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The k- Tribonacci Matrix and the Pascal Matrix

Sri Gemawati1,∗, Musraini Musraini1, and Mirfaturiqa Mirfaturiqa2

1Department of Mathematics, Universitas Riau, Indonesia
2Sekolah Tinggi Teknologi Pekanbaru, Indonesia

ABSTRACT. This article discusses the relationship between the k-Tribonacci matrix Tn (k) and the Pascal matrix
Pn, by first constructing the k-Tribonacci matrix and then looking for its inverse. From the inverse k-Tribonacci matrix,
unique characteristics can be constructed so that general shapes can be constructed, and then from the relationship of
the k-Tribonacci matrix Tn (k) and the Pascal matrix Pn obtain a new matrix, i.e. Un (k) . Furthermore, a factor is
derived from the relationship of the k-Tribonacci matrix Tn (k) and the Pascal matrix Pn i.e. Pn = Tn (k)Un (k).

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJBM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction
The tribonacci sequence is one of the generalizations of the

Fibonacci sequence which each subsequent tribe is derived by
summing up the three previous tribes beginning with the tribes
0, 0 and 1. Then, the tribes of the tribonacci sequence are called
the tribonacci numbers and are denoted as Tn, ∀nϵN. In his book
Koshy [1] gives the form of the tribonacci l sequence as follows:

0, 0, 1, 1, 2, 4, 7, 13, 24, 44, 81, 149, 274, · · · .

The tribonacci sequence was originally studied by Feinbreg
[2] in 1963, after 760 years of Fibonacci sequences introduced by
Leonardo Pisano. Early in 1964 the tribonacci sequence had not
so much appealed to some authors as the Fibonacci sequence,
but with the passage of the tribonacci ranks undergoing devel-
opment, it is evident that some authors have studied and devel-
oped a row of tribonacci marks in different contexts in various
articles. Lather and Kumar [3] discuss the generalization of the
tribonacci squances, Ramirez [4] obtain the relationship between
the tribonacci numbers and the Pascal triangle, Kizilaslan [5] gives
the form algebra of the generalized tribonacci matrix.

On the other side there is the Pascal’s triangle, the num-
bers on the Pascal’s triangle are binomial coefficients arranged
in triangular form and combinatorically each element of the Pas-
cal’s triangle is coefficients in the form of simplification of the
form of the sum of two numbers expressed as (x+ y)

n, ∀nϵN.
Pascal’s triangle can be represented as a square matrix, with each
element being a number on Pascal’s triangle so that this matrix is
called Pascal’s matrix. Brawer and Pirovino [6] provide a form of
matrix representation of the Pascal’s triangle and discusses the
algebraic form of the Pascal’s matrix. Pascal matrix is an adjoint
operator of the diferensial operator of translation [7].

Matrix factorizations discussed in several articles include
the relationship between the matrix of the tribonacci and the
Pascal matrix [8], the Pascal matrix with tetranacci matrix [9, 10],
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the first type of Stirling matrix with the tetranacci matrix [11],
the second type of Stirling matrix with the tribonacci matrix [12],
and the second type of Stirling matrix with the k-Fibonacci matrix
[13]. They construct a new matrix so as to reveal the relationship
of these matrices.

In contrast to the discussion in research [8–13], in this pa-
per, we construct a k−tribonacci matrix is a generalization of
the tribonacci matrix and discusses the relation between the
k−tribonacci matrix and Pascal’s matrix. From the relation of the
k−tribonacci matrix and the Pascal matrix by using algebraic cal-
culations, the definition of a new matrix is matrix Un(k) Further-
more, from the definition of the a new matrix, there are several
relation expressed in the theorem.

2. Methods
The method used in this research is a literature study which

refers to several articles discussing the k-tribonacci matrix and
the Pascal matrix. The following are the steps taken in this re-
search:
1. Construct and generalizes the form of the k-tribonacci ma-

trix Tn (k)
2. Construct and generalizes the form of the inverse k-

tribonacci matrix T −1
n (k)

3. Determine the result of multiplying the inverse k-tribonacci
matrix T −1

n (k) and the Pascal Pn obtain a newmatrix. Then
define the new matrix, namely matrix Un (k).

4. Show that the Pascal matrix Pn is the product of the k-
tribonacci matrix Tn (k) and the matrix Un (k), so that
Pn = Tn (k) Un (k) is obtained.

5. Construct and define the inverse matrix U−1
n (k) .

6. Show that the k-tribonacci matrix Tn (k) is the product of
the Pascal matrix Pn and the inverse matrix U−1

n (k), so that
Tn (k) = PnU−1

n (k) is obtained.
The following are the basic theories used in this research.

Definition 1, Theorem 1, and Theorem 2 refer to [14] used to
prove the result in this research.
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Definition 1. If A is n × n matrix, and if a matrix B of the
same ordo can be obtained such that AB = BA = I , then
A is Invertible and B the invers of A.

Theorem 1. IfA andB are n×nmatrices, then det (A ·B) =
det (A) · det (B) .

Proof. Let A =

[
a11 a12
a21 a22

]
and B =

[
b11 b12
b21 b22

]
, then

det (A) = a11a22 − a12a21 and det (B) = b11b22 − b12b21 .

Next, it is shown that:

A ·B =

[
a11 a12
a21 a22

]
·
[

b11 b12
b21 b22

]
=

[
a11b11 + a12b21 a11b12 + a12b22
a21b11 + a22b21 a21b12 + a22b22

]
so that

det (A ·B) = (a11b11 + a12b21) (a21b12 + a22b22)

− (a11b12 + a12b22) (a21b11 + a22b21)

= a11a22b11b22 + a12a21b12b21 − a11a22b12b21

− a12a21b11b22

= (a11a22 − a12a21) (b11b22 − b12b21)

= det (A) · det (B) .

Theorem 2. A is a n × n matrix invertible if and only if
det (A) ̸= 0.

Proof. It will prove that if A invertible, then det(A) ̸= 0, and if
det (A) ̸= 0, then A invertible.
(i) (⇒) If A invertible, then AA−1 = 1. If the determinant is

taken, then

det
(
AA−1

)
= det (I) = 1 (1)

According to Theorem 1, we obtained

det
(
AA−1

)
= det (A) · det

(
A−1

)
.

From equation (1) we obtained det (A) · det
(
A−1

)
= 1,

thus det (A) ̸= 0.
(ii) If det (A) ̸= 0, then

A (adj A) = det (A) . I (2)

Dividing both sides with det (A) for equation (2), we ob-
tained

A

(
1

det (A)
adj A

)
= I (3)

From equation (3), we obtained AA−1 = 1, thus A inver-
tible.

3. Results and Discussion
Pascal’s triangle are binomial coefficients arranged in trian-

gular form. The binomial coefficients present in the Pascal trian-
gle are the result of the sum of the sum of two numbers namely
(x+ y)

n
=

∑n
k=0

(
n
k

)
x
n−k

yk for n positive integers. In addi-
tion, in his book Bona [15] mentioned that combinatorically every
element on the Pascal triangle line can be expressed as(n

k

)
=

n!

(n− k)!k!

with 0 ≤ k ≤ n and usually the number pattern is presented as
shown in Figure 1.

Figure 1. Pascal’s triangle pattern

Pascal’s triangle can be represented in the square matrix
form of the lower triangular matrix with each element being a
number on Pascal’s triangle, so this matrix is called Pascal’s matrix
and is denoted by Pn, ∀nϵN. In general the form of Pascal Pn

matrix can be expressed in the following matrix form,

Pn =



1 0 0 0 · · · 0
1 1 0 0 · · · 0
1 2 1 0 · · · 0
1 3 3 1 · · · 0
...

...
...

...
. . .

...
pn1 pn2 pn3 pn4 · · · pnn


(4)

with

pn1 =

(
n− 1
0

)
, pn2 =

(
n− 1
1

)
, pn3 =

(
n− 1
2

)
pn4 =

(
n− 1
3

)
, pnn =

(
n− 1
n− 1

)
Then, Sabeth et al. [8] describes the form of a Pascal matrix

of n×n, ∀nϵNwith each element of the Pascal matrixPn = [pij ],
∀i, j = 1, 2, 3, · · · , n can be expressed and defined as

pij =


(

i− 1
j − 1

)
, for i ≥ j,

0 , for i < j.
(5)

Furthermore, gives the general form of the inverse of the
Pascal matrix of n×n, ∀nϵNwith each element of the inverse ma-
trix Pascal P−1

n =
[
p,ij

]
, ∀i, j = 1, 2, 3, · · · , n can be expressed

JJoM | Jambura J. Math Volume 6 | Issue 1 | February 2024
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and defined as

p′ij =

 (−1)
i+j

(
i− 1
j − 1

)
, for i ≥ j,

0 , for i < j.
(6)

The k−tribonacci sequence to one of the generalizations
of the tribonacci sequence with the three original tribes is equal
to the tribonacci sequence. In contrast to the Fibonacci sequence
to, the k−tribonacci sequence to the still deserted devotees to
be developed in the field of modern mathematics. Lather and
Kumar [3] provide a recursive form of the k−tribonacci sequence
to which is denoted by Tk,n as.

Tk,n =

 0 , for n = 0, 1;
1 , for n = 2;

kTk,n−1 + Tk,n−2 + Tk,n−3 , for n ≥ 3.
(7)

Using the equation (7), the following is shown the form of
the k−tribonacci number into Table 1.

Table 1. k−tribonacci numbers

n 0 1 2 3 4 5 6

Tk,n 0 0 1 k k2 + 1 k3 + 2k + 1 k4 + 3k2 + 2k + 1

T1,n 0 0 1 1 2 4 7

T2,n 0 0 1 2 5 13 33

T3,n 0 0 1 3 10 34 115

T4,n 0 0 1 4 17 73 313
T5,n 0 0 1 5 26 136 711
T6,n 0 0 1 6 37 229 1417
...

...
...

In this papper will be discussed some of the results ob-
tained, including: defining the k−tribonacci matrix, the char-
acteristics of the inverse k−tribonacci matrix and the relation
between the k−tribonacci matrix and the Pascal matrix. Simi-
lar to the tribonacci sequence, the k−tribonacci sequences can
also be represented in square matrices. With the same idea to
define the tribonacci matrix by examining the idea of Sabeth
et al. [8], the k−tribonacci sequence to be represented in the
form of a lower triangular matrix with each element being the
k−tribonacci number to and the main diagonal 1, so this ma-
trix is called the k−tribonacci matrix to and denoted by Tn (k),
∀nϵN. In general, the shape of the k−tribonacci matrix can be
expressed in the following matrix form

Tn (k) =



Tk,2 0 0 0 · · · 0
Tk,3 Tk,2 0 0 · · · 0
Tk,4 Tk,3 Tk,2 0 · · · 0
Tk,5 Tk,4 Tk,3 Tk,2 · · · 0
...

...
...

...
. . .

...
Tk,n Tk,n−1 Tk,n−2 Tk,n−3 · · · Tk,2


.

Then we get the general form of the k−tribonacci matrix to
the order of n× n, ∀nϵN with each element of the k−tribonacci
matrix to T −1

n (k) =
[
t′ij

]
, ∀i, j = 1, 2, 3, · · · , n can be ex-

pressed and defined as

ti,j =

{
Tk,i−j+2 , for i ≥ j,

0 , for i < j.
(8)

Because the determinant of the k−tribonacci matrix
Tn (k) ̸= 0, the k−tribonacci matrix Tn (k) has an invers. So, by
calculating the pattern characteristics obtained from the inverse
k−tribonacci matrix notated T −1

n (k). Characteristics obtained
from the inverse k−tribonacci matrix T −1

n (k) ie each column
contains a value 1,−k,−1,−1 and the next value is 0 as seen in
the following matrix,

T −1
5 (k) =


1 0 0 0 0
−k 1 0 0 0
−1 −k 1 0 0
−1 −1 −k 1 0
0 −1 −1 −k 1

 .

Then we obtain the general form of the inverse
k−tribonacci matrix to n × n, ∀nϵN with each element of the
inverse triblon matrix to T −1

n (k) =
[
t′ij

]
, ∀i, j = 1, 2, 3, · · · , n

can be expressed and defined as

t′ij =


1 , for i = j,
−k , for i− 1 = j,
−1 , for i− 3 ≤ j ≤ i− 2,
0 , for else.

Using the same idea from Sabeth et al. [8], a relationship
between the k−tribonacci matrix to and the Pascal matrix will be
established. Then, from the relationship of the two matrices the
definition of a new matrix is obtained, the new matrix is the ma-
trix Un (k) defined as the lower triangular matrix. The element
element of the matrix Un (k) is obtained from the matrix product
T −1
n (k) with the matrix Pn.

Let n = 2, obtained elements for the matrix U2 (k) as fol-
lows:

T −1
2 (k) · P 2 =

[
1 0
−k 1

] [
1 0
1 1

]
=

[
1 0

−k + 1 1

]
.

Let n = 3, obtained elements for the matrix U3 (k) as follows:

T −1
3 (k) · P 3 =

 1 0 0
−k 1 0
−1 −k 1

 1 0 0
1 1 0
1 2 1


=

 1 0 0
−k + 1 1 0
−k 2− k 1

 .

and suppose using n = 5, the element element for the matrix
U5 (k) is obtained as follows:

T −1
5 (k) · P 5 =


1 0 0 0 0
−k 1 0 0 0
−1 −k 1 0 0
−1 −1 −k 1 0
0 −1 −1 −k 1




1 0 0 0 0
1 1 0 0 0
1 2 1 0 0
1 3 3 1 0
1 4 6 4 1



=


1 0 0 0 0

−k + 1 1 0 0 0
−k 2− k 1 0 0

−1− k 2− 2k 3− k 1 0
−1− k 1− 3k 5− 3k 4− k 1

 .

(9)

JJoM | Jambura J. Math Volume 6 | Issue 1 | February 2024



S. Gemawati, M. Musraini, and M. Mirfaturiqa – The k- Tribonacci Matrix and the Pascal Matrix … 128

Table 2. Element values for the U5 (k) matrix

Matrix element U5 (k) Matrix element value U5 (k)

u11 (1)
(

1−1
1−1

)
=

(
0
0

)
u21 (−k)

(
1−1
1−1

)
+ (1)

(
2−1
1−1

)
= −k

(
0
0

)
+

(
1
0

)
u22 (−k)

(
1−1
2−1

)
+ (1)

(
2−1
2−1

)
= −k (0) +

(
1
1

)
u31 (−1)

(
1−1
1−1

)
+ (−k)

(
2−1
1−1

)
+ (1)

(
3−1
1−1

)
=−

(
0
0

)
− k

(
1
0

)
+

(
2
0

)
u32 (−1)

(
1−1
2−1

)
+ (−k)

(
2−1
2−1

)
+ (1)

(
3−1
2−1

)
=−1 (0)− k

(
1
1

)
+

(
2
1

)
...

...

uij

(
i−1
j−1

)
− k

(
i−2
j−1

)
−

(
i−3
j−1

)
−

(
i−4
j−1

)

Thus, based on the matrix multiplication in equation (9) we
have the element element for the matrix U5 (k) that is,

U5 (k) =


1 0 0 0 0

−k + 1 1 0 0 0
−k 2− k 1 0 0

−1− k 2− 2k 3− k 1 0
−1− k 1− 3k 5− 3k 4− k 1

 . (10)

Taking into account each element in the matrix (10) for i ≥
j, all values of the matrix element are listed as shown in Table 2.

Furthermore, taking into account each algebraic step from
Table 2 is obtained the general form of the matrix Un (k) of n×n
is defined as Definition 2.

Definition 2. For each nϵN, Un (k) is a matrix n × n with
each element Un (k) = [uij ], ∀i, j = 1, 2, 3, · · · , n can be
expressed as

uij =

(
i− 1

j − 1

)
−k

(
i− 2

j − 1

)
−
(
i− 3

j − 1

)
−
(
i− 4

j − 1

)
(11)

and ∀i < j, uij = 0.

Furthermore, using Maple 13 application obtained the in-
verse matrix U4 (k) follows.

U−1
4 (k) =


1 0 0 0

−1 + k 1 0 0
k2 − 2k + 2 k − 2 1 0

k3 − 3k2 + 5k − 3 k2 − 3k + 4 k − 3 1

 .

(12)
Notice each element in the matrix (12) for i ≥ j all the

values of the matrix element are listed as shown in the Table 3.
Further, taking into account each of the algebraic steps of

Table 3 is obtained the general form of the matrix U−1
n (k) of the

n × n order defined as Definition 3.

Definition 3. For each nϵN, U−1
n (k) is a matrix n × n with

each element U−1
n (k) =

[
u′
ij

]
, ∀i, j = 1, 2, 3, · · · , n can

be axpressed as

u′
ij =

i∑
t=j

(−1)
i+j

(
i− 1

t− 1

)
Tk,t−j+2 (13)

and ∀i < j, u′
ij = 0.

From defining the matrix Un (k) in equation (11) can be
derived the following Theorem.

Theorem 3. For each nϵN Pascal’s matrixPn defined in equation
(5) and the k−tribonacci matrix Tn (k) defined in equation (6),
there is matrix Un (k) defined in equation (11), the Pascal matrix
can be expressed Pn = Tn (k) Un (k).

Proof. Since the k−tribonacci matrix Tn (k) has an inverse and
det (Tn (k)) ̸= 0, the k−tribonacci matrix Tn (k) is an invertible
matrix. It will be proven that

Un (k) = T −1
n (k) Pn . (14)

Let T −1
n (k) be the inverse of the k−tribonacci matrix Tn (k) de-

fined in equation (8). Consider the right-hand segment of the
equation (14), since the matrix T −1

n (k)and Pn is the lower tri-
angular matrix with the main diagonal of T −1

n (k) and Pn is 1,
then the multiplication of the matrix T −1

n (k) with Pn also pro-
duces the main diagonal i.e. 1 and is the lower triangular matrix
as well.

Then consider the left side of equation (14), if i = j then
uij = 1 and if i < j then uij = 0.

uij = t′irprj

= t′i1p1j + t′i2p2j + t′i3p3j + · · ·+ t′inpnj

=

n∑
r=1

t′irprj .

Thus, it is evident that T −1
n (k) Pn = Un (k). Thus, by the ma-

trix Un (k) in equation (11), the Pascal matrix Pn in equation (5)
and k−tribonacci matrix Tn (k) of equation (8) can be expressed
by Pn = Tn (k) Un (k).

Furthermore, from Theorem 3, it can be derived and stated
as Corollary 1.
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Table 3. Element values for the U−1
4 (k) matrix

Matrix element U−1
4 (k) Matrix element value U−1

4 (k)

u′
11 (−1)1+1

(
1−1
1−1

)
Tk,1−1+2 =

(
0
0

)
Tk,2

u′
21 (−1)3

(
2−1
1−1

)
Tk,1−1+2 + (−1)4

(
2−1
2−1

)
Tk,2−1+2 =−1

(
1
0

)
Tk,2 +

(
1
1

)
Tk,3

u′
22 (−1)3

(
2−1
1−1

)
Tk,1−2+2 + (−1)4

(
2−1
2−1

)
Tk,2−2+2 =−1

(
1
0

)
Tk,1 +

(
1
1

)
Tk,2

...
...

u′
ij

∑i
t=j (−1)i+j

(
i−1
t−1

)
Tk,t−j+2

Corollary 1. For every 1 ≤ j ≤ i obtained(
i− 1

j − 1

)
=

n∑
r=j

Tk,i−r+2M1 (15)

with

M1 =

[(
r − 1

j − 1

)
− k

(
r − 2

j − 1

)
−
(
r − 3

j − 1

)
−
(
r − 4

j − 1

)]
.

It is sufficient to consider each element of Pn in the matrix multi-
plicationPn = Tn (k) Un (k) algebraically obtained as follows:

pij = tirurj

= tijujj + tij+1uj+1j + tij+2uj+2j + · · ·+ tinunj

= Tk,i−j+2ujj + Tk,i−j+1+2uj+1j + Tk,i−j+2+2uj+2j

+ · · ·+ Tk,i−n+2unj

= Tk,i−j+2ujj + Tk,i−j+3uj+1j + Tk,i−j+4uj+2j

+ · · ·+ Tk,i−n+2unj

=

n∑
r=j

Tk,i−r+2urj .

(16)

Furthermore, using equation (16) is obtained

pij =

n∑
r=j

Tk,i−r+2urj ,

(
i− 1

j − 1

)
=

n∑
r=j

Tk,i−r+2M2

with

M2 =

[(
r − 1

j − 1

)
− k

(
r − 2

j − 1

)
−

(
r − 3

j − 1

)
−
(
r − 4

j − 1

)]
.

Thus, using equation (16) can be derived equation (15).

Furthermore, from defining the matrix U−1
n (k) in equation

(13) the following theorem can be derived.

Theorem 4. For each n ∈ N Pascal matrix Pn defined in equa-
tion (5) and the k−tribonacci matrix Tn (k) defined in equa-

tion (6), there is matrix U−1
n (k) defined in equation (13), the

k−tribonacci matrix can be expressed Tn (k) = PnU−1
n (k).

Proof. Since the Pascal matrix Pn has an inverse and det (Pn) ̸=
0, the Pascal matrix Pn is an invertible matrix. It will be proven
that

U−1
n (k)=P−1

n T n (k) . (17)

Let P−1
n be the inverse of the Pascal matrix Pn defined in

equation (6). Consider the right-hand segment of the equation
(17), since the matrix P−1

n and Tn (k) is the lower triangular
matrix with the main diagonal of P−1

n and Tn (k) is 1 , then the
multiplication of the matrix P−1

n with Tn (k) also produces the
main diagonal ie 1 and is the lower triangular matrix as well.

Then consider the left side of equation (17). If i = j, then
uij = 1 and if i < j, then uij = 0.

u′
ij = p′irtrj

= p′i1t1j + p′i2t2j + p′i3t3j + · · ·+ p′intnj

=

n∑
r=1

p′irtrj .

Thus, it is evident that P−1
n Tn (k) = U−1

n (k). Thus, by the
matrix U−1

n (k) in equation (13), the Pascal matrix Pn in equa-
tion (5) and k−tribonacci matrix Tn (k) of equation (8) can be
expressed by Tn (k) = PnU−1

n (k).

4. Conclusion

In this paper, we get the general form of the k−tribonacci
matrix and define a new matrix Un (k). In addition, we use the
a new matrix obtained a factor of the relationship between the
k−tribonacci matrix Tn (k) and the Pascal matrix Pn can be ex-
pressed as Pn = Tn (k) Un (k).
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