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scientists and engineers.

1. Introduction

Integro-differential equations, which integrate both inte-
gral and differential operators, serve as crucial mathematical
tools for modeling various complex phenomena in fields such as
physics, engineering, biology, economics, and the social sciences
[1, 2]. These equations naturally arise in systems exhibiting both
local and nonlocal interactions, making them invaluable for un-
derstanding dynamic processes. The study of integro-differential
equations dates back to the pioneering work of mathematicians
such as Volterra, Fredholm, and Hammerstein, who laid the foun-
dation for their theoretical analysis and numerical approximation
[3-5]. Over time, researchers have made significant strides in
investigating their properties, stability, and computational solu-
tions [6]. Due to the inherent difficulty in obtaining exact analyt-
ical solutions, particularly for nonlinear and higher-order equa-
tions, various numerical methods have been developed to ad-
dress these challenges [7].

Several prominent numerical techniques have been em-
ployed to solve integro-differential equations effectively. Ade-
bisi et al. [8] utilized the Gauss-Legendre formula to develop a
Legendre polynomial-based collocation method, demonstrating
high accuracy at lower values of N. Olayiwola et al. [9] applied
the variational iteration method (VIM), a modified Lagrange mul-
tiplier approach, to solve different types of integro-differential
equations, yielding highly accurate results. Similarly, Taiwo et
al. [10] implemented the Galerkin method using orthogonal
polynomials to solve Volterra and Fredholm integro-differential
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, Kazeem Adekunle Okunola’

ABSTRACT. This study presents the development and implementation of a novel numerical method, the Laguerre
Perturbed Galerkin (LPG) method, for solving higher-order integro-differential equations. The method leverages the
advantages of Laguerre polynomials as basis functions while incorporating Chebyshev polynomials as perturbation
terms to enhance both accuracy and efficiency. In the LPG method, the solution is approximated using Laguerre
polynomials of degree N, with the residual error minimized via the Galerkin approach. Chebyshev polynomials are
introduced as perturbation terms to further refine the solution. The residual is systematically reduced to a system
of (N + 1) equations, which is then solved to determine the unknown coefficients of the approximating Laguerre
polynomials. Comparative analyses demonstrate that the LPG method achieves superior accuracy and faster conver-
gence rates compared to existing techniques, particularly for higher-order integro-differential equations. The findings
contribute to the advancement of numerical methods in this domain, providing a powerful computational tool for

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of [JoM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jin. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

equations, leveraging polynomial basis functions for improved
approximations. Additional contributions include Aduroja et
al. [11], who explored collocation approximation methods for
Volterra integro-differential equations using polynomial basis
functions, demonstrating reliability and effectiveness. Uwaheren
et al. [12] successfully applied the Legendre-Galerkin method to
fractional-order Fredholm integro-differential equations, show-
ing rapid convergence at lower degrees of approximant N. Ade-
bisi et al. [13] investigated linear fractional integro-differential
equations, employing Galerkin and perturbed collocation analy-
sis for numerical approximations.

Further advancements include Mamun et al. [14] who
solved eighth-order boundary value problems using VIM, estab-
lishing that its approximate solutions converge to exact solu-
tions. Olayiwola et al. [15] developed an efficient numerical
method using Legendre polynomials for initial-value problems
of integro-differential equations. Uwaheren et al. [12] intro-
duced Akbari-Ganjis method (AGM) for solving Volterra integro-
differential difference equations (VIDDE) with Legendre polyno-
mials as basis functions, confirming AGM'’s robustness in tackling
VIDDE problems.

Moreover, Ogunrinde et al. [16] proposed a six-step lin-
ear multistep method combined with Newton-Cotes quadrature
for third-order Fredholm integro-differential equations, ensuring
consistency, stability, and convergence. Chandel et al. [17] ap-
plied Legendre wavelets to solve higher-order Volterra integro-
differential equations, achieving results remarkably close to ex-
act solutions. Adebisi et al. [18] further employed the Galerkin
method with Chebyshev polynomials as basis functions, demon-
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strating rapid convergence as N increased.

Recent developments also highlight the role of hybrid
methods and higher-order schemes. Owolanke et al. [19] de-
veloped a hybrid two-step method for second-order initial value
problems, while Owolanke et al. [20] proposed an eighth-order
two-step Taylor series algorithm for second-order ODEs. Ogun-
bamike and Owolanke [21] examined convergence for moving
mass problems on Winkler foundations, and Ogunbamike et al.
[22] studied the dynamic response of cantilever beams on elastic
foundations. Yakusak and Owolanke [23] introduced a linear mul-
tistep collocation method for second-order IVPs, while Owolanke
et al. [24] advanced canonical basis interpolation techniques for
solving IVPs.

Additionally, other notable contributions include Avu-
dainayagam and Vani [25] who applied the wavelet-Galerkin
method, El-Sayead and Abdel-Aziz [26] who compared wavelet-
Galerkin with Adomian decomposition, Fakhar-Izadi and De-
hghan [27] who proposed a pseudo-spectral Legendre Galerkin
method in population dynamics, Mohammed [28] who applied
least-square and Chebyshev methods, and McKhtary [29] who
analyzed discrete Galerkin approaches for fractional integro-
differential equations.

Building on these previous works, this study aims to
introduce a novel numerical approach, the Laguerre Per-
turbed Galerkin (LPG) method, for solving higher-order integro-
differential equations. The proposed method integrates Laguerre
polynomials as basis functions with Chebyshev polynomials as
perturbation terms to enhance accuracy and efficiency. Through
comparative analysis and convergence investigations, this re-
search seeks to advance numerical methodologies in solving
complex integro-differential equations, thereby providing a valu-
able computational tool for scientific and engineering applica-
tions.

2. Laguerre Polynomials

Laguerre polynomials are set of orthogonal polynomials
that have found applications in various fields of mathematics and
physics. These polynomials are named after the French mathe-
matician Edmond Laguerre and are solutions to Laguerre’s differ-
ential equation. The Laguerre polynomial denoted as L,.(x) are
defined by the formula:

et dr

L.(z) = T (e7%a").
Recursive Formula:
We know that
em dr —x .. T
L.(x)= T (e7a"). (1)
Putting r = 0,1, 2, 3,4, ... in succession eq. (1) we obtain:
Lo(@) = & (e=7a0) = 1
o) = 5 (%) =1,
e“d , _,
Li(z) = e (e7%z) =1-u,
et d? —z,2 2

e d3 1

Li(z) = T8 (e7*2%) = a0 (6 — 18z + 922 — %),
e dt o,y 1 2 3 4
Ly(z) = T (e7"z?) = 1(24—96334—723: — 162° + z*),
1
Ls(w) = £ (120 — 600z + 600z% — 2002° + 252* — 2°),

1
L(w) = 5;(720 — 4320z + 540022 — 240023 + 4502* — 362°
+ z9).

2.1. Properties

Orthogonality: Laguerre polynomial satisfy an orthogonal-
ity relation that makes them useful in various mathematical prob-
lems.

Application: Laguerre polynomials are extensively used in
quantum mechanics, probability theory and differential equa-
tions.

In summary, Laguerre polynomials are a powerful mathe-
matical tool with wide-ranging application. Understanding their
properties, recursive formula and the first few polynomials can
provide insights into their utility in various mathematical and
physical problems.

2.2. Chebyshev and shifted Chebyshev polynomials

Chebyshev polynomials are sequence of orthogonal poly-
nomials which are related to De-Moivre’s formula and which
can be defined recursively. One usually distinguishes between
Chebyshev polynomials of first kind which are denoted by 7T;. and
Chebyshev polynomials of second kind which are denoted by U.,..

2.2.1. Chebyshev polynomials of first kind

Chebyshev polynomials of first kind 7;.(z) is defined as:
T.(z) = cos (rcos™'(z)), —-1<z<1 2)

Or equivalently,
T, (x) = cos(rf), where § = cos™*(z).

The few Chebyshev polynomials of the first kind are:

r T.(x)

0 To(l‘) =1

1 Ti(x)==x

2 Ty(z)=222-1

3 Ti(z) =423 -3z

4 Ty(z) =8z —8z2+1

5 Ts(z) = 162° — 2023 + 5z

2.2.2. The Shifted Chebyshev polynomials

For convenience and for the sake of problems that exist in
intervals other than —1 < z < 1, T.(z) is in this subsection
normalized to a general finite range a < x < b as follows:

T} (z) = cos (Recos '(z)), —-1<z<1, 3)
and the recurrence relation is given by

Th(z) = 22Tg(2) — Tra(x), R21,
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where R is the degree of the polynomial.
In general, Chebyshev polynomial valid ina < x < bis
given as:

Tk(r) = cos [Rcos_1 <2xb—b—aﬂ , —1<z<1, (4
—a

and the recurrence relation is given as:
2r—b—a
Thi(x)=2 ——

Few terms of the shifted Chebyshev polynomials valid in
the interval [0, 1] are given below:

) Th(z) — Th_y ().

Ty (x) =1,

T (x) =2z — 1,

Ty (x) = 8x% — 8z +1,

T;(x) = 3223 — 482% + 18z — 1,

T3 (x) = 1282% — 2562 + 10022 — 32z + 1,

TZ (z) = 5122° — 12802 + 11202° — 4002” + 50z — 1

Tg (z) = 20482° — 61442° 4 6912x* — 54842% + 84022
—T2x + 1,

T; (z) = 819227 — 286725 + 3942425 — 269902 + 940823

— 156822 + 98z — 1,
T3 (x) = 327652 — 13107227 + 2129922° — 4022425
+ 84480 — 2150423 + 2686822 — 128z + 1.

3. Results and Discussion
3.1. Formulation of the Perturbed Galerkin Method

The methodology of the proposed study involves the per-
turbation of the Galerkin weighted residual method using La-
guerre polynomials as the basis function and Chebyshev polyno-
mials as perturbation terms.

Consider the integro-differential equation below:

b()

2 () = f(x) + A K(z,t)z(t)dt, 2(0) =

a(z)

where a(z), b(x), f(z), A and the kernel K (z, t) are as previously
defined. We adopt an approximate solution in the form:

i(0), (5

N
r) =Y apLi(x) + Py(z), (6)
k=0

where Ly (z) is the Laguerre polynomial and ax, k = 0,1,..., N

are unknown constants to be determined.

The perturbation term is defined as:
2)=> 7T (), (7)

r=1

where T*(z) denotes the shifted Chebyshev polynomial basis
function, and 7., r = 1,2,...,n are the free tau parameters to
be determined. Substituting eq. (7) into eq. (6), we obtain:

Z akLk

+ZT’I‘ n— r+1 (8)

Substituting eq. (8) into eq. (5) gives:

n dr
( ) 7d7 ZakLk ZTr n— r+1 ]
b(x)
= f(z)+ A K(x,t) ZakLk(t)
a(x) k=0

+ZTT e ]dt (9)

Hence, the residual R(z,x) becomes:

[Z“kLk +ZTT -1 (2 ]—f(l‘)
/\/a::c K(l’,t) goakLk(t)

+ZTT A 1dt

=0

R(z,x)

(10)

To determine the constant coefficients, we apply the
Galerkin method by taking the inner product of the residual with
the basis functions Ly (x), fork =0,1,2,..., N:

h
/ R(z,z)  Ly(x)dx=0,g<xz<h, k=0,1,2,...,N.
9

(11)
Eq. (11) simplifies to a system of N + 1 linear algebraic equations
in the V + 1 unknowns ag, k = 0,1, ..., N. Solving this system
yields the coefficients, which are then substituted into eq. (6) to
obtain the approximate solution.
It is important to note that when the problem includes
initial conditions, these conditions are applied first before using
the Galerkin method to generate the remaining equations.

Example 1. Consider the integro-differential equation:

(0) = 0.
(12)

2"(z) = f(x) + )\/Ox(x —t)z(t)dt, =2(0)=2

We approximate the solution using Laguerre polynomials
and Chebyshev polynomial perturbation as follows:

z10( Z arLi(z

where the perturbation term is:

3
2) = nl5 (e
r=1

So the full approximation becomes:

) + P3(z), (13)

) =Ty (x) + oT5 (z) + 1315 ().

(14)

z10(x) = aoLo(x) + a1 L1(x) + asLa(x) + agLs(x)
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Table 1. Exact and Approximate Results of Example 2
T Exact PGM Ogunrinde et al. (LMQ)  Error (PGM)  Error (LMQ)
0.08333 -0.9230352546 -0.9230352546 -0.9230324073 0.000e+00 1.00e-10
0.16666  -0.8564864815 -0.8564864815 -0.8564814810 0.000e+00 5.00e-10
0.24999 -0.7968818750 -0.7968818750 -0.7968749992 0.000e+00 8.00e-10
0.33332 -0.7407496296 -0.7407496296 -0.7407407395 0.000e+00 1.30e-09
0.41665 -0.6846179397 -0.6846179397 -0.6846064798 0.000e+00 1.70e-09
0.49998 -0.6250149998 -0.6250149998 -0.6249999978 0.000e+00 2.30e-09
0.58331 -0.5584690042 -0.5584690042 -0.5584490710 0.000e+00 3.20e-09
0.66664 -0.4815081474 -0.4815081474 -0.4814814774 0.000e+00 4.30e-09
0.74997 -0.3906606239 -0.3906606239 -0.3906249947 0.000e+00 5.50e-09
0.83330 -0.2824546280 -0.2824546280 -0.2824074009 0.000e+00 6.80e-09
0.91663 -0.1534183541 -0.1534183541 -0.1533564773 0.000e+00 8.40e-09
+ asLy(x) + asLs(z) + agLe(z) + a7 L7 (x) 2 1 4 3 2
4l 515 616 7L + 9z —18x+6)+ﬁa4(x — 162”4 722
+ aglsg ($) + agLg (.T) + aloLlo(aj) + TlT?;k (.Z’) ; . s ,
+ Ty (z) + 7T (2) (15) — 96z + 24) + mag)( x° 4 24z* — 180z° + 600z
Substituting eq. (15) into eq. (12), we obtain the residual: — 1000z - 600) + ﬁoas(x — 362° 4 4502*

R(z,z) = 21p(x) — f(x) — )\/Oz(x —t)z10(t) dt
d -— {Z arLi(x) + ZTrTB e (
_ /\/ (@—1) {Z arLa(t) + Z TTT§T+1(7§):| dt

(16)

- f(z)

The Galerkin conditions are imposed by requiring:

/ R(z,z) - Li(x)de =
0

Solving the resulting system of equations gives the con-
stants a (k = 0,...,10), which are then substituted back into
eq. (15) to obtain the approximate solution z1o(z).

..,10,  (17)

Example 2. Consider the third order linear Fredholm
integro-differential equation

1
Zz)=6+x— / xZ" (t)dt, (18)
0

where z(0) = —1, 2/(0) = 1, 2/(0) = —2. The exact solu-
tion is 2(z) = 2 — 2% + z — 1. Source: Ogunrinde et al.
[16].

Solution:
To solve eq. (18), we consider eq. (13) when N = 10,n =4
as a trial solution:

z10(z E arLy(x

On utilizing the basis functions:

+ZTT (@ (19)

1 1
2’10(1’) = Qg —+ a1(1 — ZL') + ECLQ(IEQ — 4213 + 2) —+ 6(13(7 3

— 36002 + 180002% — 54000z + 24000)

ar(—x" +492° — 10082° + 12600z*

- 5040
— 9009022 4 42042022 — 1008000z + 1008000)

g(2® — 6427 + 168025 — 268805

+ 10320
+ 2822402* — 18144002 + 72576002% — 17280000

+ 10080000) + ag(—2° + 812% — 252027

362880
+531302% — 7567562° + 75675602 — 4540540023

+ 1814400002* — 403200000z + 362880000)
+ 71 (1282 — 2562° 4 16022 — 322 + 1) — 79(322°
— 4827 + 18z — 1) — 13(82% — 8z + 1) — 74(22 — 1)

(20)
On solving eq. (20) we get:
apgp = 4, a; = —15, az = 16,
as = _67 ay = Oa as = 07
ag = Oa a7 = Oa ag = 07
ag = 0, m = 0, T2 = 0,
3 = 0, ™w = 0.

On substituting the values of the constants into eq. (20) and

simplifying, we obtain:

z0(z) =23 — 2% 42— 1.

Example 3. Consider the fourth order linear Fredholm
integro-differential equation

2(4)(1‘):56“”—/ z(x)dt, (21)
0

where0<x<1z(0)702()71z()fe
2'(1) = 2e. The exact solution is z(z) = xe®. Source: [16].
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Table 2. Exact and Approximate Results of Example 3

T Exact PGM R.S. Chandel et al. (L(WM)  Error (PGM)  Error (LWM)
0.0 0.00000 0.00000 0.00000 0.000e+00  0.000e-+00
0.2 0.24428 0.24428 0.24426 2.137e-07 4.0e-06
0.4 0.59673 0.59673 0.59673 2.453e-08 1.2e-06
0.6 1.09327 1.09327 1.09327 2.275e-08 2.28e-05
0.8 1.78043 1.78043 1.78043 7.895e-08 3.94e-06
1.0 271828 2.71828 2.71828 1.751e-07 7.0e-06

Table 3. Exact and Approximate Results of Example 4

T Exact PGM Olayiwola et al. (LCM)  Error (PGM)  Error (LMQ)
0.1 0.19983 0.19983 0.19983 9.165e-08  3.3315e-07
0.2 0.39867 0.39867 0.39867 6.409e-08 1.0644e-05
0.3 0.59552 0.59552 0.59560 7.579e-08  8.0615e-05
0.4 0.78942 0.78942 0.78970 1.510e-07  3.3848e-04
0.5 097943 0.97943 0.98040 9.165e-08 1.0283e-03
0.6 1.16464 1.16464 1.16710 2.896e-08  2.5449e-03
0.7 134422 1.34422 1.34960 9.166e-08  5.4667e-03
0.8 1.51736 1.51736 1.34960 5.373e-08 1.0586e-02
0.9 1.68333 1.68333 1.70226 3.790e-09 1.8937e-02
1.0 1.84147 1.84147 1.87320 2.110e-09  3.1826e-02

Approximate solution at N = 10 gives:

z10(z) = 1.000004z — 9.98 x 10~7 + 0.5000082z> + 0.9999857x>
+0.045013707z° + 0.165858433z* + 0.00323073072°
+0.000012524850712° — 0.00061683439542:%

+ 0.00478554199z" .
(22)

Example 4. Consider the third order linear Fredholm
integro-differential equation

3 z
#'(@) = —x—g—/o (x—1t)z(¢t) dt, z2(0) =0, 2'(0) = 2.

(23)
The exact solution is z(x) = = + sinz. Source: [9]. Approx-
imate solution at V = 5 gives:

z6(x) = 1.999999993z + 2.4 x 102 + 0.007220251968°
+0.001571382162* — 0.1674431712® + 0.0001225232.

Approximate solution at N = 10 gives:

210(z) = 1.9999999982 4 1.439054136 x 10~ 5z°
— 0.000011242697242° + 0.000036029549262
+ 0.009466753798x5 — 0.00081834276882°
— 0.000753863942* — 0.00002615272>
— 0.16643232992% + 5.9 x 10719, (24)

3.2. Discussion

The tables and figures below present a comparative analy-
sis of three solutions: the proposed Perturbed Laguerre-Galerkin
method, a method from existing literature, and the exact solu-
tion. These comparisons highlight the accuracy and effectiveness
of the proposed approach in relation to established techniques.
The results demonstrate how the proposed method aligns with
or improves upon existing solutions. Through these tabular rep-
resentations, a clear assessment of performance and reliability is
provided.

4. Conclusion

The analytical solution of many integro-differential equa-
tions poses significant challenges, often making exact solutions
unattainable. Consequently, numerical methods are essential
for obtaining reliable approximations. In this study, we intro-
duced the Laguerre Perturbed Galerkin (LPG) method, which in-
tegrates Laguerre polynomials as basis functions and Chebyshev
polynomials as perturbation terms to enhance accuracy and effi-
ciency. The numerical results demonstrate that the method per-
forms exceptionally well, yielding exact solutions in certain cases
and exhibiting superior accuracy compared to existing methods.
Notably, the approach maintains its effectiveness even at lower
degrees of approximant (N), achieving better results with fewer
computational resources. This improvement underscores the ef-
ficiency of the LPG method, as it provides highly accurate so-
lutions without requiring a high-degree polynomial approxima-
tion. Overall, the findings confirm the robustness and practical-
ity of the LPG method for solving higher-order integro-differential
equations. The enhanced accuracy, stability, and computational
efficiency suggest that this technique holds significant promise
for further applications in mathematical modeling across various
scientific and engineering domains.
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