence is one of the generalizations of the
Fibonacci sequence which each subsequent tribe is derived by
summing up the three previous tribes beginning with the tribes
0, 0 and 1. Then, the tribes of the tribonacci sequence are called
the tribonacci numbers and are denoted as T, VneN. In his book
Koshy [1] gives the form of the tribonacci | sequence as follows:

0,0,1,1,2 4,7, 13, 24, 44, 81, 149, 274, - - -

The tribonacci sequence was originally studied by Feinbreg
[2] in 1963, after 760 years of Fibonacci sequences introduced by
Leonardo Pisano. Early in 1964 the tribonacci sequence had not
so much appealed to some authors as the Fibonacci sequence,
but with the passage of the tribonacci ranks undergoing devel-
opment, it is evident that some authors have studied and devel-
oped a row of tribonacci marks in different contexts in various
articles. Lather and Kumar [3] discuss the generalization of the
tribonacci squances, Ramirez [4] obtain the relationship between
the tribonacci numbers and the Pascal triangle, Kizilaslan [5] gives
the form algebra of the generalized tribonacci matrix.

On the other side there is the Pascal’s triangle, the num-
bers on the Pascal’s triangle are binomial coefficients arranged
in triangular form and combinatorically each element of the Pas-
cal’s triangle is coefficients in the form of simplification of the
form of the sum of two numbers expressed as (x + )", VneN.
Pascal’s triangle can be represented as a square matrix, with each
element being a number on Pascal’s triangle so that this matrix is
called Pascal’s matrix. Brawer and Pirovino [6] provide a form of
matrix representation of the Pascal’s triangle and discusses the
algebraic form of the Pascal’s matrix. Pascal matrix is an adjoint
operator of the diferensial operator of translation [7].

Matrix factorizations discussed in several articles include
the relationship between the matrix of the tribonacci and the
Pascal matrix [8], the Pascal matrix with tetranacci matrix [9, 10],
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the first type of Stirling matrix with the tetranacci matrix [11],
the second type of Stirling matrix with the tribonacci matrix [12],
and the second type of Stirling matrix with the k-Fibonacci matrix
[13]. They construct a new matrix so as to reveal the relationship
of these matrices.

In contrast to the discussion in research [8-13], in this pa-
per, we construct a k—tribonacci matrix is a generalization of
the tribonacci matrix and discusses the relation between the
k—tribonacci matrix and Pascal’s matrix. From the relation of the
k—tribonacci matrix and the Pascal matrix by using algebraic cal-
culations, the definition of a new matrix is matrix U, (k) Further-
more, from the definition of the a new matrix, there are several
relation expressed in the theorem.

2. Methods

The method used in this research is a literature study which
refers to several articles discussing the k-tribonacci matrix and
the Pascal matrix. The following are the steps taken in this re-
search:

1. Construct and generalizes the form of the k-tribonacci ma-
trix 7, (k)

2. Construct and generalizes the form of the inverse k-
tribonacci matrix 7, * (k)

3. Determine the result of multiplying the inverse k-tribonacci
matrix 7, ! (k) and the Pascal P, obtain a new matrix. Then
define the new matrix, namely matrix U,, (k).

4. Show that the Pascal matrix P, is the product of the k-
tribonacci matrix 7, (k) and the matrix U, (k), so that
P, =T, (k) U, (k) is obtained.

Construct and define the inverse matrix ¢, ! (k).
6. Show that the k-tribonacci matrix 7,, (k) is the product of
the Pascal matrix P, and the inverse matrix ¢, * (k), so that
Tn (k) = P,U. " (k) is obtained.

The following are the basic theories used in this research.
Definition 1, Theorem 1, and Theorem 2 refer to [14] used to
prove the result in this research.
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Definition 1. If A is n x m matrix, and if a matrix B of the
same ordo can be obtained such that AB = BA = I, then
A is Invertible and B the invers of A.

Theorem 1. If A and B are n X n matrices, then det (A - B) =
det (A) - det(B).

Proof. Let A = { a1

@12 } and B = { b b1y } , then
az1  G22

bo1  bao

det (A) = 111022 — Q12021 and det (B) = b11b22 — b12b21 .

Next, it is shown that:
A.B= ainr a1z | bir  bi2
az1 G2 bar  bao

_ [ a11by1 + a12be;

a11b15 + a12bg9
a21by1 + azaby;

az1b13 + azzbsy
so that
det (A B) = (a11b11 + a12ba1) (a21b12 + azabsy)
— (a11b1 + a12ba3) (a21b11 + a22by)
= a11092b11bog + a12021b12b31 — a11a99b12b9;
— a12a91b11b9o
= (aragy — aiaagy) (br1bgs — b12byy)

= det(A) - det (B).

Theorem 2. A is a n X m matrix invertible if and only if
det (A) # 0.

Proof. 1t will prove that if A invertible, then det(A) # 0, and if
det (A) # 0, then A invertible.
(i) (=) If A invertible, then AA~! = 1. If the determinant is
taken, then

det (AA™") =det (I) =1 (1)
According to Theorem 1, we obtained
det (AA™") = det (A) - det (A7)

From equation (1) we obtained det (4) - det (A™%) = 1,
thus det (A) # 0.
(ii) If det (A) # 0, then

Aadj A) =det(A). I (2)
Dividing both sides with det (A) for equation (2), we ob-
tained )
Al ———adj A) =1
(Geecares 4) ®)
From equation (3), we obtained AA~! = 1, thus A inver-
tible.

O

3. Results and Discussion

Pascal’s triangle are binomial coefficients arranged in trian-
gular form. The binomial coefficients present in the Pascal trian-
gle are the result of the sum of the sum of two numbers namely
(z+y)" =Y (D) 2" *y* for n positive integers. In addi-
tion, in his book Bona [15] mentioned that combinatorically every
element on the Pascal triangle line can be expressed as

(V)= 5w

with 0 < k£ < n and usually the number pattern is presented as
shown in Figure 1.

O e
Figure 1. Pascal’s triangle pattern

Pascal’s triangle can be represented in the square matrix
form of the lower triangular matrix with each element being a
number on Pascal’s triangle, so this matrix is called Pascal’s matrix
and is denoted by P,, VneN. In general the form of Pascal P,
matrix can be expressed in the following matrix form,

1 0 0 0 - 0
1 1 0 0 - 0
1 2 1 0 - 0
1 3 3 1 0 4)

L Pn1 Pn2 DPn3 Pn4 Pnn

with

_( n—1 [ n—-1 ([ n—-1
Pn1 = 0 y Pn2 = 1 y Pn3 = 2
[ n—1 _( n—-1
Pna = 3 )y Pnn = n—1

Then, Sabeth et al. [8] describes the form of a Pascal matrix
of nxn, VneN with each element of the Pascal matrix P,, = [p;;],

Vi,j =1, 2, 3, -+ ,n can be expressed and defined as
i—1
. , for i>j,
pij = <31> =/ (5)
0 , for i <j.

Furthermore, gives the general form of the inverse of the
Pascal matrix of n x n, VneN with each element of the inverse ma-
trix Pascal P, ' = [p;;], Vi, j =1, 2, 3, --- ,n can be expressed
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and defined as
i—1

-1 i+j< . ) , for > 7,
p;j: (=1) J—1 =/
0 , for

(6)
i<j.

The k—tribonacci sequence to one of the generalizations
of the tribonacci sequence with the three original tribes is equal
to the tribonacci sequence. In contrast to the Fibonacci sequence
to, the k—tribonacci sequence to the still deserted devotees to
be developed in the field of modern mathematics. Lather and
Kumar [3] provide a recursive form of the k—tribonacci sequence
to which is denoted by T ,, as.

0 , for n=0, 1;
Tim = 1 , for n=2;
kTkn—1 +Thn—2+Tkn-s ,for n>3.

(7)
Using the equation (7), the following is shown the form of
the k—tribonacci number into Table 1.

Table 1. k—tribonacci numbers

n 0 1 2 3 4 5 6

Thw 0 0 1 k K +1 E+2k+1 K +3k2+2k+1
T, 0 0 1 1 2 4 7

Ton, 0 0 1 2 5 13 33

T3, 0 0 1 3 10 34 115

Ti, 0 0 1 4 17 73 313

Ts, 0 0 1 5 26 136 711

Ten O O 1 6 37 229 1417

In this papper will be discussed some of the results ob-
tained, including: defining the k—tribonacci matrix, the char-
acteristics of the inverse k—tribonacci matrix and the relation
between the k—tribonacci matrix and the Pascal matrix. Simi-
lar to the tribonacci sequence, the k—tribonacci sequences can
also be represented in square matrices. With the same idea to
define the tribonacci matrix by examining the idea of Sabeth
et al. [8], the k—tribonacci sequence to be represented in the
form of a lower triangular matrix with each element being the
k—tribonacci number to and the main diagonal 1, so this ma-
trix is called the k—tribonacci matrix to and denoted by 7, (k),
VneN. In general, the shape of the k—tribonacci matrix can be
expressed in the following matrix form

Ths 0 0 0 0

Tkz Tk 0 0 0

Tra Tis T2 0 0

Tn (k) = Ty 5 T a Ty 3 Ty 2 0
| Ten Thn—1 Thm—2 Thn-3 Tk |

Then we get the general form of the k—tribonacci matrix to
the order of n x n, VneN with each element of the k—tribonacci
matrix to 7,7 " (k) = [ti;], Vi,j = 1, 2, 3, ---, n can be ex-
pressed and defined as

P { Tyi—jy2 , for
“J 0 , for

P27,
1< 7.

(8)

Because the determinant of the k—tribonacci matrix
Tn (k) # 0, the k—tribonacci matrix 7, (k) has an invers. So, by
calculating the pattern characteristics obtained from the inverse
k—tribonacci matrix notated 7,! (k). Characteristics obtained
from the inverse k—tribonacci matrix 7, ! (k) ie each column
contains a value 1, —k, —1, —1 and the next value is 0 as seen in
the following matrix,

1 0 0 0 0
-k 1 0 0 0
T'k)=| -1 -k 1 0 0
-1 -1 -k 1 0
0 -1 -1 —k 1

Then we obtain the general form of the inverse
k—tribonacci matrix to n x n, VneN with each element of the
inverse triblon matrix to 7, * (k) = [t};],Vi,j =1, 2,3, --- ,n
can be expressed and defined as

1, for i=j,

oo —k ,for i—1=3j,

R -1 ,for i —3<j<i—2,
0 , for else.

Using the same idea from Sabeth et al. [8], a relationship
between the k—tribonacci matrix to and the Pascal matrix will be
established. Then, from the relationship of the two matrices the
definition of a new matrix is obtained, the new matrix is the ma-
trix Uy, (k) defined as the lower triangular matrix. The element
element of the matrix U, (k) is obtained from the matrix product
7,71 (k) with the matrix P,,.

Let n = 2, obtained elements for the matrix U (k) as fol-

lows:
. 1 0o][1 0
E(k)'PQ{—k 1“1 1}
1 0
-k+1 1 |
Let n = 3, obtained elements for the matrix 5 (k) as follows:
1 0 O 1 00
T (k) -Ps=1] -k 1 0 1 10
-1 -k 1] [ 1 21
1 0 0
= | —k+1 1 0
Lk 2-Fk 1

and suppose using n = 5, the element element for the matrix
Us (k) is obtained as follows:

1 0 0 0 0 1 000
~k 1 0 0 0 1 100
T 'k)-Ps=| -1 =k 1 0 0 1 210
-1 -1 -k 1 0 1 3 3 1
0 -1 -1 -k 1 1 4 6 4
1 0 0 0 0
~k+1 1 0 0 0
= -k 2—k 1 0 0
~1-k 2-2k 3-k 1 0
| —1—-k 1-3k 5-3k 4—-Fk 1
)
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Table 2. Element values for the U5 (k) matrix

Matrix element 5 (k)  Matrix element value Us (k)

il W ()=

(=0 (71) + 0 (1) ==+ () + ()

uzs (k) (321) + 0 (31) ==+ @ + (1)

() +En ()0 () =— Q) -k () + ()
us ) (1) +p () +0 () =10 -k(3) + ()
() -+(2)-(3) - (2)

Thus, based on the matrix multiplication in equation (9) we
have the element element for the matrix U5 (k) that is,

1 0 0 0 0
—k+1 1 0 0 0

Us (k)= | -k 2—-k 1 0 0. (10
~1-k 2-2k 3—k 1 0
~1-k 1-3k 5—3k 4—Fk 1

Taking into account each element in the matrix (10) for ¢ >
j, all values of the matrix element are listed as shown in Table 2.

Furthermore, taking into account each algebraic step from
Table 2 is obtained the general form of the matrix U, (k) of n xn
is defined as Definition 2.

Definition 2. For each neN, U, (k) is a matrix n x n with
each element U, (k) = [u;;],Vi,j =1, 2, 3, --- ,n can be
expressed as

17— 1 7 — 2 71— 3 7 —4
””:(j—1>_k<j—1)_(j—1>_<j—1) L

and V¢ <j,uij =0.

Furthermore, using Maple 13 application obtained the in-
verse matrix Uy (k) follows.

I and Vi < j, uj; = 0.

From defining the matrix U, (k) in equation (11) can be

derived the following Theorem.

Theorem 3. For each neN Pascal’s matrix P, defined in equation
(5) and the k—tribonacci matrix T, (k) defined in equation (6),
there is matrix U,, (k) defined in equation (11), the Pascal matrix
can be expressed P, = T, (k) U,, (k).

Proof. Since the k—tribonacci matrix 7, (k) has an inverse and
det (7, (k)) # 0, the k—tribonacci matrix 7, (k) is an invertible
matrix. It will be proven that

U, (k)= T, " (k) P, . (14)

n

Let 7,7 (k) be the inverse of the k—tribonacci matrix 7,, (k) de-
fined in equation (8). Consider the right-hand segment of the
equation (14), since the matrix 7, ! (k)and P, is the lower tri-
angular matrix with the main diagonal of 7! (k) and P, is 1,
then the multiplication of the matrix 7, * (k) with P, also pro-
duces the main diagonal i.e. 1 and is the lower triangular matrix
as well.

Then consider the left side of equation (14), if i = j then

U5 = 1 and if 7 < j then U5 = 0.

1 0 0 0
1 —1+k 1 0 0
Uy (k) = k2 — 2k + 2 k— 2 10
k3 —3k2+5k—3 k2—-3k+4 k-3 1

(12)
Notice each element in the matrix (12) for ¢ > j all the
values of the matrix element are listed as shown in the Table 3.
Further, taking into account each of the algebraic steps of
Table 3 is obtained the general form of the matrix 2/, ! (k) of the
n x n order defined as Definition 3.

Definition 3. For each neN, U, ! (k) is a matrix n x n with
each element ¢, ' (k) = [uj;], Vi,j =1, 2, 3, -+ ,n can
be axpressed as

i

s (i1
up; =y (=)™ (tl) Thyt—j+2 (13)

t=j

VN
Uij = Ly Drj

=ti1p1j + tiopaj +tispaj + o+ tDnj

n
= g ti Prj -
r=1

Thus, it is evident that 7, (k) P, = U, (k). Thus, by the ma-
trix U, (k) in equation (11), the Pascal matrix P, in equation (5)
and k—tribonacci matrix 7,, (k) of equation (8) can be expressed
by P, =T, (k) U, (k). O

Furthermore, from Theorem 3, it can be derived and stated

as Corollary 1.
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Table 3. Element values for the 2/; ' (k) matrix

Matrix element 2/, * (k)

Matrix element value U, ' (k)

uly (-pt (}j) Tii-112 = () Th,2
by (=1° (321) Tiamrea + (<1 (521) Thamree ==1 () Tha + (1) Tha
ugz 0 () Toraea + (1) (20 Trnara —1 () Tar + () T

uij Zi:j (-1 (Zj) Th,t—j+2

Corollary 1. For every 1 < j < i obtained

i—1 -
(j B 1) = ZTk,i7r+2M1

r=j

=[50+ (G20 - G20 - G20

It is sufficient to consider each element of P,, in the matrix multi-
plication P, = T,, (k) U,, (k) algebraically obtained as follows:

(15)

Pij = tirtr;
= tijug; + tijritjr1y + tijroUjta; + o+ inlng
=Thi—j+2uj; + Thi—jri+2Ujt1; + Thi—jro+2Ujt2;
+ o+ Trint2Ung
= Th,i—j+2tsj + Thi—jrstjrry + Thimjratijro
+ -+ Tk imnt2Ung

= ZTk,i7T+2urj~
r=j
(16)

Furthermore, using equation (16) is obtained

n
Dij = E Thi—ry2lUrj
=y

(i ; 1) = ZTk7i—r+2M2

J—1 =

with

=[0G -G -GoL

Thus, using equation (16) can be derived equation (15).

Furthermore, from defining the matrix ¢, * (k) in equation
(13) the following theorem can be derived.

Theorem 4. For each n € N Pascal matrix P,, defined in equa-
tion (5) and the k—tribonacci matrix T, (k) defined in equa-

tion (6), there is matrix U, * (k) defined in equation (13), the
k—tribonacci matrix can be expressed Ty, (k) = PnZ/l;1 (k).

Proof. Since the Pascal matrix P, has an inverse and det (P,) #
0, the Pascal matrix P, is an invertible matrix. It will be proven
that

Uy (k) =P T, (k). (17)
Let P, ! be the inverse of the Pascal matrix P, defined in
equation (6). Consider the right-hand segment of the equation
(17), since the matrix P, ! and 7, (k) is the lower triangular
matrix with the main diagonal of P! and 7,, (k) is 1, then the
multiplication of the matrix P, ! with 7, (k) also produces the
main diagonal ie 1 and is the lower triangular matrix as well.
Then consider the left side of equation (17). If i = j, then
Uj; =1 and if 7 < j, then ui; = 0.
ugj = p;rtrj

= piat1j + Diota; + Digts; + - + Dintnj
n
= Zp;rtTj'
r=1

Thus, it is evident that P, 7, (k) = U, ! (k). Thus, by the
matrix ;! (k) in equation (13), the Pascal matrix P, in equa-
tion (5) and k—tribonacci matrix 7, (k) of equation (8) can be
expressed by T, (k) = PnZ/{;Ll (k). O

4. Conclusion

In this paper, we get the general form of the k—tribonacci
matrix and define a new matrix U, (k). In addition, we use the
a new matrix obtained a factor of the relationship between the
k—tribonacci matrix 7, (k) and the Pascal matrix P, can be ex-
pressed as P, = T, (k) U, (k).
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