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ABSTRACT. This study formulates and mathematically analyzes a three-species dynamic model involving prey, meso-
predator, and apex predator, considering the presence of supplementary food available only to the apex predator. The
model is expressed as a three-dimensional nonlinear differential equation system and analyzed by proving the exis-
tence and uniqueness of solutions, positivity, and solution limitations to ensure mathematical validity in the biological
domain. Furthermore, we study the local stability of the six equilibrium points of the system using the eigenvalue

approach and the Routh-Hurwitz criterion. We perform numerical simulations and find that the stability of the system

Three-species model
Prey-predator model
Local stability
Equilibrium point
Mesopredator

Apex predator
Supplementary food

predator species survive.

1. Introduction

Predator-prey models have become an important basic ap-
proach in understanding the population dynamics of species in an
ecosystem. Since it was first introduced in a simple form by Lotka
and Volterra [1, 2|, the model has been continuously developed to
realistically describe ecological processes. Model development
continues to be carried out with various more realistic ecological
considerations, such as the limited amount of resources, nonlin-
ear predation patterns, the existence of time delays in popula-
tion response, and inter-species relationships in the ecosystem
[3, 4]. These developments have given special attention to the
treatment of predators, given their central role in regulating the
balance of biological communities. Several studies have shown
that changing the number of predators in mathematical models
can have a big effect on how stable the system is. For example,
proportional harvesting of predators [5], poisoning of predators
[6], age structure, and intraspecific competition 7], anti-predator
behavior [8], and the presence of intraspecific competition be-
tween predators [9] are known to change equilibrium points and
cause transitions between species extinction, dominance, or co-
existence. To keep going in this direction of development, the
model needs to be expanded to include more species, not just
predators and prey, but also more complex hierarchical struc-
tures, like interactions between prey, mesopredators, and apex
predators.

The three-species model can illustrate more complex eco-
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is highly sensitive to the parameters of predation efficiency and the capacity to utilize additional food. In addition,
species extinction, dominance, or long-term coexistence also occur. The model shows how the relationships between
different species and the support from external energy sources can change the community structure and affect whether

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of [JoM: Department of Mathematics, Uni-
By _NC versitas Negeri Gorontalo, JIn. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

logical dynamics, such as the impact of time delays and harvest-
ing on the stability and bifurcation of population systems. Stud-
ies on these systems indicate that alterations in time delay or
harvesting intensity can induce population fluctuations or shifts
in stability direction [10]. Such structures are crucial in examin-
ing community stability, the dominance of certain species, and
the extinction of others. Recent research has developed models
that integrate several species by examining the impact of prey’s
fear of predators and harvesting efforts on the ecosystem. This
complicates habits and impacts stability [11]. Researchers have
developed dynamic methodologies employing nonlinear capture
function forms, such as Monod-Haldane and Holling type II, incor-
porating temporal delays to more accurately represent predator-
prey interactions and enhance the system’s resemblance to a true
ecosystem [12].

The heightened focus on ecological complexity has re-
sulted in the incorporation of external environmental factors,
such as supplementary food availability, as a significant element
in models. Three-species models featuring two predators and
one prey have been created to investigate the impact of sup-
plemental food on system dynamics. Numerous recent research
studies have investigated the dynamics of predator-prey systems
by incorporating supplemental food, toxicity effects, and numer-
ous time delays, which have been demonstrated to induce bi-
furcations and alter system stability [13, 14]. In addition, Arora
[15] showed that the use of the Beddington-DeAngelis response
function in a two-predator model can strengthen the survival of
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predator species if supplementary food is available. Meanwhile,
Kumar [16] added two discrete time delays and found that time
delays in interaction as well as supplementary feeding can cause
bifurcation transitions and affect the stability of the system. On
the other hand, Mulugeta [17] combined toxicity and harvesting
aspects in a one-prey, two-predator model and showed that the
combination significantly affects the continuity of species coex-
istence. Most recently, Jana and Panja [18] showed that the ex-
tinction risk of species can be reduced if there is an adequate
supply of supplementary food to predators. However, most pre-
vious studies assumed that supplemental food is equally available
to all predators. Studies that explicitly analyze the influence of
selective foraging, i.e., available to only one of the predators in
a three-species system, are very limited. In addition, not many
studies have addressed how changes in biomass conversion pa-
rameters and the availability of supplemental energy can affect
the direction of system stability in communities with this tiered
structure.

This study proposes to address the deficiency by formu-
lating a three-species predator-prey model comprising a prey
species, a mesopredator, and an apex predator, with supplemen-
tary food exclusively accessible to the apex predator. Meso-
predators are intermediate-level predators that consume prey,
however they may also fall victim to higher-level predators. On
the other hand, the apex predator, at the top of the food chain,
has no natural enemies. The construction of the model takes
into account more realistic assumptions, such as the availabil-
ity of supplementary food for the apex predator, which will re-
duce predation pressure on mesopredators and prey. This work
intends to develop a three-species predator-prey mathematical
model incorporating selective supplementary food, examine the
stability of the system’s equilibrium points, and investigate the
long-term dynamics of the system by numerical simulations. This
research aims to advance mathematical ecology theory and en-
hance species and ecosystem management strategies through
quantitative methods.

The structure of this study is as follows. In the second sec-
tion, a three-species prey-prey mathematical model consisting of
prey species, mesopredator, and apex predator with its assump-
tions will be presented. The third section will discuss the exis-
tence and uniqueness of solutions, nonnegativity and bounded-
ness solution, existence of equilibrium points, stability of equi-
librium point, numerical simulation, discussion and conclusion.

2. Model

This study develops a predator-prey model involving three
populations by referring to the approach proposed by Jana and
Panja [18]. In a previous study, Jana and Panja [18] analyzed a
three-species model assuming an supplementary food supply for
the predator at a constant rate of A :

d

@ _ x1 (r — kx1) — ax1xe — Abx s,

dr

d

% = cx132 — dxs — q1 B33, (1)
-

dIg 2

5 = T + froxs +g(1 — A) x5 — mas — qaEax3.

Furthermore, we modified the model by incorporating
more realistic assumptions about the availability of supplemen-

tary food for predators (A). In this case, if A is assumed to be
an supplementary food for the apex predator (z3), then there is
a reduction in predation pressure on the other two populations
by (1 — A). Moreover, we assume natural mortality in the prey
population, resulting in the following model:

d
% =21 (r —kxy) —azias — (1 — A) bryas — dy2y,
-
dx
d—: = ca12y — (1 — A) haows — dyxy — q173, )
dx
T: = ex173 + froxs + gAzs — d3ws — o3,

with parameters:

= intrinsic growth rate of prey,

= carrying capacity of prey,

predation rate of prey by mesopredators,

predation rate of prey by apex predators,

= constant supply of supplementary food for apex
predators,

biomass conversion rate of mesopredators as they
feed on prey,

natural mortality rate of prey,

natural mortality rate of mesopredators,

natural mortality rate of apex predator,

predation rate of mesopredators by apex predators,
biomass conversion rate of apex predators as they
feed on prey,

biomass conversion rate of apex predators due to
feeding on mesopredators,

growth rate of apex predator due to supplementary
food availability,

mortality rate of mesopredator due to intraspecific
competition,

mortality rate of apex predator due to intraspecific
competition.

Thus, a model formulation is obtained involving three vari-
ables: prey population density (x1), mesopredator population
density (x2), and apex predator population density (x3) at time
7, as shown in eq. (2). The model formulation in eq. (2) is con-
verted into a dimensionless model by using dimensionless vari-
ables and parameters. Suppose:

NS e X3
I

S oL Q.
W N
I

qg =

1 1 1 - c
= =T, = — T2, = T3, T= y = 7,
¢ 1, Y1 o 2, Y2 3 0 A
e h f q P g
— — 0 — L _ == = = = =
ﬂ k_? n b7 CL’ R1 Cl’ K2 bv g ’I“’
d d d
51:*1, 52:£7 5‘3:737
r r r
then the dimensionless model in eq. (3) is obtained:
d
d—j =z(1—2)—azy; — (1 — A) xys — dx,
d
—;/tl = azyr — (1 = A)nyry2 — day1 — k197, ©)
d
TZQ = Bxys + 0y1y2 + 0 Ays — d3y2 — 52y§7

with 2 (0) > 0, y1 (0) > 0, and y2 (0) > 0.
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3. Results and Discussion
3.1. Existence and Uniqueness of Solutions

Theorem 1. System (3) with initial value V (0) =
(2 (0),y1 (0),y2 (0)) € 1, has a unique solution V (t) € 1 with
1= {V - (xaylayQ) € Ri—} .

Proof. We will show the existence and uniqueness of the solu-
tion of system (3) in I x [0,7] with T" < oo. Suppose V' =
(x,y1,y2) and V = (Z,7,,7,), with the mapping U (V) =
(U1 (V),U2(V),Us(V)) and

Ub(V)=z(1—-2)—azy1 — (1 — A) zys — 01,

Us (V) = azxyr — (1 = A) nyiyz — dayn — ki,

Us (V) = Bayz + Oyryz + 0 Ays — 03y2 — Koy

For every V, V € I, we have

||U(V) - U(V)H = ‘Ul(v) - UI(V)‘ + |U2(V) - Uz(v)|

+|Us(V) = Us(V)]

= ‘ [m(l —xz)—ay; — (1 — A)zys — 51x]
—[z(1-7) -7y, - (1 - A)zy, — 5@”
+ |[azyr — (1 — A)nyrye — S2y1 — K145
- [O‘Tyl — (1 = A)ny, 7, — 627, — “@%H
+ | [Bzyz + Oy1y2 + 0 Ays — S3y2 — ka3
— BT, + 05175 + 0 ATy — 057 — K23 |

=[((1—2) =7, — (1 - A)g, — &) (z —7)
—z(y1 —7) — (1 — A)z(y2 — 7o)
+ ‘o@l(a: —T)+ (ozx — (1= Ay, — 52)
(1 =y1) — (1 = A)nyi(y2 — ¥2)
—k1(y} *@%”
+ |BY2(x — T) + 072(v1 — ¥1)
+(Bz + 0y1 + 0 A — 03) (y2 — Us)
a3 - )

<|( ) 71— (1 Ay~ 8) )
oy = 7)) + (1= A)z(y2 — 7)
+agy(z —7)| + [ (az — (1 — A)ng, — d2)
(1 =90)| + (L = Ay (y2 — 7o)
+|m(i = 7] + 187 (z — D)
+ 10951 = )| + | (Bx + 0y1 + oA = b3)
(2 = 72)| + [2(5 — 3)|

= (1 =2) =71 = (1= A)g = 61) + a7
+6Ys) |z — [ + (z + (ax — (1 — A)ny,
—02) +0Y + K1lyr + U1 l) [y — U4
+ (1= Az + (1= Ay
+(Bz + 0y1 + 0 A — 03) + Kaly2 + 7s|)

ly2 — Y-

Furthermore, suppose a positive constant M with M =

max z,y1, Y2, T, Y1, Yo , ¥Vt > 0, so that it is obtained

[UV)-=UV)|| <((Q1—=M)—M—(1—A)M—d)
+aM + M) |z — 7|
+ (M + (aM — (1 — A)ynM — 65) + M
+261 M) [yr =7, [+ (1 — A) M
+(1 =AM + (BM + 0M + 0 A — 83)
+2k2 M) |y2 — ol
=Wile =7+ Walyr — 71| + Waly2 — 7ol

with

W1:1—51+(Q+B+A—3)M,
Wo=(1+a+0+nA+2k —n) M — o,
Ws=(1+n+8+60+2k0—A—nA)M +0A — 63.

By choosing a positive constant W = max (W , Wo, W3), ob-
tained

|UV)=U V)| =W (lz =2 +]yr = Ga| + y2 — Fal)
<wiv-7|.

According to the Lipschitz condition [19], the function
U(V) satisfies the Lipschitz condition criteria so that there is
a unique solution V' (t) of system (3) with initial values V' (0) =
(2 (0),y1 (0),y2(0)) € I Therefore, the solution of system (3)
exists and is unique. O

3.2. Nonnegativity and Boundedness Solution

This section demonstrates the nonnegativity and bounded-
ness of the solution of system (3). Since the variables used in sys-
tem (3) represent the population density and are limited by the
environment’s carrying capacity, the system’s solution must be
nonnegative and bounded. The solution of system (3) is guaran-
teed to be positive and finite based on Theorem 2 and Theorem 3.

Theorem 2. The solution of system (3) is positive provided that
z(0),y1(0),y2 (0) € R3.

Proof. 1t will be proved that if z (0) > 0, y; (0) > 0 and y, (0) >
0, then z (t) > 0, y1 (t) > 0 and y2 (¢) > O for every t >
0. Condition z (0) = 0 will result in ‘C% = 0 which indicates
that there is no change in population size x. Next review the
condition = (0) > 0. Suppose there is t7 with 0 < t < t7 such
that  (t) > 0, 2 (¢r) = O and 2 (t) < O fort > ¢7. Based
on the system (3), the condition z (t7) = 0 resulting in % =
0. This contradicts the statement x (t) < 0 for ¢ > tr, so the
supposition is false. Thus, z(t) > 0 for every t. In the same
way it can be shown that the condition y;(0) > 0 will result in
y1(t) > 0 for every ¢t > 0, and the condition y2(0) > 0 will result

iny2(t) > 0 for every t > 0. O

Theorem 3. All solutions of system (3) with initial values
(2 (0),41(0),y2 (0)) € R3 are bounded to the interval I =
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| {(x,yl,yQ)eRi:o<BgW+e,e>0}.

Proof. Define a function
B = cix + coy1 + c3y2.

Derivatives B against ¢, obtain

dB dx dyl dyo
war T T
=c [z (l—x)—xyl—(l—A)myg—élx]
+ ¢ [axyr — (1= A) ny1ya — day1 — fiﬂ/%]
+ ¢z [Brys + 9y1y2 + 0 Ays — 32 — Koy ]

=ca(l—z)—cay —c (1 —A)zys — 1612 + ey
— ¢ (1= A)nyryz — c2day1 — cakry; + c3Bays
+ c30y1y2 + 0 Aya — S3y2 — Koy
=c1 (1= 61)x — c12® — cabayn — cakry; + (0 A — 83) Yo
— kays — (c1 — co) zyy — (¢ — 1A — ¢38) Yo

— (can — canA — c30) y1y2.

Suppose a positive constant o. It will be shown that

Analysis and Numerical Simulation of Prey-Mesopredator-Apex ...
Bds —o(BA+1—A)

_( E )‘”

—af)(1- A
—(ny+nw3+mﬁ i%ﬂ )

y1y2) .

If o = 575%— and 3 — af > 0, then
dB
E—&—UBS(I—él)x—Fax—xQ

=2+ (1+0—d&)r
2£C(1+0’*51)

= 7‘%2
2
_ x_l—l—a—él 2 (1+0—61)?
N 2 4
< (1 + g — 61)2 .
- 4
Therefore, it is obtained
dB (140 —6;)
—_— B < .
at 7 4

Based on Gronwall’s inequality [20], we obtain

. ]. + g — 51)2
dB (d+o0—-6)"
g + 0B < K, K = constants tl~1>n<30 B< 4o ’
By completing the left side, we get This shows that the solution B(x, y1,y2) is on the interval I, with
dB 1+o0—0d)
E+O’B_81(1—61)1‘—013}2—C262y1—02/611:(/% I:{($7y1,y2)€RiZO<B§(401)+€7€>0 .
+ (0 A = 83) y2 — Kays — (c1 — co0) 21 -
—(c1 — 1A —e3f) xy2 — (can — canA — c30) y1y2
+ crox + cooy1 + c3oys. 3.3.  Existence of Equilibrium Points
The equilibrium point of system (3) is obtained when
By choosing ¢; =1, ¢ = L¢3 = %, we obtain d P Y )
de dy;  dys 0
dB 1) K gt ar T ar
g +0B=(1-6)r—a*— —2y1 - iy% + (0 A —d3)y2 dt dt dt
so, we obtain
2 @ (1-A)B
—koyy —(1— =)oy — (1 —A——— ) 2y
a B r=0Vz=1-y —(1-A)y2— 01, (4)
n nA (1-A) o ax — (1 = A)nys — o
_<a_a_ﬂ y1y2+0$+ay1 yp =0V y = ( /€1) , (5)
1—- Ao r+ 0y +0cA—6
-4, yp =0 v g = 20N = (6)
p K2
=(1—-06)r—a®— @yl — ﬂy% + (0 A = 63)ys — Koy3 From eq. (4), eq. (5), and eq. (6), six equilibrium points are
@ obtained, namely
_ (78 —af)(1 — A) ys + o + Eyl + ﬂm 1. The trivial equilibrium point indicating the extinction of the
of @ entire population, E; (0,0, 0) that always exists in R?..

0+ o
«

:(1—(51)x—|—ox—x2—<

o

. (6(0/1 - 53);r o(1— A)) "
—af)(1-A

- (I;ly% + 5295 + (b aa;(l )y1y2>
52 + g

=(1-9 —z? -
( 1)x+oxr—=x < o

o

2. The predator-free equilibrium point, E> (1 — 41,0, 0) which
exists if ; < 1.

. The prey and mesopredator-free equilibrium points,
FEs3 (070, ‘”}{_53> , which exists if 63 < o A.

The mesopredator-free equilibrium point, E4 (z*,0,y3),
with

ke — (0 A —d5)(1 — A)
K2 + B(l — A)

. — 01K2
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v = A where
KQ(HQ—'—ﬂ(l_A)) J11=1—21‘—y1—(1—A)y2—51,
where Jia = —x,
Ay =B (ko — (0A = 835)(1 — A) — §1k2) Jig = —(1 = Az,
+(O'A—53) (HQ—I—ﬂ(l—A)) J21:Oéy1,

Joz = ax — (1 = A)nyz — 02 — 2K1y1,
Jog = —(1 = A)ny,

The equilibrium point E exists if it meets the conditions:

(cA—d3)(1—A)

(i) ko>

1—0, ’ J31 = By2,
(ii) 3 < oA, J32 = 0ya,
(iii) A< 1. J33 = fx + 0y; + 0 A — 63 — 2K2ys.
5. The apex predator-free equilibrium point, E5 (z*,y7,0),
with
ot = M and y7 = a(l—d)— 62. Zsl;/ir(r);teolgcaélll.yzl;flle ;%Li”ir;”’;dp(;’;”; 5114( 00,00 i focally
K1+« K1+«

The equilibrium point Ej5 exists if it meets the conditions:
Proof. The Jacobian matrix for E; (0,0, 0) is

(l) 61 < 1)
(i) dy <a(l—201). I—d61 0 0
Jg, = 0 —d9 0 ,
6. The interior equilibrium points that indicate the existence 0 0 ocA-043
of the entire population, Es (2*, vy}, y3) , with
which results in the eigenvalue A\; = 1—01, Ao = —d5, and A3 =
= do+ (1 =d1)k1+(n—r1)(1—A)ys 7 oA — 3. Since all parameters are positive, the trivial equilibrium
K1 +a point E; is locally asymptotically stable provided §; > 1 and
63 > oA. O

(ke — (1 — A)B)z* —n(1 — A)(cA — &35) — daka

= k1k2 +n0(1 — A) ’
v = &’ Theorem 5. Predator-free equilibrium point E5 (1 — 61,0,0) is
As locally asymptotically stable if 6o > «(1—46;) and d5 >
where B(1—061)+cA.
A2 —/{1 1—(51 (H1ﬁ+0a) —(52(/@1ﬁ+90&)
(+ k1) (K10 A — 055 — k163), Proof. The Jacobian matrix for F5 (1 — d1,0,0) is
Ay = (a+“1)(9(1 Ay + K1kz) 51 1- 6, (- A1 - 8)
+ r1(1 = A) (k1B + 0a) — (1 — A)n(r1B + ba). Jg, = 0 a(l—dy)— 6 0 ;
0 0 ﬁ(l—(sl)—f—UA—(sg

The equilibrium point Ejg exists if it meets the conditions:

which results in the eigenvalue \y = §; — 1, Aa = a (1 —§;) —

(i) o<1 and k<, d2, and A3 = (1 —d1) + oA — Js3. Since the existence condi-

(i) kg >n(l—A)B, 0A<ds, and tion F; is 4; < 1, then the predator-free equilibrium point E; is
* locally asymptotically stable provided d > o (1 — §1) and 63 >

dokg < —-n(l-A —n(1—A)(cA—-9¢
2k2 < (akz —n( )B)x* = n( )(o 3) B(1—6y)+ oA -

(lll) (O’A — (53)(%1 + a) <p (52 + Iil(l — 61)) and
ko(k1 + ) > B(n— k1)1 — A).
Theorem 6. Prey and mesopredator-free equilibrium points,

3.4. Stability of Equilibrium Point o (O, 0, ”2;53) s ety el S i

The Jacobian matrix of the system (3) is defined

1-A)(cA-56 1-—A)(cA—-0
= gzjji 35; Ju Jiz Jig Ko < min { ( (1) (0(5 ) 3), n( )6(0 3) } )
J= % gqﬁ gf;ﬁ = |Ju Jeo Jos|, 1 2
9 OB Gis Js1 Jz2 Jzs

Jdx  Oy1  Oy2
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Proof. The Jacobian matrix for F5 (O, 0, "A;‘%) is

k
Jit 0 0
JE, = 0 J22 0 ,
with
) 1—A)(cA-6
Ju=1- ( )](: 3) — 01,
2
. 1—-An(cA-9§
Jo2 = —( )77]52 3) — 0o,

which results in an eigenvalues:

(1=091)ke — (1 — A)(cA —d3)

)\1 == )
K2
/\2 _ —77(1 — A)(O'A — 53) + 52/%2,
K2
)\3 = (53 —oA.

Based on the existence conditions E3, 3 < oA, so it can be
confirmed that A3 < 0. Thus, the equilibrium point Es is locally
asymptotically stable if A; and A5 is negative, i.e.:

(1-A)(cA—ds3)
(1—¢61)

n(1—A)(cA—ds)

and ko <
2 52 )

Ko <

or it can be written

(1—-A)(cA—d3) n(1—-A) (UA—53)}.

Ko < min ,
2 { (1—46,) 5s

Theorem 7. Suppose S1 = kg — (0 A — 03) (1 — A) — §1ka,
82 = ﬁ(lig — (O’A—53) (l—A) —61%2) +
(cA—03) (ke +B(1—A4), =¥ = m and
Yy = m. The mesopredator-free equilibrium point,
Ey (z*,0,y3) is locally asymptotically stable if satisfied:

0 a< (1-— A)xviyg +(527

(i) #2+(1— A)B > 0.

Proof. The Jacobian matrix for E4 (*,0,y3) is

—z* —z* —(1-A)z"
Jg, = 0 Jag 0 ,
Bys  0ys —kays3

where Joo = az* — (1 — A)nys — 2. It is easy to show the
first eigenvalue, which is Ay = az* — (1 — A)nys — d2 < 0 if
a < %' Furthermore, the other two eigenvalues are

obtained from the quadratic equation:

M4 (2 + hys) A+ (ke + (1= A) B)a*ys =0.  (7)

Based on the quadratic Equation (7), it is clear that * + kay3 >
0. Therefore, an eigenvalue can be shown to be negative if
(k2 + (1 — A) B) > 0. Thus, Ey is locally asymptotically stable if
it satisfies the conditions:

0 a< (1= A)nys + o2
x* ’

(i) Ko+ (1—A)B>0.

Theorem 8. Suppose z* = U=0U1% gnqx —

K1tao K1ta .
Apex predator-free equilibrium ;aoint Es (z*,y7,0) is locally
asymptotically stable if 03 > fz* + Oy; + o A.

Proof. The Jacobian matrix for E5 (z*,y7,0) is

—z*  —z* —(1-A)z"
JE5 = Oéyik _klyf - (1 - A) 779; )
0 0 J33

where Js3 = Ba* + 0y + 0 A — §3. It is easy to show the first
eigenvalue, which is Ay = fBz* + 0y + 0A — d3 < 0if §5 >
Bz* + 0yT + o A. Furthermore, the other two eigenvalues are
obtained from the quadratic equation:

N (2 + k) A+ (B + ) 2*y; = 0. (8)

Since z* + k1y7 > 0 and k1 + « > 0, then the other two
eigenvalues are negative. Thus, Ej is locally asymptotically sta-
ble if §3 > px* + 0yi + c A. O

Theorem 9. Interior equilibrium point Eg (x*,y7,y3) locally
asymptotically stable under certain conditions.

Proof. The Jacobian matrix for Eg (z*, y7, y3) is

Ju Jiz Jis
Jge = |Jo1 Jaz Joas|, 9)
J31 Jzz J33

where Jll = 7{E*, J12 = 7I*, J13 = 7(1 7A) JC*, J21 =
ayy, Joo = —k1yy, Jaz = — (1= A)nyi, Ja1 = Bys, Ja2 =
fy;, and J33 = —koys. Based on the Jacobian matrix (9), the
characteristic equation is obtained

X4+ A2 + 09X+ 03 =0, (10)
where

o1 = —(Ji1 + Jaz + J33) > 0,

o2 = Ji1Jaz + Ji1J33 + Jao 33 — Jiad21 — JizJs1 — Jz2.das,

03 = J11J3aJog + JiaJo1J33 + Ji3J31 20 — J11J22J33
— Ji2JazJ31 — JizJ21J30.

Furthermore, the stability properties can be analyzed using
the Ruth-Hurwitz criterion provided that it can be shown that
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o01,02,03 is a positive coefficient. From the characteristic Equa-
tion (10), the Hurwitz matrix is obtained:

(o} 1 0
H=| 03 o092 03
0 0 g3

All roots of the characteristic equation are negative if the deter-
minant of the submatrix H is positive. It will be shown that:

|Hi| = o] >0,

|Hy| = ‘ o 1 >0, and
03 02
g1 1 0

|H3| =| o3 oo o1 |>0.
0 0 g3

Since o1 > 0, then |Hy| > 0. Furthermore, it can be shown
that |[Hy| > 0 and |Hs| > 0 if o109 > o3. Thus, the interior
equilibrium point Eg can be shown to be locally asymptotically
stable by showing that o5, 03 is positive and o105 > 03. O

3.5. Numerical Simulation

This section provides numerical simulations to confirm and
validate the analytical findings regarding the stability of the sys-
tem’s equilibrium points. Numerical simulations were obtained
using the fourth order Runge-Kutta method. In the absence of
empirical field data, the parameter values used in this model are
determined based on ecological assumptions and biological def-
initions as explained in Section 2. The hypothetical parameter
values outlined in Table 1 are utilized to qualitatively examine
the model dynamics and provide meaningful insights into the sys-
tem’s behavior.

Table 1. Parameter value

Parameter Value
A 0.30
0.95

n 1.80
15} 0.10
0 0.70
o 0.30
o1 1.40
I 0.70
03 0.40
K1 0.10
Ko 0.10

Using the parameter values in Table 1, we obtain the phase
and time series portraits that describe the stability of the trivial
equilibrium point Ey (0,0, 0) , which is shown in Figure 1.

The simulation results in Figure 1 show that all trajectories
of the three different initial conditions converge quickly to the
trivial equilibrium point £y = (0, 0, 0), where the three pop-
ulations: prey (z), mesopredator (y; ), and apex predator (y-),
undergoes total extinction in a relatively short time. This sig-
nifies that Ej is locally asymptotically stable. This phenomena

0
015 ¢ "\,\

el 0.30
Y . 0.00 Y

®  Initial value *  E(0,0,0)

0 5 10 5 % % 30
Time
Figure 1. Phase portrait and time series diagram for
E1(0,0,0) stable, indicating the extinction of the
entire population

illustrates the incapacity of all species to sustain their survival
owing to feeble interspecies interactions, elevated death rates,
or a discordance between reproductive and competitive factors.
Consequently, the system experiences a total ecological collapse,
marked by the permanent extinction of the whole population.
This condition is mainly triggered by the high value of the pa-
rameter §;. This is directly related to the prey’s natural mortality
rate, which causes the prey population to decline dramatically in
a short period of time. The loss of the prey population then has
a direct impact on the extinction of the predator because there
are not enough resources available to sustain its life.

Furthermore, if the parameter value ¢, is decreased to §; =
0.40, while the other parameters are fixed as listed in Table 1, an
illustration of the stability of the predator-free equilibrium point
is obtained F (0.6, 0,0), as shown in Figure 2.

0.60
0.50
0.40
030 8
0.20
0.10
0.00
0.16

0.08 XN L
N 0.10]
080 000 W

— x(t): prey
—— wi(t): mesopredator

—— p(t): apex predator

000 0.20 040 0.60

2(t)

e Initial value *  B5(0.6,0,0)

(‘i l) l‘l) 1‘3 2‘[) 2‘3 3‘1)
Time
Figure 2. Phase portrait and time series diagram for
E, (0.60,0,0) stable, indicating the extinction of
predators

Figure 2 shows that all trajectories of the various initial con-
ditions of the system converge to the predator-free equilibrium
point Es (0.60,0,0), which is characterized by the extinction of
mesopredators and apex predators, while the prey survives. This
shows that Fs is locally asymptotically stable. This situation illus-
trates the dominance of prey in the ecosystem due to the inability
of predators, both mesopredators and apex predators, to main-
tain their populations. This is likely due to the lack of resources
available to predators, so the system naturally supports prey sur-
vival but not predator population sustainability. The availability
of supplementary food sources for apex predators is quite small
(A = 0.30) is in fact not strong enough to sustain the survival of
predators.

Different conditions occur when the availability of supple-
mentary food sources is increased to A = 0.50 accompanied by
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an increase in the growth rate of the apex predator due to the
availability of supplementary food becomes ¢ = 1.30. The in-
crease in resources from the availability of additional apex preda-
tor food causes a change in system stability towards the prey and
mesopredator-free equilibrium points, E3 (0,0,2.50) as shown
in Figure 3.

0.00

L0 3.00

500 2.00
“(s) 100

3.00
0.00 )

®  Initial value * E5(0,0,25

0 5 10 15 20 %
Time

Figure 3. Phase portrait and time series diagram for
E5(0,0,2.50) stable, indicating the extinction of
prey and mesopredator

Figure 3 shows that all trajectories from various initial con-
ditions of the system move towards the prey and mesopredator-
free equilibrium points, F5 (0, 0, 2.50), which is characterized by
the extinction of prey and mesopredators, and the dominance of
apex predators. This indicates that E3 is locally asymptotically
stable. This condition reflects the success of the apex predator in
maintaining its population independently, without dependence
on the presence of prey and mesopredators. This is possible due
to an increase in the availability of sufficient supplementary food
(A = 0.50) and a significant increase in the efficiency of utiliza-
tion of additional resources by apex predators (o = 1.30), which
allowed the apex predator to thrive despite the extinction of the
other two species.

Next, the condition is shown when the availability of sup-
plementary food is reduced to A = 0.40, with other parame-
ter values fixed, then the stability of the system will change to-
wards the mesopredator-free equilibrium point £, (0.18,0,0.69)
as shown in Figure 4.

— x(t): prey

—— i(): mesopredator

—— (t): apex predator

030 040 0.10f

40
) 0.60 0.20
oo 000 020 G

o Initial value *  Ey(0.18,0,0.69)

A
60

| i | i |
0 20 10 80 100

Time
Figure 4. Phase portrait and time series diagram for
FE4(0.18,0,0.69) stable, indicating the extinction
of mesopredator

Figure 4 shows that as the availability of supplemen-
tary food decreases, all system trajectories from different ini-
tial conditions lead to the mesopredator-free equilibrium point,
E,(0.18,0,0.69). This shows that F, is locally asymptotically
stable. This condition illustrates that only prey and apex preda-
tors are able to survive in the long term, while mesopredators

are extinct due to competitive pressure and lack of adequate re-
sources. Decrease in the value of A limits the contribution of
supplementary food to the apex predator, but in this scenario
it is still sufficient to sustain its survival, allowing the establish-
ment of a balance between prey and apex predators without the
presence of mesopredators. On the other hand, the reduction
of supplementary food also increases the predation pressure of
apex predators on mesopredators, which in turn accelerates their
extinction. This finding confirms that the level of supplementary
food availability is a key factor in shaping community structure
and determining the stability of the ecological system of three
interacting species.

Furthermore, it is shown that the dynamics that occur when
mesopredators increase predation pressure on prey is character-
ized by an increase in predator biomass conversion due to prey-
ing on prey (v = 1.25). If this condition is accompanied by a sig-
nificant decrease in the growth effectiveness of apex predators
from supplementary food sources (o = 0.30) , then the stability
of the system will change towards the apex predator-free equi-
librium point Ej5 (0.57,0.03,0) as shown in Figure 5.

0.60r

0.50r

0.00 0.40

015 )
020 @)

0.30
(1)

045 00

®  Initial value *  E5(0.57,0.03,0) 0.001-

| | | I I | i L |
0 20 40 60 80 100 120 140 160
ime

Figure 5. Phase portrait and time series diagram for
Es5 (0.57,0.03, 0) stable, indicating the extinction
of apex-predator

Figure 5 shows that all system trajectories from various ini-
tial conditions lead to the apex predator-free equilibrium point,
E5(0.57,0.03,0), which indicates that the equilibrium point is
locally asymptotically stable. This dynamic reflects the success
of mesopredators in maintaining their population through in-
creasing the efficiency of biomass utilization from predation on
prey (a = 1.25), while the apex predator’s ability to survive de-
creases due to significantly reduced effectiveness in utilizing sup-
plementary food sources (o = 0.30). Under these conditions,
prey and mesopredators form a stable two-species interaction,
while apex predators experience extinction because they do not
obtain enough energy, either from supplementary food sources
or through interactions with other species. This finding confirms
that system stability is strongly influenced by the intensity of in-
terspecies interactions and the availability of resources that sup-
port the survival of each population.

Furthermore, if the efficiency of biomass conversion
by mesopredators due to prey eating increases significantly
(a = 3.50), accompanied by an increase in the growth effective-
ness of the apex predator due to the availability of supplemen-
tary food in sufficient quantities (¢ = 1.30), then the stability
of the system will shift towards the interior equilibrium point
Es (0.32,0.06,0.32), as shown in Figure 6.

Figure 6 shows that all system trajectories from various ini-
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— a(t): prey

0.401

0.00 0.10F

30 =
z(z) 045 0.15

0.30 04
0.00 b

® nitial value * B(0.32,0.06,0.32) 0.00p

0 20 10 60 30 100 120 T40 160
ime

Figure 6. Phase portrait and time series diagram for
Es (0.32,0.06,0.32) stable, indicating the exis-
tence of the entire population

tial conditions eventually converge to the interior equilibrium
point, Eg (0.32,0.06,0.32), which reflects the stable existence
of the three species in the system: prey, mesopredator, and apex
predator. This condition indicates that the equilibrium point is
locally asymptotically stable, characterized by population fluctu-
ations at an early time before the system reaches a stable state.
The success of the system in reaching equilibrium is supported by
an increase in the efficiency of prey predation by mesopredators
(a = 3.50) as well as the high ability of apex predators to utilize
supplementary food (o = 1.30). This situation allows for a bal-
anced and sustainable tri-species interaction, where no species
goes extinct and all populations survive in the long term. This
finding confirms that the strength of interspecies interactions
and resource availability are key factors in creating stability and
diversity in ecological systems.

4. Conclusion

This study develops a three-species population dynamics
model that includes prey, mesopredator, and apex predator, in-
corporating aspects of nonlinear interactions between species as
well as the availability of supplementary food for the apex preda-
tor. Analytically, the model has been validated by proving the ex-
istence and uniqueness of the solution, as well as satisfying the
properties of positivity and solution limitation. This guarantees
that the model solution consistently resides inside a biologically
relevant domain across time. The research indicates that the sys-
tem possesses six equilibrium points, reflecting diverse ecologi-
cal configurations, including total extinction, dominance of prey
or apex predators, and coexistence among two or three species.
The local stability of each equilibrium point is significantly in-
fluenced by specific characteristics, especially those concerning
predation efficiency, resource availability, and predator growth
rate.

Through numerical simulations, it is shown that changes in
the parameters can cause significant shifts in the dynamics of the
system. When predation efficiency is low or supplemental food
is limited, the system tends to favor predator extinction or prey
dominance. In contrast, an increase in the efficiency of meso-
predator interactions with prey and an increase in the utilization
of supplementary food sources by apex predators can maintain
the existence of certain species or even create conditions for sta-
ble three-species coexistence. This study’s findings affirm that
ecological balance is influenced not only by species presence but
also by the intensity of interspecies interactions and the availabil-

ity of resources essential for population survival. These findings
significantly enhance the advancement of ecosystem modeling
and biodiversity management techniques that account for the in-
tricacies of interconnections and system responses to environ-
mental change.

Nevertheless, the current model assumes constant supple-
mentary food supply and does not account for stochastic ele-
ments such as environmental noise, which may affect population
dynamics in real ecosystems. These assumptions, while analyti-
cally tractable, limit the ecological realism of the model. Future
research should consider extending the model by incorporating
time-varying supplementary food and stochastic perturbations to
better reflect natural variability and enhance predictive capacity.
Such extensions would provide more robust insights into ecolog-
ical stability and inform strategies for biodiversity conservation
under uncertain environmental conditions.
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