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Mathematical Analysis of Typhoid Fever Dynamics with Age-Structured
Control Measures

Mutairu Kayode Kolawole1, Rasheed Gbemisola Ayoola1,∗, Folasade Ajimot Adebisi1

1Department of Mathematical Sciences, Faculty of Basic and Applied Sciences, Osun State University, Osogbo, Nigeria

ABSTRACT. This research develops a mathematical model to investigate the dynamics of typhoid fever by incor-
porating age structure, vaccination and treatment strategies. Recognizing that different age groups display varying
susceptibility and contact rates, the model provides a detailed representation of transmission. The analysis is to em-
phasize how vaccination programs and treatment interventions, when tailored to age-specific characteristics, can
significantly reduce transmission and control outbreaks. The system of nonlinear differential equations describing the
disease dynamics is analyzed and solved using the homotopy perturbation method. This analytical approach allows
for an approximation of solutions while capturing the nonlinear interactions within the system. Sensitivity analysis
is carried out to determine the most influential parameters on disease spread, particularly those affecting the basic
reproduction number. The simulations reveal that increasing vaccination coverage and treatment rates leads to a de-
cline in typhoid fever cases across all age groups. Age-targeted interventions are shown to enhance the effectiveness of
control strategies compared with uniform measures. Sensitivity analysis result further indicate that parameters such
as vaccination rate, treatment efficacy and contact patterns play vital roles in disease progression and a potential for
its eradication.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJoM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

Mathematical modeling is a crucial tool for understand-
ing the transmission dynamics of infectious diseases like typhoid
fever, a bacterial infection caused by *Salmonella typhi*. Typhoid
fever is a public health concern in areas with poor sanitation and
contaminated water, with symptoms such as high fever, abdom-
inal pain, and gastrointestinal distress. If left untreated, it can
lead to severe complications or death [1]. Recent advancements
in modeling have incorporated factors such as age structure, vac-
cination, and treatment effects. Several researchers have con-
ducted studies on mathematical modeling of typhoid fever dy-
namics using various analytical and numerical approaches [2–9].

The homotopy perturbation method has been particularly
effective in solving differential equations that describe disease
dynamics [10]. Including age structure allows models to more ac-
curately capture the transmission patterns and the effectiveness
of interventions like vaccination in different demographic groups
[11]. Vaccination and treatment are key components in control-
ling typhoid fever. Vaccination reduces the susceptible popula-
tion, while treatment helps alleviate symptoms and prevent com-
plications. Modeling these interventions helps researchers evalu-
ate the effectiveness of control measures and optimize strategies
[12].

Children are especially vulnerable to severe illness andmor-
tality from typhoid fever, and they can serve as reservoirs for
transmission. Population dynamics, including factors like migra-
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tion and urbanization, also affect the spread of the disease. Mod-
els that incorporate these factors provide insights into the long-
term trends of disease transmission [13, 14]. Recent research
studies have extensively used fractional-order and nonlinear epi-
demic models to examine disease dynamics, stability properties,
and control strategies for infectious diseases such as monkeypox,
Lassa fever, and leptospirosis [15–19].

Overall, mathematical models combining epidemiological
data, age-specific factors, and interventions provide valuable
insights into typhoid fever dynamics. These models aid in
evidence-based decision-making, contributing to the effective
control of typhoid fever and other infectious diseases [20]. Ef-
forts to control typhoid outbreaks typically involve a combination
of preventive and responsive measures aimed at interrupting the
transmission of the bacterium and treating infected individuals.
Water and sanitation interventions play a crucial role in prevent-
ing typhoid transmission and reducing the burden of the disease.
Recent control measures for typhoid include [21, 22].

Improved Water and Sanitation Infrastructure: Investing in
infrastructure for clean water supply, sanitation facilities, and
proper waste management is fundamental in preventing typhoid
outbreaks. Providing access to safe drinking water and promot-
ing hygienic practices, such as hand washing and proper food
handling, can significantly reduce the risk of typhoid transmis-
sion. Vaccination Campaigns: oral typhoid vaccines (TCVs) have
been developed and deployed in typhoid-endemic areas as part
of targeted vaccination campaigns. TCVs can provide short- to
medium-term protection against typhoid and are often used in
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Figure 1. Model diagram showing the transmission dynamics of typhoid fever with age structure and vaccination

outbreak response efforts and in areas with a high risk of typhoid
transmission [23].

Surveillance and early detection: Strengthening surveil-
lance systems for typhoid and enhancing early detection and re-
sponse mechanisms are critical for containing outbreaks and pre-
venting the spread of the disease. Rapid diagnostic tests, along
with effective reporting and monitoring systems, enable health
authorities to identify and respond to typhoid cases promptly
[24]. Health education and community engagement in promoting
awareness about typhoid transmission, symptoms, and preven-
tive measures through health education campaigns can empower
communities to take proactive steps in preventing the disease.
Engaging with community leaders and stakeholders fosters com-
munity participation and ownership of typhoid control efforts,
leading to sustainable outcomes.

Treatment and case management: Providing prompt and
appropriate treatment for typhoid cases is essential for reducing
morbidity and mortality associated with the disease, along with
the administration of antibiotics in severe cases. Ensuring access
to healthcare facilities equipped to manage typhoid cases helps
prevent complications and reduce the spread of the disease [25].

Integrated Approach: Implementing a multi-sectorial and
integrated approach to typhoid control, involving collaboration
between health authorities, water and sanitation agencies, non-
governmental organizations, and other stakeholders, is essential
for addressing the complex determinants of typhoid transmis-
sion. Coordinated efforts across various sectors can maximize
the impact of control measures and contribute to sustainable ty-
phoid prevention and control strategies [26].

2. Model
2.1. Model Formulation

We develop a model with a bacteria population NB , de-
noted by B(t), and a human population NH . The populations
are subdivided into different epidemiological classes: suscepti-
ble children (SC ), susceptible adults (SA), vaccinated individuals
(V ), infected individuals (I ), treated individuals (T ), recovered in-
dividuals (R), and bacteria population in the environment (B).

The model assumes that the human population is recruited
into the susceptible compartment of children at the rate ΛC , and
into the susceptible compartment of adults at the rate ΛA. Sus-

ceptible individuals are infected at the rate
αB

K +B
, where α is

the rate of Salmonella Typhi contamination in foods and drinks,

and
B

K +B
is the probability of individuals consuming foods or

drinks contaminated with typhoid-causing bacteria.
All human populations experience natural death at the rate

µ, and infected individuals die from typhoid at the rate δ. The
treatment rate of infected individuals is represented by τ . Excre-
tion of Salmonella Typhi bacteria by infected children and adults
into the environment occurs at the rate η, and the bacteria die in
the environment at the rate v. The parameter ω represents the
hygiene rate, ψ1 and ψ2 denote the vaccination rates of children
and adults respectively, while ρ1 and ρ2 represent the waning
rates of immunity. The parameter g represents the rate at which
children become adults.

The assumed parameter values were chosen to correspond
to biologically reasonable ranges found in age-structured and
environmentally mediated typhoid transmission studies. When
direct empirical estimates were not available, conservative val-
ues typically employed in the epidemiological modeling litera-
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Table 1. Description of state variables

Variable Description
SC(t) Number of susceptible children
SA(t) Number of susceptible adults
V (t) Number of vaccinated individuals
I(t) Number of infected individuals
T (t) Number of treated individuals
R(t) Number of recovered individuals
B(t) Concentration of Salmonella Typhi bacteria in the environment

Table 2. Parameter values and references

Parameter Description Value References
ω Hygiene rate 0.3 [14]
δ Disease-induced death rate 0.015 [26]

ρ1, ρ2 Waning rate of immunity (children, adults) 0.0186821 [25]
µ Natural death rate 1/60,000 [1]
η Excretion rate of Salmonella Typhi by infected humans 0.003 [13]
τ Treatment rate of infected individuals 0.00174478 [23]
ε Recovery rate of treated individuals 0.00331428 [10]

ψ1, ψ2 Vaccination rate of children and adults 0.0002 [27]
g Rate at which children become adults 0.01 Assumed

K Half-saturation constant in λ(B) =
αB

K +B
50,000 Assumed

α Transmission scaling factor in λ(B) 10 [11]
ΛC , ΛA Recruitment rates of children and adults 150,000; 1854 [21]

v Natural death rate of Salmonella Typhi in the environment 0.001 Assumed

ture were selected to provide realistic disease dynamics and nu-
merical stability.

The diagram in Figure 1 represents themodel flowchart and
the model equation is presented in eq. (1). The model variables
are described in the Table 1, while the models parameter values
are presented in the Table 2.



dSC

dt
= ΛC − (1− ω)λ(B)SC − (µ+ ψ1)SC − gSC + ρ1V,

dSA

dt
= ΛA − (1− ω)λ(B)SA − (µ+ ψ2)SA + gSC + ρ2V,

dV

dt
= ψ1SC + ψ2SA − (ρ1 + ρ2)V − µV,

dI

dt
= (1− ω)λ(B) (SC + SA)− (µ+ δ + τ)I,

dT

dt
= τI − (ε+ µ)T,

dR

dt
= εT − µR,

dB

dt
= (1− ω) ηI − vB,

(1)

where λA = λC =
αB

K +B
is the common force of infection for

both children and adults. The force of infection in eq. (1) is ex-
pressed as

λ(B) =
αB

K +B
.

2.2. Model’s Limitations
The suggested model has some simplifying assumptions,

which may limit its scope. The population is classified into only
two age groups, which may not adequately capture variation in
contact patterns, immunity, and behavior among finer age cate-
gories. Homogeneous mixing is assumed inside compartments,
while real populations frequently exhibit spatial and social het-
erogeneity. Environmental transmission is represented by a sin-
gle bacterial compartment with constant shedding and decay
rates, ignoring seasonal variation and changes in water and san-
itation conditions. Vaccination and therapy are considered to be
equally effective across age groups, with declining immunity esti-
mated using constant rates. Finally, the Homotopy Perturbation
Method is a local approximation that requires numerical confir-
mation for long-term dynamics.

3. Results and Discussion
3.1. Existence and Uniqueness of Model Solution

Feasible Region: We first determine the feasible region
in which the model solution is biologically meaningful and
bounded. The total human population NH is given by eq. (2)

NH = SC + SA + V + I + T +R. (2)

Differentiating eq. (2) with respect to time and substituting the
corresponding equations from the model gives

dNH

dt
= Λ− µNH ,

where Λ = ΛC + ΛA represents the total recruitment rate into
the human population.

JJoM | Jambura J. Math Volume 8 | Issue 1 | February 2026
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By the method of integrating factors, the solution is ob-
tained as given in eq. (3)

NH(t) = NH(0)e−µt +
Λ

µ

(
1− e−µt

)
. (3)

At t = 0, from eq. (3), we have

NH(0) = SC(0) + SA(0) + V (0) + I(0) + T (0) +R(0).

As t→ ∞, eq. (3) implies thatNH(t) → Λ

µ
, implying thatNH(t)

is bounded.
The bacteria populationB(t) satisfies a similar equation of

the form
dB

dt
= (1− ω)ηI − vB,

whose solution by integrating factor is given as in eq. (4)

B(t) = B(0)e−vt +
(1− ω)ηI

v

(
1− e−vt

)
. (4)

Thus, the feasible region of the model is defined as in eq. (5).

Ω = {(SC , SA, V, I, T,R,B) ∈ R7
+ : NH ≤ Λ

µ , B ≤ (1−ω)ηNH

v }.
(5)

Hence, Ω is positively invariant and attracts all trajectories start-
ing in R7

+. Therefore, the model is epidemiologically and mathe-
matically well-posed. It suffices to study the system dynamics in
Ω.

3.2. Positivity and Boundedness of Model Solutions
We assume that all initial conditions are nonnegative. The

following theorem establishes that the solutions of the model
remain positive for all t ≥ 0.

Theorem 1. Let Ω be defined by eq. (5). Then, the solution of the
model is positive for all t ≥ 0, that is, as stated in eq. (6).

SC(t), SA(t), V (t), I(t), T (t), R(t), B(t) > 0. (6)

Proof. From the system of differential equations, consider the
first equation for SC(t). Using the integrating factor eµt, we ob-
tain

SC(t) = SC(0)e
−µt +

∫ t

0

e−µ(t−s)(ΛC − βSCB) ds. (7)

Since all terms on the right-hand side are nonnegative, it follows
that SC(t) > 0. Similarly, for the adult susceptible class, inte-
grating gives

SA(t) = SA(0)e
−µt +

∫ t

0

e−µ(t−s)(gSC − βSAB) ds > 0. (8)

For the vaccinated class, it follows that eq. (9) holds

V (t) = V (0)e−(ρ1+ρ2+µ)t (9)

+

∫ t

0

e−(ρ1+ρ2+µ)(t−s)(ψ1SC + ψ2SA) ds > 0.

For the infected class, eq. (10) gives

I(t) = I(0)e−(τ+δ+µ)t+

∫ t

0

e−(τ+δ+µ)(t−s)β(SC+SA)B ds > 0.

(10)
Therefore, all state variables remain positive for t ≥ 0,

proving the theorem.

3.3. Basic Reproduction Number (R∗)
There are two disease-related compartments (I andB), but

new infections arise only through contact with the environmen-
tal bacteria compartment. Hence, only the infected class I and
the bacteria class B are involved in the computation of the basic
reproduction number R∗.

We define R∗ using the next-generation matrix approach
[28–30]:

R∗ = ρ(FV −1),

where ρ(·) denotes the spectral radius of the matrix product
FV −1.

Let F represent the rate of appearance of new infections in
each infected compartment, and V represent the rate of transfer
of individuals into and out of these compartments due to other
processes.

At the disease-free equilibrium E0, we have:

Fi =

[
∂Fi(x0)

∂xj

]
, Vi =

[
∂Vi(x0)

∂xj

]
,

where Fi denotes new infection terms, and Vi denotes transi-
tions between compartments.
Infection subsystem:
From themodel, we consider the infected and bacterial dynamics:

dI

dt
= (1− ω)λ(B)(SC + SA)− (µ+ δ + τ)I,

dB

dt
= (1− ω)ηI − vB.

At the DFE, λ(B) = αB
K+B ≈ αB

K (since B → 0). Hence, the
linearized infection subsystem becomes:

d

dt

(
I

B

)
=

 0 (1− ω)
α(SC0 + SA0)

K

(1− ω)η 0


︸ ︷︷ ︸

F

(
I

B

)

−
(
µ+ δ + τ 0

0 v

)
︸ ︷︷ ︸

V

(
I

B

)
.

Next-generation matrix:
Thus,

FV −1 =

 0
(1− ω)α(SC0

+ SA0
)

Kv
(1− ω)η

µ+ δ + τ
0

 .

The eigenvalues of FV −1 are given by ±
√
ab, where

a =
(1− ω)α(SC0

+ SA0
)

Kv
,
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b =
(1− ω)η

µ+ δ + τ
.

Hence, the basic reproduction number is presented in eq. (11).

R∗ =
√
ab = (1− ω)

√
αη(SC0

+ SA0
)

K v (µ+ δ + τ)
. (11)

This expression quantifies the expected number of sec-
ondary infections generated by a single infected individual in a
completely susceptible population.

3.4. Local Stability of the Disease-Free Equilibrium

Theorem 2. The disease-free equilibrium (DFE) is locally asymp-
totically stable if R∗ < 1 and unstable if R∗ > 1.

Proof. Let J(E0) be the Jacobian matrix of the full system evalu-
ated at the disease-free equilibrium E0. This matrix is obtained
by linearizing system (1) about E0.

J(E0) =



J11 0 ρ1 0 0 0 0
g J22 ρ2 0 0 0 0
ψ1 ψ2 J33 0 0 0 0
0 0 0 J44 0 0 0
0 0 0 τ J55 0 0
0 0 0 0 ε −µ 0
0 0 0 J74 0 0 −v


, (12)

where

J11 = −(µ+ ψ1 + g),

J22 = −(µ+ ψ2)

J33 = −(ρ1 + ρ2 + µ),

J44 = −(µ+ δ + τ)

J55 = −(ε+ µ)

J74 = (1− ω)η.

The characteristic equation is obtained from

|J(E0)− λI| = 0.

Because the Jacobian is block lower-triangular, the eigenvalues
are simply the diagonal entries given in eq. (13).

λ1 = −(µ+ ψ1 + g),

λ2 = −(µ+ ψ2),

λ3 = −(ρ1 + ρ2 + µ),

λ4 = −(µ+ δ + τ), (13)

λ5 = −(ε+ µ),

λ6 = −µ,
λ7 = −v.

All eigenvalues are negative provided R∗ < 1, implying that the
DFE is locally asymptotically stable. So, the disease-free equilib-
rium is locally asymptotically stable if R∗ < 1, and unstable if
R∗ > 1.

This condition represents the epidemiological threshold for the
persistence of typhoid infection in the population.

3.5. Local Stability of the Endemic Equilibrium

Theorem 3. The endemic equilibrium of the proposed epidemic
model is locally asymptotically stable if R∗ > 1 and unstable
otherwise (R∗ < 1).

Proof. To examine the local stability near the endemic equilib-
rium E∗ = (S∗

C , S
∗
A, V

∗, I∗, T ∗, R∗, B∗), we linearize the sys-
tem about E∗. Let

SC = a+ S∗
C , SA = b+ S∗

A,

V = c+ V ∗, I = e+ I∗,

T = x+ T ∗, R = y +R∗,

B = z +B∗,

where a, b, c, e, x, y, z represent small perturbations around the
endemic equilibrium values.

Substituting these into the system of equations and ne-
glecting higher-order nonlinear terms gives the linearized sys-
tem:

da

dt
= ΛC − (1− ω)λCza− (1− ω)λCzb− (µ+ ψ1)a

+ ρ1c− ga,

db

dt
= ΛA − (1− ω)λAza− (1− ω)λAzb− (µ+ ψ2)b

+ ρ2c+ ga,

dc

dt
= ψ1a+ ψ2b− (ρ1 + ρ2 + µ)c,

de

dt
= (1− ω)λCza+ (1− ω)λAzb− (µ+ δ + τ)e,

dx

dt
= τe− (ε+ µ)x,

dy

dt
= εx− µy,

dz

dt
= (1− ω)ηe− vz.

The divergence of the Dulac functionG(X)multiplied by the sys-
tem’s vector field is given by

d

dt
(GX) =

7∑
i=1

∂

∂xi

(
G
dxi
dt

)
,

where xi ∈ {SC , SA, V, I, T,R,B}.
Substituting the above components and differentiating

with respect to each state variable, we obtain

d

dt
(GX) =

∂

∂SC

(
− ΛC

SCSA
− (µ+ ψ1)

SA
− g

SA

)
+

∂

∂SA

(
− (µ+ ψ2)

SCSA

)
+

∂

∂V

(
− (ρ1 + ρ2 + µ)V

SCSA

)
+

∂

∂I

(
− (µ+ δ + τ)

SCSA

)
+

∂

∂T

(
− (ε+ µ)T

SCSA

)
+

∂

∂R

(
− µR

SCSA

)
+

∂

∂B

(
− vB

SCSA

)
.
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Figure 2. Global sensitivity analysis using Partial Rank Correlation Coefficients (PRCC). Parameters with positive PRCC values enhanceR∗

when increased (green bars), while those with negative PRCC values reduce R∗ (red bars)

Evaluating these derivatives, we have

d

dt
(GX) = − 1

SCSA

[
ΛC + ΛA + (µ+ ψ1 + g) + (µ+ ψ2)

+ (ρ1 + ρ2 + µ)V + (µ+ δ + τ) + (ε+ µ) + v

]
.

Clearly,

d

dt
(GX) < 0 for all SC , SA, V, I, T,R,B > 0.

Thus, the divergence ofG(X)multiplied by the system vec-
tor field is negative throughout the interior of the feasible region
Ω. By the Dulac–Bendixson criterion, the system does not ad-
mit any periodic orbits in the interior of Ω, and all trajectories
approach the unique endemic equilibrium E∗. Hence, the en-
demic equilibrium point E∗ is locally asymptotically stable when-
ever R∗ > 1.

3.6. Sensitivity Analysis
Sensitivity analysis is performed to find which parameters

significantly affect the basic reproduction number, R∗. The Par-
tial Rank Correlation Coefficient (PRCC) method is used because
it is robust in determining the strength and direction of the rela-
tionship between model parameters and the response variable
while considering nonlinear relationships between parameters
[31–33]. This analysis uses the Latin Hypercube Sampling (LHS)
method to generate multiple parameter sets within a ±30% vari-
ation range of their baseline values. For each set of sampled
parameters, the corresponding value of R∗ is calculated using
eq. (11), and PRCC values are then calculated in order to deter-
mine the monotonic correlation between each parameter and

R∗. The PRCC values for each parameter, pi, are denoted as ρi
and range from −1 ≤ ρi ≤ 1. A positive PRCC value (ρi > 0)
signifies that an increase in the parameter increases R∗, and a
negative PRCC (ρi < 0) indicates that an increase in the parame-
ter decreases R∗. The absolute value |ρi| provides the influence
strength, with values near 1 indicating strong and those near 0
indicating weak relationships.

The PRCC values illustrated in Figure 2 highlight a strong
positive correlation of the transmission coefficient, α, bacterial
shedding rate, η, and recruitment rate of children and adults, ΛC

and ΛA, with R∗. Thus, high bacterial shedding, high transmis-
sion potential, and high recruitment into the susceptible classes
significantly enhance the persistence of infection in the popu-
lation. The hygiene rate, ω, vaccination rates in children and
adults, ψ1 and ψ2, treatment rate, τ , and bacterial death rate,
v, are strongly negatively correlated with R∗. This indicates that
improved hygiene, higher vaccination coverage, successful treat-
ment, and rapid bacterial decay in the environment effectively
reduce disease transmission. In addition, the waning immunity
parameters, ρ1 and ρ2, haveweak positive correlations, reflecting
that increased loss of immunity marginally enhances the disease
reproduction potential. Therefore, this confirms that α, η, ΛC ,
and ΛA are the most influential determinants of typhoid trans-
mission while ω, ψ1, ψ2, τ , and v are key intervention parame-
ters in lowering the basic reproduction number and reducing the
spread of typhoid fever.

3.7. Homotopy Perturbation Method (HPM)

In this section, the Homotopy Perturbation Method (HPM)
is employed to obtain approximate analytical solutions of the ty-
phoid fever model (system (1)). The method constructs correc-
tional functionals for each differential equation in the system by
introducing an embedding parameter p ∈ [0, 1].
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Figure 3. Relative error between the HPM approximate solutions and numerical Runge–Kutta solutions for infected individuals and bac-
terial concentration. The error remains small and bounded over the validation interval, confirming the accuracy of the HPM
approximation

The corresponding homotopy equations are given as:

(1− p)
dSC

dt
+ p

[
dSC

dt
−
(
ΛC − (1− ω)λCB(t)[SC(t) + SA(t)]

− (µ+ ψ1)SC(t)− gSC(t) + ρ1V (t)
)]

= 0,

(1− p)
dSA

dt
+ p

[
dSA

dt
−
(
ΛA − (1− ω)λAB(t)[SC(t) + SA(t)]

− (µ+ ψ2)SA(t) + gSC(t) + ρ2V (t)
)]

= 0,

(1− p)
dV

dt
+ p

[
dV

dt
−
(
ψ1SC(t) + ψ2SA(t)

− (ρ1 + ρ2 + µ)V (t)
)]

= 0,

(1− p)
dI

dt
+ p

[
dI

dt
−
(
(1− ω)B(t)(SC(t) + SA(t))(λC + λA)

− (µ+ δ + τ)I(t)
)]

= 0,

(1− p)
dT

dt
+ p

[
dT

dt
− (τI(t)− (ε+ µ)T (t))

]
= 0,

(1− p)
dR

dt
+ p

[
dR

dt
− (εT (t)− µR(t))

]
= 0,

(1− p)
dB

dt
+ p

[
dB

dt
−

(
(1− ω)ηI(t)− vB(t)

)]
= 0.

3.7.1. Expansion of the Solution Series
We assume that each state variable can be expressed as a

power series in p:

SC(t) =

∞∑
n=0

pnSCn(t), SA(t) =

∞∑
n=0

pnSAn(t),

V (t) =

∞∑
n=0

pnVn(t), I(t) =

∞∑
n=0

pnIn(t),

T (t) =

∞∑
n=0

pnTn(t), R(t) =

∞∑
n=0

pnRn(t),

B(t) =

∞∑
n=0

pnBn(t).

Substituting these expansions into the homotopy equa-
tions and equating the coefficients of like powers of p, we obtain
systems of equations for successive approximations.

3.7.2. Zeroth and First Approximations
At n = 0, the system reduces to

dSC0

dt
= 0,

dSA0

dt
= 0,

dV0
dt

= 0,
dI0
dt

= 0,

dT0
dt

= 0,
dR0

dt
= 0,

dB0

dt
= 0.

Thus, the zeroth-order solutions correspond to the initial condi-
tions:

SC0(t) = SC0, SA0(t) = SA0, V0(t) = V0,

I0(t) = I0, T0(t) = T0,

R0(t) = R0, B0(t) = B0.

At n = 1, we have the first-order approximations:

S′
C1(t) = ΛC − (1− ω)λCB0(SC0 + SA0)− (µ+ ψ1)SC0

− gSC0 + ρ1V0,

S′
A1(t) = ΛA − (1− ω)λAB0(SC0 + SA0)− (µ+ ψ2)SA0

+ gSC0 + ρ2V0,

V ′
1(t) = ψ1SC0 + ψ2SA0 − (ρ1 + ρ2 + µ)V0,

I ′1(t) = (1− ω)B0(SC0 + SA0)(λC + λA)− (µ+ δ + τ)I0,

T ′
1(t) = τI0 − (ε+ µ)T0,

R′
1(t) = εT0 − µR0,

B′
1(t) = (1− ω)ηI0 − vB0.
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(a) Susceptible adults (SA) (b) Infected individuals (I)

(c) Bacterial concentration (B)

Figure 4. Impact of children vaccination onmodel variables. Subfigures (a)–(c) show the influence of vaccination rate (ψ1) among children
on susceptible population, infection levels, and bacterial concentration, respectively

Integrating and applying the initial conditions gives the first-
order solutions:

SC1(t) =
[
ΛC − (1− ω)λCB0(SC0 + SA0)− (µ+ ψ1 + g)SC0

+ ρ1V0
]
t,

SA1(t) =
[
ΛA − (1− ω)λAB0(SC0 + SA0)− (µ+ ψ2)SA0

+ gSC0 + ρ2V0
]
t,

V1(t) =
[
ψ1SC0 + ψ2SA0 − (ρ1 + ρ2 + µ)V0

]
t,

I1(t) =
[
(1− ω)B0(SC0 + SA0)(λC + λA)− (µ+ δ + τ)I0

]
t,

T1(t) =
[
τI0 − (ε+ µ)T0

]
t,

R1(t) =
[
εT0 − µR0

]
t,

B1(t) =
[
(1− ω)ηI0 − vB0

]
t.

3.7.3. Second-Order Approximation
Proceeding similarly for n = 2, the second-order deriva-

tives yield expressions of the form

dSC2

dt
= fC(t),

dSA2

dt
= fA(t),

dV2
dt

= fV (t),
dI2
dt

= fI(t),

where each fi(t) is derived by substituting the first-order terms
into the nonlinear parts of the model. Integrating, the second-
order solutions take the form:

SC2(t) =
1
2fC(t)t

2, SA2(t) =
1
2fA(t)t

2, V2(t) =
1
2fV (t)t

2,

I2(t) =
1
2fI(t)t

2, T2(t) =
1
2fT (t)t

2, R2(t) =
1
2fR(t)t

2,

B2(t) =
1
2fB(t)t

2.

3.7.4. Approximate Series Solution
Summing the first three terms of the HPM series yields the

second-order approximate solution:

SC(t) ≈ SC0(t) + SC1(t) + SC2(t),

SA(t) ≈ SA0(t) + SA1(t) + SA2(t),

V (t) ≈ V0(t) + V1(t) + V2(t),

I(t) ≈ I0(t) + I1(t) + I2(t),

T (t) ≈ T0(t) + T1(t) + T2(t),

R(t) ≈ R0(t) +R1(t) +R2(t),

B(t) ≈ B0(t) +B1(t) +B2(t).
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(a) Susceptible adults (SA) (b) Infected individuals (I)

(c) Bacterial concentration (B)

Figure 5. Impact of adult vaccination on model variables. Subfigures (a)–(c) show the influence of vaccination rate (ψ2) among adults on
susceptible population, infection prevalence, and bacterial concentration respectively

These approximate solutions can then be evaluated numer-
ically using parameter values provided in Table 2 to analyze the
impact of vaccination, hygiene, and treatment parameters on ty-
phoid dynamics.

3.8. Numerical Simulation

To assess the validity and accuracy of the Homotopy Per-
turbation Method (HPM) applied to the proposed typhoid fever
model, the approximate analytical solutions obtained via HPM
were benchmarked against numerical solutions generated using
the standard fourth-order Runge–Kutta (RK4) method. Since HPM
provides a local approximation, the comparison was conducted
over a short time interval where its convergence is expected to
be reliable. Figure 3 presents the relative error between the HPM
and RK4 solutions for the infected population and bacterial con-
centration. Throughout the validation interval, the error remains
small and bounded, indicating strong agreement between the
two approaches and confirming the reliability and correctness of
the HPM approximation for the proposed model.

Figure 3 presents the relative error between the Homotopy
Perturbation Method (HPM) approximate solutions and the nu-
merical Runge–Kutta solutions for the infected population and

bacterial concentration. The error remains small and bounded
over the considered time interval, indicating strong agreement
between the two methods. This confirms the reliability and ac-
curacy of the HPM approximation for capturing the short-term
dynamics of the model.

Figure 4 illustrates the effect of increasing the vaccination
rate among children (ψ1) on the model dynamics. As ψ1 in-
creases, the susceptible adult population decreases, indicating
reduced transmission from children to adults. In addition, higher
child vaccination rates lead to a noticeable reduction in infec-
tion prevalence and environmental bacterial concentration. This
demonstrates the indirect protective effect of vaccinating chil-
dren through herd immunity, which lowers overall disease trans-
mission in the population.

Figure 5 shows the impact of increasing the adult vaccina-
tion rate (ψ2) on disease dynamics. Increasing ψ2 results in a
faster decline in infection prevalence and a reduction in bacterial
concentration in the environment. The susceptible adult popu-
lation also decreases as vaccination coverage improves. These
results highlight the direct effectiveness of adult vaccination and
emphasize the importance of age-specific vaccination strategies
for effective typhoid fever control.
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(a) Susceptible individuals (SC ) (b) Infected individuals (I )

(c) Bacterial concentration (B)

Figure 6. Impact of the waning rate of children vaccination (ρ1) on model variables. An increase in ρ1 reduces long-term immunity among
children, leading to higher infection prevalence and sustained bacterial concentration

(a) Susceptible adults (SA) (b) Infected individuals (I)

Figure 7. Impact of the waning rate of adult vaccination (ρ2) on model variables. Higher values of ρ2 increase the risk of reinfection and
prolong bacterial persistence

Figure 6 illustrates the effect of increasing the waning rate
of immunity among children (ρ1) on the model dynamics. As
ρ1 increases, immunity acquired through vaccination diminishes
more rapidly, leading to an increase in the susceptible children
population. This loss of protection results in higher infection lev-

els and a sustained concentration of bacteria in the environment.
The figure demonstrates that rapid waning of immunity among
children can undermine long-term disease control and contribute
to recurrent outbreaks.
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(a) Susceptible individuals (SC ) (b) Bacterial concentration (B)

Figure 8. Impact of hygienic practices on model variables. Improved hygiene reduces infection and lowers bacterial levels in the envi-
ronment

Figure 7 shows the impact of increasing the waning rate
of immunity among adults (ρ2) on disease dynamics. Higher val-
ues of ρ2 increase the number of susceptible adults over time,
thereby elevating the risk of reinfection and prolonging bacte-
rial persistence in the environment. This reduction in long-term
vaccine effectiveness highlights the need for booster vaccination
programs among adults to maintain immunity and sustain low
infection prevalence levels in the population.

Figure 8 shows that improving hygiene reduces infection
prevalence and bacterial concentration but has a limited impact
on overall susceptibility levels. While hygiene practices alone do
not provide complete protection, they complement vaccination
by curbing environmental transmission. The model therefore
emphasizes that a combined strategy—integrating improved hy-
giene, vaccination, and booster programs—is critical for effective
typhoid fever control. This integrated approach offers a practical
framework for reducing disease burden and guiding public health
policies in endemic regions.

4. Conclusion
This study demonstrates that incorporating age structure

into the mathematical modeling of typhoid fever provides deeper
insights into disease transmission and control. The results re-
veal that targeted vaccination and treatment strategies for spe-
cific age groups significantly reduce infection rates and improve
health outcomes. Sensitivity analysis identifies vaccination cov-
erage, treatment efficacy, and waning immunity rates as key pa-
rameters driving disease dynamics. Overall, the model offers a
robust analytical framework to support public health decision-
making, particularly in resource-limited settings, and under-
scores the effectiveness of age-specific intervention strategies
in managing typhoid fever. The findings of this research high-
light the importance of implementing age-specific vaccination
and treatment strategies for controlling typhoid fever. Public
health programs should prioritize booster doses to counteract
waning immunity and promote widespread hygiene education
to minimize environmental transmission. Future studies should
extend the current model to incorporate environmental, behav-
ioral, and socioeconomic factors that influence disease dynamics.
Such extensions will enhance themodel’s predictive accuracy and
provide valuable insights for designing sustainable and context-

sensitive disease control strategies.
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