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ABSTRACT. In this paper, we propose a new four-step iterative method for solving nonlinear equations based on
a predictor—corrector framework that combines Newton’s, Ostrowski’s, and Householder’s methods. To avoid explicit
evaluation of higher derivatives, particularly the second derivative, polynomial interpolation is employed to approxi-
mate derivative information in the higher-order step, while retaining first-derivative evaluations where required. The
resulting scheme attains an optimal convergence order of fourteen using six function evaluations per iteration. Nu-
merical experiments on several benchmark functions and two classical application problems, namely the computation
of libration points and a Fibonacci-type root-finding problem, demonstrate improved accuracy and robust convergence
behavior. In the reported tests, the method achieves the expected computational order of convergence and typically
converges within a small number of iterations. The convergence properties are further examined through residual
errors, step differences, and the observed computational order of convergence.
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1. Introduction

Solving nonlinear equations is a fundamental task in nu-
merical analysis with wide-ranging applications in science, engi-
neering, and applied mathematics. These equations often arise
in models describing physical phenomena, such as heat trans-
fer, chemical reactions, electrical circuits, orbital mechanics, and
population dynamics. In recent years, the urgency of accurate
and efficient root-finding methods has grown, particularly due
to their central role in computational simulations of complex
systems. Finding the roots of nonlinear equations, for instance,
is crucial in some real-life applications of civil and chemical en-
gineering. Some more examples of these applications are dis-
cussed in [1-3]. Problems investigated in these studies heavily
rely on solving nonlinear algebraic systems, where in these con-
texts, the precision and reliability of root approximations can di-
rectly influence the success or failure of simulations, designs, or
real-time decision-making processes.

Due to the lack of general closed-form solutions, iterative
methods remain the primary computational tool for approximat-
ing the roots of nonlinear equations of the form

f(@) =0 (1)

where f : R — R is a sufficiently smooth function. Among the
most well-known iterative methods is Newton’s method, which
is defined as

f(zi)
f@i)’

Tiyl = Tj —
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fori =0,1,2,..., which is widely appreciated for its quadratic
convergence near simple roots [4]. However, its practical imple-
mentation relies on the availability and accurate computation of
the derivative f’(x), which can be difficult, expensive, or even in-
feasible in certain applications. Furthermore, Newton’s method
may exhibit poor performance or divergence when applied with
an initial guess far from the root or in the presence of singulari-
ties.

To overcome these limitations, several higher-order meth-
ods have been proposed in the literature. These include Os-
trowski’s method,

fz_if(lﬂi)
W )
T 1=y-—w
T ) —2f ()

which improves convergence order through additional correction
steps [5]. This method is proven to be of order four. House-
holder’s method, which achieves cubic or higher-order conver-
gence by incorporating higher-order derivatives [6] is defined as:

Cf(@) f@) )

f'(z:) 2f"(xi)®
Despite their theoretical advantages, these methods suffer from
a growing reliance on derivative evaluations, which can signifi-
cantly increase computational cost and limit applicability.

An active area of research therefore focuses on the con-
struction of high-order iterative methods that reduce the re-
liance on higher derivatives while maintaining computational
efficiency and practical robustness. In particular, considerable

Tit1 = T4
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attention has been given to schemes that approximate higher
derivatives using interpolation or finite-difference techniques in
order to simplify implementation. For instance, in 7], a cubic in-
terpolation polynomial is employed to approximate the second
derivative in the Householder method, leading to a higher-order
scheme free from explicit second-derivative evaluation. Modified
families of fourth- and eighth-order methods based on rational in-
terpolation and Padé approximation are developed in [8], while
[9] proposes polynomial interpolation and divided differences to
construct fifth, ninth, and tenth-order methods. In addition, for-
ward and finite-difference strategies are integrated into a modi-
fied Householder framework in [10, 11|. Another promising ap-
proach is to blend classical predictor-corrector structures with
polynomial interpolation, forward difference, or finite difference
techniques, enabling much high-order convergence without the
explicit use of second or higher derivatives, such as in [12-17].

Despite these advances, many existing approaches still
achieve relatively moderate orders of convergence or exhibit sen-
sitivity to the choice of initial approximations, which can limit
their robustness in practical applications. This indicates that
there remains scope for the development of higher-order iter-
ative schemes that both avoid explicit higher-derivative evalua-
tions and demonstrate improved convergence behavior across a
wider range of initial guesses.

In this work, we address these limitations by proposing a
four-step iterative method that integrates Newton’s, Ostrowski’s,
and Householder’s methods within a predictor—corrector frame-
work. The objective is to achieve a very high order of conver-
gence while keeping the computational cost per iteration low
and avoiding explicit evaluation of higher derivatives. In the
higher-order step, polynomial interpolation is employed to ap-
proximate derivative information, thereby eliminating the need
for direct second-derivative evaluations without introducing ad-
ditional derivative computations at multiple internal points. The
resulting scheme attains fourteenth-order convergence using a
limited number of function evaluations per iteration. Numerical
and theoretical analyses indicate that the method maintains ro-
bust convergence behavior, including reduced sensitivity to ini-
tial approximations, when compared with several existing high-
order schemes.

The structure of this paper is as follows. In the next sec-
tion, we present the construction of the proposed method, in-
cluding the strategy used to approximate the first and second
derivatives. We will also describe the theoretical order of con-
vergence of the method. The numerical experiments are then
provided in the subsequent section, which is divided into three
parts: tests on benchmark nonlinear functions, an application to
computing libration points in the Sun—Earth system, and an ap-
plication involving a classical algebraic equation attributed to Fi-
bonacci. Finally, the paper concludes with a summary of findings
and suggestions for future research directions.

2. Methods

In this section, we develop the proposed method, discuss
the approximation of the first and second derivatives, and pro-
vide a theoretical result establishing its order of convergence.

2.1. Construction of the Proposed Method

The proposed method is designed by combining Os-
trowski’s method as the predictor, and Householder method on
the third step. Finally, we use Newton's method as the correc-
tor on the final stage of the proposed multistep method. The
method is given as follows:

Yi = T3 — f’(xi)’ ()
o S (i) (@i — i)
YT ) — 2f () @)
o f) f=)P ()
Ww; = Z; f/(Z1) 2f’(21)3 ) (4)
s = - L8 5

fori=0,1,2,....

To improve the efficiency, we introduce approximation to
the derivatives, by considering f(z) = &(x) = Bo+ B1(z —yi) +
B2(x —y;)? and imposing the following interpolating conditions:

F@) =& @), fyi) = &),  fzi) = &)
By differentiating £, we obtain

&(x) = B1+262(x — y5), (6)
" (x) = 26s. (7)

From the interpolating conditions, we obtain a system of nonlin-
ear equations as follows:

B1+ 282 (i — yi) = ['(wi), (8)
Bo + Bi(yi — yi) + Ba(yi — vi)* = f(yi)s 9)
Bo + Bi(zi — yi) + Ba(zi — yi)* = f(z). (10)

By solving system (8)-(9) and utilizing eq. (6) and eq. (7), we have
the approximations for f’(z;) and f”(z;) as follow:

2flzi, yil (s — 2i) + (20 — yi) [/ (%)

e A(f" (i) — flzi vi))
f (Zl) - 23/‘1 — Y — % 9 (]2)
with f[z;, ] = M This concludes the construction

Zi = Yi
the proposed method, which is described by eq. (2)—(5), eq. (11),
and eq. (12). In the following section, this method will be proven
of order at least 14th.

2.2. Order of Convergence

Theorem 1. Let o € D be a simple root of eq. (1) where function
f:D C R — R, where f(x) is sufficiently in an open inter-
val D. If xo be an initial guess that properly close to «, then the
method described in eq. (2)—(5), eq. (11), eq. (12), which later will
be referred to as M14, has at least of fourteenth order of conver-
gerce.
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Proof. Let « be a simple root of f(z). Expanding f(z) around
x = « using Taylor expansion gives

F(#) = F(o) + (x — @) (@) + (e —a)f"(0)  (13)
+ %(x —a)? f®(a) + %(x —a) f@(a) + ...

Followed by evaluating eq. (13) at x;, we obtain

f(z;) = Ci(e; + Cae? + Czel + Caef + Csef (14)
+ 068? 4+ .. .),
1 1

where C; =
0,1,2,.

ﬁmD(j)(f)(a), ande; = z; —a fori =
... Differentiating eq. (13) and evaluating it at z; yields
f/(JCZ) = Cl (1 + 20261' + 303612 + 46’46;3 + 5615621
+6C@'€f+)

(15)

Substituting eq. (14) and eq. (15) into eq. (2) and simplifying gives

yi = a + Cye? + (—2C3 4 203)e? (16)
+ (—4C3 —7CoC3 +3Cy)ef + . ...
Evaluating f(x) at y;, we have
F(yi) = C1(Cae} + (=203 + 2C3)e} (17)
+ (—3C3 — 7C,C5 + 3Cy)ef +...).
Consequently,
zi = a+ (205 — C2C3)ef + (—8C5 +17C5C; (18)

— 2050, — 20%)615 + ...

Next, by calculating f(z;), with the same manner as in eq. (14),
we have

f(zi) = C1((2C3 — C2C3)ef + (—8C5 +17C3C5  (19)
— 2050y —2C3)e? +...)
Using eq. (17) and eq. (19), we have f[z;, y;] as follows:
3
flzi,yi] = C1 + C1C2e2 + (8%53 —10C,C3  (20)
2
2
+ 26C1C5C3 — 24glc3> ? +
2

Eq. (20) with eq. (15) are used to approximate f’(z;) in eq. (11)
as follows:

, 8C102  65C1C3  45C1C,C5
N — _ 21
f'(=) Cﬁ( 3 s T (21)
| 24C,C3 - 36C1C3Cs  T2C1C5Cy
Cy : 3 Cy
68C,C3\
e:
C2 :

The approximation to f”(z;) is done by substituting x;, eq. (15),
eq. (16), eq. (18), and eq. (20) into eq. (12) which resulting in

f”(zi) =4C1Cy + 6C1C3e; + <16020§ + 8C4C4 (22)

4 201 3
+ 80103 - 601303 - 45010203 612
CQ 02

+ (100105 — 1140,C3 — 68C1CoC4

349C,C2C.

Substituting eq. (18), eq. (19), eq. (21), and eq. (22), into eq. (4)
and simplifying, we obtain

g 7 141C3C3
4 8 2
8C4
+40C3 — Og)eﬂ....
Next, expansion of f(z) around w; yields
65C,CS  425C105C3  141C,C3C?2
fw)=( - — 2+ g - (24
4 8 2
4
+40C5 — 801203>e3+....
&
By evaluating eq. (23) at x = w;, we obtain
65CS  452C3C
f’(wz) = Cl (1 =+ 2C2 ( — 4 2 82 3 (25)
141C3C5 5 8CH\ - 65C%
—f+4003 e e; +3C3( — 1
425C4C:- 1410202 4
4+ 425C5Cs CQCB+4OC§’—% et ).
8 2 Cs

Finally, by inserting eq. (24) and eq. (25) into eq. (5), we show that

e 2762C31C;4 N 327265C5C3  70325CIC3
Tirl = o 8 32 4
128C§  37921C5C%
- 273 12980035 C5 + 5456C5CS
3 2
1280C%  4225C33
— 34 2 ety ...,
Cs 8
which concludes the proof. O

3. Results and Discussion

In this section, we test the proposed methods on several
functions and compare the results with several methods of higher
order where we impose several metrics to asses the observa-
tion. In addition, to further evaluate the performance and ro-
bustness of the proposed high-order iterative method, we apply
it to two nonlinear problems with historical and scientific sig-
nificance. These real-world and classical cases offer a valuable
benchmark for assessing not only convergence speed and accu-
racy but also stability in solving ill-conditioned or sensitive equa-
tions.

3.1. Numerical Results on Several Test Functions

In this part, we apply our proposed method to several test
functions to evaluate its performance. We compare the results
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Table 1. Numerical results for the test functions, f1 and fs

Iter ACOC |f(331+1)| |-Ti+1 - 331|
2o = 0.1 NM 16 2.0000 1.774e-281 2.432e-141
oM 11 4.0000 4.864e-839 2.221e-210
HM 30  3.0000 7.218e-582  1.130e-194
MKongl2 8  11.9733 0.000e+00 5.104e-143
MPairat12 - - - -
MUllah16 8  16.3896 0.000e+00  2.982e-165
M14 5  13.6473 4.034e-881  1.409e-63
hi(@) To =14 NM 12 2.0000 4.471e-377 3.860e-189
oM 6 40000 3.375e-556 1.140e-139
HM 33 3.0000 2.071e-464 1.606e-155
MKongl2 4  11.8509 4.540e-857  4.206e-72
MPairat12 5  4.0000 2.827e-352  1.435¢-88
MUllah16 19  13.2851 1.160e-607  1.231e-36
M14 3 152002 5.806e-391  1.446e-28
zo = 1.5 NM 8  2.0000 1325295 2.609e-148
oM 4 40000 6.992e-300 1.617e-75
HM 6  3.0000 1.193e-749 1.615e-250
MKongl2 3  11.9770 0.000e+00 2.461e-165
MPairati2 4  4.0000 1.887e-342  4.916e-86
MUllah16 2 ; 1.024e320  1.019e-20
M14 3 13.9863 0.000e+00 1.612e-246
fo(2) To= 05 NM 12 2.0000 1.941e-352 9.988e-177
oM 6 40000 3.809e261  7.810e-66
HM 12 3.0000 2.484e-618  9.574e-207
MKongl2 4  10.6912 1.031e-454  1.684e-38
MPairat12 6  4.0000 5.986e-768  2.075e-192
MUllah16 22  12.8641 8.070e-736  1.159e-46
M14 4 13.9477 0.000e+00 1.554e-176
To = —2.0 NM 12 2.0000 8.524e-326 5.286e-164
oM 16 4.0000 2.165e-680  7.270e-171
HM 8  3.0000 4.157e-458 9.342e-154
MKongl2 4  13.0603 2.348e-599  1.193e-50
MPairati2 5  4.0000 8.353e-389  1.099e-97
MUIllah16 - - - -
M14 4 145862 1.071e-675  4.447e-49
fs(@) To — —10.0 NM - - - -
oM 47  4.0000 5.530e-806  2.906e-202
HM 73 3.0000 1.226e-264  2.886e-89
MKongl2 44 12.1460 1.200e-998  7.528e-122
MPairat12 34  4.0000 1.134e-462 3.750e-116
MUllah16 - - - -
M14 80 14.6431 8.954e-643  9.993e-47

with several other methods such as Newton’s method (NM), Os-
trowski method (MO), Householder’s method (MH), a 12th order
method by Kong-ied [14] (MKong12), another 12th order method
by Janngam and Comemuangb [13] (MPairat12), and a 16th order
method by Ullah et al. [15] (MUllah16). The maximum number of
iterations is set to 100, with computations carried out using 1000
significant digits and an error tolerance of 10~2°°, We consider
the following three test functions.

* file) =(@—-1)° -1,
o folz) =sin(z)? — 22 + 1,
o f3(x) = zexp(z?) — sin(x)? + 3 cos(z) + 5.

Based on the numerical results presented in the following
tables, we can observe and analyze the performance of the pro-
posed method when applied to the test functions. The metrics
used to evaluate performance include the number of iterations

(Iter), the approximated computational order of convergence
(ACOC), the absolute function value at the final iterate | f(z;41)|,
and the difference between successive iterates | ;41 — z;|. Meth-
ods that fail to converge within the maximum number of itera-
tions or yield unstable results are denoted by —.

Table 1 reveals that all converging methods achieve very
high residual precision, frequently below 1073% and extremely
small update steps |z;41 — z;|, some as low as 107219, In the
case of f1, NM consistently converged in 12-16 iterations with
second-order behavior (ACOC = 2.0000). In addition, House-
holder’s method (HM), though of higher order (third-order), re-
quired 30-33 iterations, which shows either poor damping or
slower local convergence. Among higher-order methods, M14
consistently showed excellent performance, converging in just
3-5 iterations across both initial guesses. It achieved residuals
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Figure 1. Libration points of a satellite relative to the rotating Sun-Earth System

on the order of 1078% or smaller and inter-iterate differences
well below 107°°, confirming very fine precision. Moreover, its
ACOC values ranged from 13.6 to 15.2, showing consistent high-
order convergence. Furthermore, MKong12 and MUIlah16 also
performed well on this problem, with convergence in 4-8 itera-
tions and high ACOC (> 11.8). In contrast, MPairat12 failed to
converge for the initial guess x¢p = 0.1 likely due to sensitivity to
the local behavior of f;. This illustrates a fundamental limitation
of certain high-order methods: although they are efficient near
the root, they may be fragile to distant or poorly chosen starting
points.

In the case of f5, all methods successfully converged for
both initial values xq 1.5 and zq —0.5, demonstrating
that this function is more numerically well-conditioned for root-
finding algorithms. NM maintained its expected behavior, con-
verging in 12 iterations with ACOC = 2. OM and HM needed only
4-12 iterations depending on the initial guess. Meanwhile, high-
order methods such as M14, MKong12, MPairat12, and MUIllah16
exhibited significantly improved performance. M14 converged
in just 3—4 iterations with ACOC ~ 14.0, consistently produc-
ing residuals under 1078%° and very small step sizes. The ACOC
values remained stable across both initial values, suggesting ro-
bustness of the convergence rate for smooth functions. While
no method failed to converge on f5, minor variations in ACOC
among higher-order methods (ranging from 10.7 to 14.0) reflect
slight differences in step construction and numerical stability.
Nonetheless, the residuals and update magnitudes confirm all
methods attained high accuracy.

The function f3 poses a much more challenging problem
due to its combination of exponential and trigonometric terms.
As shown in Table 1, convergence behavior depends strongly on
the initial guess. For 2o = —2.0, NM converged in 12 iterations,
but higher-order methods clearly outperformed it. M14 again
achieved convergence in just 4 iterations with ACOC = 14.5862,

final residual ~ 10757 and step size ~ 10~ . MKong12 and
MPairat12 also performed very well. However, MUllah16 failed
to converge for this initial value, possibly due to poor stabil-
ity or oscillatory behavior in its iteration formula. Furthermore,
with the more distant initial guess g = —10.0 the convergence
difficulty increased significantly. Both NM and MUllah16 failed
to converge, reflecting their sensitivity to initial conditions and
the non-polynomial structure of f3. HM and OM required 47
and 73 iterations respectively, with moderate precision. Despite
the increased complexity, M14 remained stable and converged
in 80 iterations, producing an excellent residual ~ 10743, a
very small update size, and a stable ACOC ~ 14.6431. MKong12
and MPairat12 also converged but with slightly lower efficiency,
needing 34-44 iterations. These results highlight M14’s advan-
tage in maintaining both convergence and precision under ex-
treme initial conditions where other methods struggle.

3.2. Applications to Libration Points in the Sun-Earth System and
Fibonacci’s Algebraic Challenge

3.2.1. Case 1: Libration Points in the Sun-Earth System

In this case, we consider a physical scenario involving the
sun at the origin and the earth located at the point (1,0) with
the distance measured in astronomical units (AU), where 1AU <
1.496 x 10® km. There exist five points, known as libration points
(L1, Lo, L3, Ly, Ls), where a satellite can remain in equilibrium
relative to the rotating Sun-Earth system. These points are of
interest because the gravitational attractions from both celestial
bodies balance the centrifugal force acting on the satellite [18].

Assuming m; and msy are the masses of the sun and the
earth respectively, and defining the mass ratio as r = m:ﬁm,
the x—coordinate of L, is the unique real root of the equation:

0 =2° — (24 7))z + (1 +2r)2® — (1 —r)2?
+21—-r)z+r—1=0.
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Table 2. Numerical results for the test functions, 6, and 62

Iter ACOC |f(331+1)‘ |$i+1 - 331|
zo = 0.0 NM 19 2.0000 3.468e-415 1.982e-207
oM 9 4.0000 9.703e-266 1.140e-67
HM 13 3.0000 1.936e-589 2.371e-197
MKong12 6 11.9800 0.000e+00 1.820e-165
MPairat12 - - - -
MUIlah16 5 15.0127 1.325e-833 1.879e-54
01 () M14 8 13.9746 0.000e+00 1.883e-187
ro=—1.0 NM 21 2.0000 5.516e-351  2.499e-175
oM 10 4,0000  2.045e-289 1.374e-73
HM 14 3.0000 5.473e-375 7.223e-126
MKong12 - - - -
MPairat12 - - - -
MUllah16 - - -
M14 7 12.5841 8.896e-420 3.181e-32
zo = 0.0 NM 30 2.0000 3.716e-387  2.004e-193
OM 14 4.0000 8.051e-400 3.373e-101
HM 15 3.0000 1.055e-427  1.896e-143
MKong12 12 12.0383 1.597e-999 5.700e-133
MPairat12 - - -
MuUllah16 6 10.4458 2.094e-487 8.001e-33
0 () M14 5 13.5992  9.640e-821 7.127e-61
o =—1.0 NM 30 2.0000  8.179e-450 9.401e-225
oM 12 4,0000 2.777e-497  1.454e-125
HM 52 3.0000 2.224e-392  1.128e-131
MKong12 - - - -
MPairat12 - - - -
MUllah16 - - - -
M14 6 13.6226  1.560e-848 7.376e-63

Meanwhile, the x-coordinate of L, is the root of the quadratic
equation:

0y — 2rz® = 0.

Using the value r» ~ 3.04042 x 1075, we compute numerical
approximations of the coordinates of L; and Lo, and the results
as shown in Table 2.

Table 2 shows the numerical results for the libration point
equations 7 and 65 are reported for two different initial guesses.
For 61, classical methods such as Newton’s (NM), Ostrowski’s
(OM), and Householder’s (HM) require more iterations (ranging
from 13 to 21) and demonstrate lower convergence orders (ACOC
2 to 4) compared to the higher-order methods. In contrast, M14
(the proposed 14th-order method) achieves convergence in only
7-8 iterations with an ACOC close to 14, and it successfully drives
|f(zi+1)| to nearly zero while maintaining an extremely small
|€i+1 — ;|- The methods MUIllah16 and MKong12 methods also
exhibit high convergence rates, confirming the superior accuracy
of these advanced methods.

For the 65 function, which is quadratic and simpler in struc-
ture, the iteration counts are lower across all methods. Still,
NM remains relatively inefficient, requiring 30 iterations with a
second-order convergence. In comparison, the proposed M14
method achieves full convergence in only 5-6 iterations for both
starting points, with ACOC values around 13.6. MKong12 and
MUIlah16 also perform well when data is available, but the con-
sistent success of M14 with minimal iterations highlights its ro-
bustness and efficiency even on relatively simple equations.

3.2.2. Case 2: Fibonacci’s Algebraic Challenge

This case revisits a historical mathematical problem from
1224, in which Leonardo of Pisa, widely known as Fibonacci, tack-
led a challenge posed by John of Palermo during a royal court
event before Emperor Frederick Il [4]. The task was to find the
root of the equation

n(x) = 23 + 22 + 102 = 20.

Fibonacci first demonstrated that this equation has no ratio-
nal roots and lacks any classical irrational root of the Euclidean
type—that is, it cannot be expressed in the form a & v/b, /a +

Vb,V a+ b, \/vVa+ Vb, where @ and b are rational numbers.

Fibonacci proceeded by approximating the only real root using
a technique believed to be similar to one developed by Omar
Khayyam, which involves geometric constructions such as the in-
tersection of a circle and a parabola. He represented the approx-
imation using the base-60 (sexagesimal) number system as:

oot (M) ar (L) was( L)
o 60 60 60
1\° 1\°
4 — 40 ( — ) .
+4(a) ()

We examine the accuracy of Fibonacci’s approximation by solving
the equation numerically using various iterative methods. The
corresponding results are presented in Table 3.

Table 3 presents the numerical results for the equation
n(z), with two initial guesses. All methods converge to a highly
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Table 3. Numerical results for the test function n(z)

Iter  ACOC  [f(wiv1)| |wi+1 —xi| [¢ — @iya]

Zo = 0.0 NM 10 2.0000 1.665e396 5.222¢-199  3.185e-11
OM 5 4.0000 1.282e-628 1.550e-157  3.185e-11

HM 6  3.0000 5203e296 2.738¢e-99  3.185e-11

MKongl2 3 135829 2758364  1.459e-30  3.185e-11

MPairat12 4  4.0000 2.231e-326  1.645¢-81  3.185e-11

MUllah16 3 19.2143 3.304e347 6.934e-21  3.185e-11

M14 3 13.9039 1.000e-998 4.523e-101  3.185e-11

n(x) To = —1.0 NM 10 2.0000 6.444e-337 3.248¢-169  3.185e-11
OM 5 40000 3.402e-389 1.112e97  3.185e-11

HM 8  3.0000 9.758¢-684 1.567e-228  3.185e-11

MKongl2 3 123926 7.112e-309  6.049e-26  3.185e-11

MPairat12 5  4.0000 1.470e-867 8.333e-217  3.185e-11

MUllah16 17  12.6044 3.654e-470  4.057e-28  3.185e-11

M14 3 13.6956 1.518¢-888  1.126e-63  3.185e-11

accurate approximation of the root 3, matching Fibonacci’s his-
torical value up to at least 11 decimal places (as shown in the
consistent value |3 —z;41| ~ 3.185 x 10! across all methods).
Among the higher-order methods, M14 and MUIlah16 consis-
tently exhibit the best performance. For ¢y = 0.0, M14 reaches
machine-precision accuracy in just 3 iterations with an ACOC of
13.9, while MUIlah16 achieves an even higher ACOC (19.2) in 3
iterations. When starting from 2y = —1.0, the trends remain
similar: M14 and MUIIah16 still outperform others in terms of
speed and precision. MKong12 and MPairat12 also show strong
performance, though with slightly more iterations. These results
further affirm the reliability and accuracy of the proposed method
and its potential for solving complex nonlinear equations with
minimal computational effort.

4. Conclusion

In this work, we have developed a four-step iterative
method that combines classical predictor—corrector schemes
with a polynomial interpolation strategy to approximate deriva-
tive information. The proposed method achieves fourteenth-
order convergence, as established theoretically, while avoiding
explicit evaluation of second and higher derivatives by interpo-
lation and requiring only first-derivative evaluations at selected
stages. For the tested benchmark functions and application prob-
lems, including the computation of libration points in the Sun—
Earth system and Fibonacci’'s algebraic root-finding challenge,
the numerical results demonstrate high accuracy with a small
number of iterations, very low residual errors, and consistent
values of the ACOC. In particular, the proposed method success-
fully converged for several distant initial guesses in these appli-
cations, whereas existing high-order methods such as Mullah16,
MKong12, and MPairat12 failed to converge or exhibited strong
sensitivity to the choice of initial approximations. These obser-
vations indicate improved robustness of the proposed scheme
with respect to initial guesses in the considered problems. From
a practical standpoint, the method requires six function eval-
uations per iteration, which makes the high convergence or-
der achievable without excessive computational cost. Future re-
search may focus on extending the proposed framework to sys-
tems of nonlinear equations and stiff problems, as well as adapt-
ing it to derivative-free or memory-efficient formulations. Addi-

tional directions include the investigation of adaptive interpola-
tion strategies, dynamic step-size control, and parallel implemen-
tations.
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