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Mv
e -polynomial and K Banhatti Indices of Some Hat-graphs

Akar H. Karim1,∗, Ayad M. Ramadan1

1Mathematics Department, College of Science, Sulaimani University, Sulaimaniya, Kurdistan Region of Iraq, Iraq

ABSTRACT. A graph polynomial that has taken several attentions is M-polynomial due to it’s significant a consider-
able number of studies have been conducting on it, moreover some other versions of this polynomial have been defined.
In this paper an new version of M-polynomial is presented that will be known asMv

e -Polynomial which is an extension
of the notation of M-polynomial for comparison between vertices and corresponding adjacent edges. Then we inves-
tigate the mathematical relationship between Mv

e -Polynomial and two resent defined topological indices: first and
second K Banhatti indices. Next, we establish explicit formulas for the Mv

e -Polynomial of some graphs in the family
of hat-graphs with it’s plots for special number of vertices. From these results we further deduce the corresponding K
Banhatti indices.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJoM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction
In graph theory, a simple graph G is a combination of two

sets V (G) and E(G) that are called vertex and edge sets respec-
tively, in which neither two vertices are combined by more than
one edge nor one edge joins a vertex with itself. Order of G
means number of vertices in V (G), meanwhile size of G is num-
ber of edges in E(G). For a graph G, the degree of a vertex
v ∈ V (G), denoted by dG(v), is the number of edges incident to
v. Similarly, the degree of an edge e = uv ∈ E(G) is defined as
the sum of the degrees of its two endpoints, excluding the edge
itself. Formally, dG(e) = dG(u) + dG(v)− 2 [1–3].

A large number of graph polynomials have been intro-
duced in the literature, some of them proved to be applicable
in the field of mathematical chemistry. For example the well-
known distance-based polynomial is Hosoya polynomial [4], M-
polynomial and CoM-polynomial [5, 6]. The defined polynomi-
als are based on different categories, we see hosoya polynomial
based on distance between vertices while M-polynomial [5] based
on degree of vertices. one of the significant of graph polyno-
mials is to obtain some topological indices from them, as the
Wiener index is the first derivative of hosoya polynomial at x = 1
[7], while the M-polynomial has become well-known as a uni-
fying framework because by performing some algebraic opera-
tions, a large range of degree-based topological indices can be
produced [8–11]. Many variants and uses of the M -polynomial
have been investigated in the last ten years for special graphs
with particular chemical structures and classical graph families,
see [8–12]. These investigations have shed important light on
the relationship between polynomial invariants and graph struc-
ture. However, the classical M-polynomial does not fully cap-
ture certain structural features, motivating the search for re-
fined formulations, such as the CoM-polynomial is considered
for non-adjacent vertices , that yields degree-based topological
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co-indices [6]. Neighborhood M-polynomial which considered as
a neighborhood degree-based polynomial [13]. Mve-polynomial
which based on vertex-edge degree of vertices of the graph [14].
In this paper, a new version of M -polynomial will be proposed
that depends on the comparison of the graph’s vertices with their
corresponding adjacent edges which we can call as vertex-edge
version of M-polynomial, and examine its characteristics for a
family of graphs called hat-graphs [15].

Hat-graphs are a special family of composite graphs that
are constructed from basic graphs by assigning new vertices and
edges in a special way. Because of their structural characteristics
and natural emergence as extensions of the graph families, hat-
graphs are good candidates for evaluating the robustness of poly-
nomial invariants. For a number of hat-graph subclasses, such as
the hat-cycle, hat-path, hat-star, and hat-wheel graphs, we calcu-
late the suggested polynomial.

In terms of topological indices, depending on the compari-
son of vertices with their adjacent edges some indices have been
introduced, such as first and second K Banhatti Indices by Kulli
[16]. For a simple graph G having order n and sizem, these two
indices are defined as follows:
First K Banhatti index:

B1(G) =
∑
ve

[dG(v) + dG(e)] =

n∑
i=1

dG(vi)∑
j=1

[dG(vi) + dG(ej)]

Second K Banhatti index:

B2(G) =
∑
ve

dG(v)dG(e) =

n∑
i=1

dG(vi)∑
j=1

[dG(vi)dG(ej)]

From their formulas, these indices can be seen as vertex-
edge versions of first and second Zagreb indices respectively [17].
Hence, by this extension in the concept of M-polynomial all topo-
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logical indices depending on vertex to adjacent edges compari-
son could be underling as vertex-edge version of their original
degree-based indices.

2. Methods
2.1. Conceptual Framework

This study is grounded in the theory of degree-based graph
polynomials and their applications to topological indices. Build-
ing upon the classical M-polynomial, we introduce a vertex-edge
version, denoted as Mv

e -polynomial, which incorporates both
vertex and edge degrees through incidence relations. This exten-
sion enables the systematic derivation of vertex-edge topological
indices, including the first and second K Banhatti indices.

2.2. Definition of Mv
e -Polynomial

For a simple graph G with n vertices and m edges the
the vertex to edge version of M-polynomial is a graph polyno-
mial based on the comparison between vertices and edges of the
graph G, which is defined as:

Mv
e (G, x, y) =

n∑
i=1

dG(vi)∑
j=1

xdG(vi)ydG(ej)

where dG(v) is the degree of the vertex v and dG(e) is the degree
of the edge e. This formulation generalizes the M-polynomial to
capture vertex-edge interactions, thereby providing a foundation
for computing new invariants such as, first and second K Banhatti
indices.

2.3. Application to Hat-Graphs
The proposed methodology was applied to the following

hat-graphs:
1. Hat-complete graph (KH

n ),
2. Hat-cycle graph (CH

n ),
3. Hat-star graph (SH

n ),
4. Hat-wheel graph (WH

n ),
5. Hat-complete bipartite graph (KH

n,m).
For each graph, the following steps were systematically fol-

lowed:
1. Vertices and edges were classified according to their degree

values.
2. The Mv

e -polynomial was explicitly computed by summing
over all vertex-edge incidences.

3. Exact formulas forB1(G) andB2(G)were derived using the
differentiation operators.

4. Generate plots of Mv
e -polynomials for selected hat-graphs.

3. Results and Discussion
A vertex-edge topological index (resp. ve−topological in-

dex) of a given graphG = (V,E) is a graph invariant of the form

Ive (G) =
∑
ve

f(dG(v), dG(e)), (1)

where ve indicates the vertex v and edge e are incident in G.
If the general form of degree-based topological indices is given
by

I(G) =
∑

vw∈E(G)

f(dG(v), dG(w)),

then eq. (1) represents it’s corresponding vertex-edge version.
Next, the direct formula for driving the first and second

K Banhatti indices from the Mv
e -polynomial of a certain simple

graph are given with applying on hat-graphs.

Theorem 1. Let Mv
e (G, x, y) be the Mv

e -polynomial of a graph
G, then the first K Banhatti index of G can be obtained from
Mv

e (G, x, y) by

B1(G) = [(Dx +Dy)M
v
e (G, x, y)]x=y=1.

where

DxM
v
e (G, x, y) = x

∂Mv
e (G, x, y)

∂x
,

DyM
v
e (G, x, y) = y

∂Mv
e (G, x, y)

∂y
.

Proof. We haveMv
e (G, x, y) =

∑
ve

xdG(v)ydG(e), then we obtain

DxM
v
e (G, x, y) =

∑
ve

dG(v)x
dG(v)ydG(e)

[DxM
v
e (G, x, y)]x=y=1 =

∑
ve

dG(v)

DyM
v
e (G, x, y) =

∑
ve

dG(e)x
dG(v)ydG(e)

[DyM
v
e (G, x, y)]x=y=1 =

∑
ve

dG(e)

[(Dx +Dy)M
v
e (G, x, y)]x=y=1 =

∑
ve

[dG(v) + dG(e)]

= B1(G).

Theorem 2. Let Mv
e (G, x, y) be the Mv

e -polynomial of a graph
G, then the second K Banhatti index of G can be obtained from
Mv

e (G, x, y) by

B2(G) = [(DxDy)M
v
e (G, x, y)]x=y=1.

Proof. Similar to the proof of Theorem 1

Theorem 3. Let KH
n be a hat-complete graph then it’s Mv

e -
polynomial is

Mv
e (K

H
n , x, y) = n

[
xn+1((n−1)y2n+2yn+1)+2x2(yn+1+y2

)]
.

JJoM | Jambura J. Math Volume 8 | Issue 1 | February 2026
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Table 1. vertex, edge distribution with degrees of KH
n

vi dKH
n
(vi) ej dKH

n
(ej)

ui, 1 ≤ i ≤ n n+ 1
ej = uiuj , 1 ≤ j ≤ n and j ̸= i
en = uiv2i−1

en+1 = uiv2(i−1), v0 = v2n

2n
n+ 1
n+ 1

vi, 1 ≤ i ≤ 2n 2

e1 = v2i−1v2i, 1 ≤ i ≤ n

e2 =

{
viu i+1

2
, 1 ≤ i ≤ 2n and i is odd

viu i+2
2

, 1 ≤ i ≤ 2n, i is even and un+1 = u1

2
n+ 1

Figure 1. KH
n

Proof. KH
n has 3n vertices with degrees n + 1, 2 and

n(n+ 5)

2
edges with degrees 2n, n+ 1, 2 as explained in Table 1.

Mv
e (K

H
n , x, y) =

∑
ve

x
dKH

n
(v)

y
dKH

n
(e)

=

3n∑
i=1

dKH
n

(vi)∑
j=1

x
dKH

n
(vi)y

dKH
n

(ej)

= nxn+1
(
(n− 1)y2n + 2yn+1

)
+ 2nx2

(
yn+1 + y2

)
= n

[
xn+1

(
(n− 1)y2n + 2yn+1

)
+ 2x2

(
yn+1 + y2

)]
.

Corollary 1. The K Banhatti indices of KH
n are

B1(K
H
n ) = n[3n2 + 4n+ 17],

B2(K
H
n ) = 2n[n3 + n2 + 3n+ 7].

Proof. From Theorem 3, we have

Mv
e (K

H
n , x, y) = n(n− 1)xn+1y2n

+ 2nxn+1yn+1 + 2nx2yn+1

+ 2nx2y2

DxM
v
e (K

H
n , x, y) = n(n2 − 1)xn+1y2n

+ 2n(n+ 1)xn+1yn+1

+ 4nx2yn+1 + 4nx2y2

DyM
v
e (K

H
n , x, y) = 2n2(n− 1)xn+1y2n

+ 2n(n+ 1)xn+1yn+1

+ 2n(n+ 1)x2yn+1 + 4nx2y2

DxDyM
v
e (K

H
n , x, y) = 2n2(n2 − 1)xn+1y2n

+ 2n(n+ 1)2xn+1yn+1

+ 4n(n+ 1)x2yn+1 + 8nx2y2

[(Dx +Dy)M
v
e (K

H
n , x, y)]x=y=1 = n[3n2 + 4n+ 17]

[DxDyM
v
c (K

H
n , x, y)]x=y=1 = 2n[n3 + n2 + 3n+ 7].

It follows from Theorem 1 and Theorem 2,

B1(K
H
n ) = n[3n2 + 4n+ 17],

B2(K
H
n ) = 2n[n3 + n2 + 3n+ 7].

Theorem 4. Let CH
n be a hat-cycle graph then it’s Mv

e -
polynomial is

Mv
e (C

H
n , x, y) = 2n(xy)2

(
(xy)2 + 1

)(
y2 + 1

)
.

Figure 2. CH
n

Proof. CH
n has 3n vertices with degrees 4, 2 and 4n edges with

JJoM | Jambura J. Math Volume 8 | Issue 1 | February 2026
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Table 2. vertex, edge distribution with degrees of CH
n

vi dCH
n
(vi) ej dCH

n
(ej)

ui, 1 ≤ i ≤ n 4

e1 = uiui+1, un+1 = u1

e2 = uiui−1, u0 = un

e3 = uiv2(i−1), v0 = v2n
e4 = uiv2i−1

6
6
4
4

vi, 1 ≤ i ≤ 2n 2

e1 = v2i−1v2i, 1 ≤ i ≤ n

e2 =

{
viu i+1

2
, 1 ≤ i ≤ 2n and i is odd

viu i+2
2

, 1 ≤ i ≤ 2n, i is even and un+1 = u1

2

4

Table 3. vertex, edge distribution with degrees of SH
n

vi dSH
n
(vi) ej dSH

n
(ej)

un+1 n ej = un+1uj , 1 ≤ j ≤ n n+ 1

ui, 1 ≤ i ≤ n 3
e1 = uiun+1 n+ 1
e2 = uiv2i−1 3
e3 = uiv2(i−1), v0 = v2n 3

vi, 1 ≤ i ≤ 2n 2
e1 = v2i−1v2i, for 1 ≤ i ≤ n 2

e2 =


viu i+1

2
, 1 ≤ i ≤ 2n and i is odd

viu i+2
2

, 1 ≤ i ≤ 2n and i is even

and(un+1 = u1)

3

degrees 2, 4, 6 as explained in Table 2.

Mv
e (C

H
n , x, y) =

∑
ve

x
dCH

n
(v)

y
dCH

n
(e)

=

3n∑
i=1

dCH
n

(vi)∑
j=1

x
dCH

n
(vi)y

dCH
n

(ej)

= nx4(2y6 + 2y4) + 2nx2(y4 + y2)

= 2n(xy)2
(
(xy)2 + 1

)(
y2 + 1

)
.

Corollary 2. The K Banhatti indices of CH
n are

B1(C
H
n ) = 56n,

B2(C
H
n ) = 104n.

Proof. From Theorem 4, we have

Mv
e (C

H
n , x, y) = 2nx4y6 + 2n(xy)4

+ 2nx2y4 + 2n(xy)2

DxM
v
e (C

H
n , x, y) = 8nx4y6 + 8n(xy)4

+ 4nx2y4 + 4n(xy)2

DyM
v
e (C

H
n , x, y) = 12nx4y6 + 8n(xy)4

+ 8nx2y4 + 4n(xy)2

DxDyM
v
e (C

H
n , x, y) = 48nx4y6 + 32n(xy)4

+ 16nx2y4 + 8n(xy)2

[(Dx +Dy)M
v
e (C

H
n , x, y)]x=y=1 = 56n

[DxDyM
v
c (C

H
n , x, y)]x=y=1 = 104n.

It follows from Theorem 1 and Theorem 2,

B1(C
H
n ) = 56n,

B2(C
H
n ) = 104n.

Theorem 5. Let SH
n be a hat-star graph then it’sMv

e -polynomial
is

Mv
e (S

H
n , x, y) = n(xy)2

[
xn−2yn−1+xyn−1+2xy+2y+2

]
.

Figure 3. SH
n

Proof. SH
n has 3n+ 1 vertices with degrees 2, 3, n and 4n edges

with degrees 2, 3, n+ 1 as explained in Table 3.

Mv
e (S

H
n , x, y) =

3n+1∑
i=1

dSH
n

(vi)∑
j=1

x
dSH

n
(vi)y

dSH
n

(ej)

JJoM | Jambura J. Math Volume 8 | Issue 1 | February 2026
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Table 4. vertex, edge distribution with degrees of WH
n

vi dWH
n
(vi) ej dWH

n
(ej)

un+1 n ej = un+1ui, 1 ≤ i ≤ n n+ 3

ui, 1 ≤ i ≤ n 5

e1 = uiun+1

e2 = uiv2i−1

e3 = uiv2(i−1), v0 = v2n
e4 = uiui+1, un+1 = u1

e5 = uiui−1, u0 = un

n+ 3
5
5
8
8

vi, 1 ≤ i ≤ 2n 2

e1 = v2i−1v2i, 1 ≤ i ≤ n

e2 =

viu i+1
2

, i is odd

viu i
2
, i is even (un+1 = u1)

2

5

= xn(nyn+1) + nx3(yn+1 + 2y3)

+ 2nx2(y3 + y2)

= n(xy)2
[
xn−2yn−1 + xyn−1 + 2xy + 2y + 2

]
.

Corollary 3. The K Banhatti indices of SH
n are

B1(S
H
n ) = n(3n+ 35),

B2(S
H
n ) = n[n(n+ 4) + 41].

Proof. From Theorem 5, we have

Mv
e (S

H
n , x, y) = nxnyn+1 + nx3yn+1

+ 2n(xy)3 + 2nx2y3

+ 2n(xy)2

DxM
v
e (S

H
n , x, y) = n2xnyn+1 + 3nx3yn+1

+ 6n(xy)3 + 4nx2y3

+ 4n(xy)2

DyM
v
e (S

H
n , x, y) = n(n+ 1)xnyn+1

+ n(n+ 1)x3yn+1

+ 6n(xy)3 + 6nx2y3

+ 4n(xy)2

DxDyM
v
e (S

H
n , x, y) = n2(n+ 1)xnyn+1

+ 3n(n+ 1)x3yn+1

+ 18n(xy)3 + 12nx2y3

+ 8n(xy)2

[(Dx +Dy)M
v
e (S

H
n , x, y)]x=y=1 = n(3n+ 35)

[DxDyM
v
c (S

H
n , x, y)]x=y=1 = n[n(n+ 4) + 41].

It follows from Theorem 1 and Theorem 2,

B1(S
H
n ) = n(3n+ 35),

B2(S
H
n ) = n[n(n+ 4) + 41].

Theorem 6. Let WH
n be a hat-wheel graph then it’s Mv

e -
polynomial is

Mv
e (W

H
n , x, y) = n(xy)2

[
xn−2yn+1 + x3yn+1 + 2x3y6

+ 2(xy)3 + 2y3 + 2

]
.

Figure 4. WH
n

Proof. WH
n has 3n+1 vertices with degrees 2, 5, n and 5n edges

with degrees 2, 5, 8, n+ 3 as explained in Table 4.

Mv
e (W

H
n , x, y) =

3n+1∑
i=1

dWH
n

(vi)∑
j=1

x
dWH

n
(vi)y

dWH
n

(ej)

= xn(nyn+3) + nx5(yn+3 + 2y8 + 2y5)

+ 2nx2(y5 + y2)

= n(xy)2
[
xn−2yn+1 + x3yn+1 + 2x3y6

+ 2(xy)3 + 2y3 + 2
]
.

JJoM | Jambura J. Math Volume 8 | Issue 1 | February 2026
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Table 5. Vertex and edge distribution with degrees of KH
n,m

vi dKH
n,m

(vi) ej dKH
n,m

(ej)

ui, 1 ≤ i ≤ n m+ 2

ej = uiu
′
j , 1 ≤ j ≤ m,

em+1 = uiv2i−1,

em+2 = uiv2i

n+m+ 2,

m+ 2,

m+ 2

u′
i, 1 ≤ i ≤ m n+ 2

ej = u′
iuj , 1 ≤ j ≤ n,

en+1 = u′
iv2(n+i)−1,

en+2 = u′
iv2(n+i)

n+m+ 2,

n+ 2,

n+ 2

vi, 1 ≤ i ≤ 2(n+m) 2

e1 =

{
vivi+1, i even, v2(n+m)+1 = v1,

vivi−1, i odd, v0 = v2(n+m)

e2 =



viu i+1
2

, 1 ≤ i ≤ 2n, i odd,

viu i
2
, 1 ≤ i ≤ 2n, i even,

viu
′
i+1−2n

2

, 2n+ 1 ≤ i ≤ 2(n+m), i odd,

viu
′
i−2n

2

, 2n+ 1 ≤ i ≤ 2(n+m), i even

2,

m+ 2,

n+ 2

Corollary 4. The K Banhatti indices of WH
n are

B1(W
H
n ) = n(3n+ 79),

B2(W
H
n ) = n(n2 + 8n+ 173).

Proof. From Theorem 6, we have

Mv
e (W

H
n , x, y) = nxnyn+3 + nx5yn+3

+ 2nx5y8 + 2n(xy)5

+ 2nx2y5 + 2n(xy)2

DxM
v
e (W

H
n , x, y) = n2xnyn+3 + 5nx5yn+3

+ 10nx5y8 + 10n(xy)5

+ 4nx2y5 + 4n(xy)2

DyM
v
e (W

H
n , x, y) = n(n+ 3)xnyn+3

+ n(n+ 3)x5yn+3

+ 16nx5y8 + 10n(xy)5

+ 10nx2y5 + 4n(xy)2

DxDyM
v
e (W

H
n , x, y) = n2(n+ 3)xnyn+3

+ 5n(n+ 3)x5yn+3

+ 80nx5y8 + 50n(xy)5

+ 20nx2y5 + 8n(xy)2

[(Dx +Dy)M
v
e (W

H
n , x, y)]x=y=1 = n(3n+ 79)

[DxDyM
v
c (W

H
n , x, y)]x=y=1 = n(n2 + 8n+ 173).

It follows from Theorem 1 and Theorem 2,

B1(W
H
n ) = n(3n+ 79),

B2(W
H
n ) = n(n2 + 8n+ 173).

Theorem 7. LetKH
n,m be a hat-complete bipartite graph then it’s

Mv
e -polynomial is

Mv
e (K

H
n,m, x, y) = nmyn+m+2[xn+2 + xm+2]

+ 2n(xy)2[(xy)m + ym + 1]

+ 2m(xy)2[(xy)n + yn + 1].

Figure 5. KH
n,m

Proof. KH
n,m has 3(n+m) vertices with degrees 2, n+2,m+2

and 3(n+m)+nm edges with degrees 2, n+2,m+2, n+m+2
as explained in Table 5.

Mv
e (K

H
n,m, x, y) =

3(n+m)∑
i=1

dKH
n,m

(vi)∑
j=1

x
dKH

n,m
(vi)

y
dKH

n,m
(ej)

= nxm+2[myn+m+2 + 2ym+2]

+mxn+2[nyn+m+2 + 2yn+2]

+ 2nx2[ym+2 + y2] + 2mx2[yn+2 + y2]

= nmyn+m+2[xn+2 + xm+2]

+ 2n(xy)2[(xy)m + ym + 1]

+ 2m(xy)2[(xy)n + yn + 1].
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Corollary 5. The K Banhatti indices of KH
n,m are

B1(K
H
n,m) = 3(nm+ 8)(n+m) + 8nm,

B2(K
H
n,m) = nm[(n+m)(n+m+ 8) + 32] + 24(n+m).

Proof. From Theorem 7, we have

Mv
e (K

H
n,m, x, y) = nm[xn+2yn+m+2

+ xm+2yn+m+2]

+ 2n[(xy)m+2 + x2ym+2

+ (xy)2] + 2m[(xy)n+2

+ x2yn+2 + (xy)2]

DxM
v
e (K

H
n,m, x, y) = nm[(n+ 2)xn+2yn+m+2

+ (m+ 2)xm+2yn+m+2]

+ 2n[(m+ 2)(xy)m+2

+ 2x2ym+2 + 2(xy)2]

+ 2m
[
(n+ 2)(xy)n+2

+ 2x2yn+2 + 2(xy)2
]

DyM
v
e (K

H
n,m, x, y) = nm

[
(n+m+ 2)xn+2

yn+m+2 + (n+m+ 2)

xm+2yn+m+2
]

+ 2n[(m+ 2)(xy)m+2

+ (m+ 2)x2ym+2 + 2(xy)2]

+ 2m[(n+ 2)(xy)n+2

+ (n+ 2)x2yn+2 + 2(xy)2]

DxDyM
v
e (K

H
n,m, x, y) = nm

[
(n+ 2)(n+m+ 2)

xn+2yn+m+2 + (m+ 2)

(n+m+ 2)xm+2yn+m+2
]

+ 2n
[
(m+ 2)2(xy)m+2

+ 2(m+ 2)x2ym+2 + 4(xy)2
]

+ 2m
[
(n+ 2)2(xy)n+2

+ 2(n+ 2)x2yn+2 + 4(xy)2
]

[(Dx +Dy)M
v
e (K

H
n,m, x, y)]x=y=1 = 3(nm+ 8)(n+m) + 8nm

[DxDyM
v
c (K

H
n,m, x, y)]x=y=1 = nm

[
(n+m)(n+m+ 8)

+ 32
]
+ 24(n+m).

It follows from Theorem 1 and Theorem 2,

B1(K
H
n,m) = 3(nm+ 8)(n+m) + 8nm,

B2(K
H
n,m) = nm[(n+m)(n+m+ 8) + 32] + 24(n+m).

In the following figures, Python has been used to plotMv
e -

polynomials of the above mentioned graphs.

(a) Mv
e (K

H
10, x, y)

(b) Mv
e (C

H
10, x, y)

(c) Mv
e (S

H
10, x, y)

Figure 6. Plots of Mv
e -polynomial of hat-graphs KH

10, C
H
10,

and SH
10
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(a) Mv
e (W

H
10 , x, y)

(b) Mv
e (K

H
9,10, x, y)

Figure 7. Plots of Mv
e -polynomial of hat-graphs WH

10 and
KH

9,10

4. Conclusion
In this paper, we introduced a new version of the M-

polynomial based on vertex-edge comparison and applied it to
some hat-graph: hat-complete, hat-cycle, hat-star, and hat-wheel
and hat-complete bipartite graphs. Using this formulation, we
obtained the proposed Mv

e -polynomials and derived closed for-
mulas for their k Banhatti indices. These results extend existing
work on hat-graphs and show that the proposedMv

e -polynomial
offers an effective tool for computing ve-indices. Future work
may apply this approach to other graph classes or explore its po-
tential applications in chemical and network structures.
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