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ABSTRACT. A graph polynomial that has taken several attentions is M-polynomial due to it’s significant a consider-
able number of studies have been conducting on it, moreover some other versions of this polynomial have been defined.
In this paper an new version of M-polynomial is presented that will be known as M -Polynomial which is an extension
of the notation of M-polynomial for comparison between vertices and corresponding adjacent edges. Then we inves-
tigate the mathematical relationship between M -Polynomial and two resent defined topological indices: first and
second K Banhatti indices. Next, we establish explicit formulas for the M -Polynomial of some graphs in the family
of hat-graphs with it’s plots for special number of vertices. From these results we further deduce the corresponding K
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Attribution-NonComercial 4.0 International License. Editorial of [JoM: Department of Mathematics, Uni-
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versitas Negeri Gorontalo, Jin. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

In graph theory, a simple graph G is a combination of two
sets V(G) and E(G) that are called vertex and edge sets respec-
tively, in which neither two vertices are combined by more than
one edge nor one edge joins a vertex with itself. Order of G
means number of vertices in V(G), meanwhile size of G is num-
ber of edges in E(G). For a graph G, the degree of a vertex
v € V(G), denoted by d¢ (v), is the number of edges incident to
v. Similarly, the degree of an edge e = uwv € E(G) is defined as
the sum of the degrees of its two endpoints, excluding the edge
itself. Formally, dg(e) = dg(u) + dg(v) — 2 [1-3].

A large number of graph polynomials have been intro-
duced in the literature, some of them proved to be applicable
in the field of mathematical chemistry. For example the well-
known distance-based polynomial is Hosoya polynomial [4], M-
polynomial and CoM-polynomial |5, 6]. The defined polynomi-
als are based on different categories, we see hosoya polynomial
based on distance between vertices while M-polynomial [5] based
on degree of vertices. one of the significant of graph polyno-
mials is to obtain some topological indices from them, as the
Wiener index is the first derivative of hosoya polynomialat z = 1
[7], while the M-polynomial has become well-known as a uni-
fying framework because by performing some algebraic opera-
tions, a large range of degree-based topological indices can be
produced [8-11]. Many variants and uses of the M-polynomial
have been investigated in the last ten years for special graphs
with particular chemical structures and classical graph families,
see [8-12]. These investigations have shed important light on
the relationship between polynomial invariants and graph struc-
ture. However, the classical M-polynomial does not fully cap-
ture certain structural features, motivating the search for re-
fined formulations, such as the CoM-polynomial is considered
for non-adjacent vertices , that yields degree-based topological
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co-indices [6]. Neighborhood M-polynomial which considered as
a neighborhood degree-based polynomial [13]. M,.-polynomial
which based on vertex-edge degree of vertices of the graph [14].
In this paper, a new version of M-polynomial will be proposed
that depends on the comparison of the graph’s vertices with their
corresponding adjacent edges which we can call as vertex-edge
version of M-polynomial, and examine its characteristics for a
family of graphs called hat-graphs [15].

Hat-graphs are a special family of composite graphs that
are constructed from basic graphs by assigning new vertices and
edges in a special way. Because of their structural characteristics
and natural emergence as extensions of the graph families, hat-
graphs are good candidates for evaluating the robustness of poly-
nomial invariants. For a number of hat-graph subclasses, such as
the hat-cycle, hat-path, hat-star, and hat-wheel graphs, we calcu-
late the suggested polynomial.

In terms of topological indices, depending on the compari-
son of vertices with their adjacent edges some indices have been
introduced, such as first and second K Banhatti Indices by Kulli
[16]. For a simple graph G having order n and size m, these two
indices are defined as follows:

First K Banhatti index:

= lda(v) +da(e) =)

ve =1 j=1

B1(G) [da(vi) + da(e;)]

Second K Banhatti index:

n dac(vs)
G) = ng(v Z Z [da(vi)da(e;)]
ve =1 j=1

From their formulas, these indices can be seen as vertex-
edge versions of first and second Zagreb indices respectively [17].
Hence, by this extension in the concept of M-polynomial all topo-
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logical indices depending on vertex to adjacent edges compari-
son could be underling as vertex-edge version of their original
degree-based indices.

2. Methods
2.1. Conceptual Framework

This study is grounded in the theory of degree-based graph
polynomials and their applications to topological indices. Build-
ing upon the classical M-polynomial, we introduce a vertex-edge
version, denoted as M !-polynomial, which incorporates both
vertex and edge degrees through incidence relations. This exten-
sion enables the systematic derivation of vertex-edge topological
indices, including the first and second K Banhatti indices.

2.2.  Definition of M !-Polynomial

For a simple graph G with n vertices and m edges the
the vertex to edge version of M-polynomial is a graph polyno-
mial based on the comparison between vertices and edges of the
graph G, which is defined as:

n dg (Uz

N aletydolen

=1 j=1

MY (G, z,y) =

where d¢(v) is the degree of the vertex v and dg (e) is the degree
of the edge e. This formulation generalizes the M-polynomial to
capture vertex-edge interactions, thereby providing a foundation
for computing new invariants such as, first and second K Banhatti
indices.

2.3.  Application to Hat-Graphs

The proposed methodology was applied to the following
hat-graphs:
1. Hat-complete graph (K1),
Hat-cycle graph (C1),
Hat-star graph (S%),
Hat-wheel graph (W),
Hat-complete bipartite graph (K
For each graph, the following steps were systematically fol-
lowed:
1. Vertices and edges were classified according to their degree
values.
2. The M!-polynomial was explicitly computed by summing
over all vertex-edge incidences.
3. Exact formulas for By (G) and By (G) were derived using the
differentiation operators.
4. Generate plots of M !-polynomials for selected hat-graphs.

kW

3. Results and Discussion

A vertex-edge topological index (resp. ve—topological in-
dex) of a given graph G = (V, E) is a graph invariant of the form

= flda(v),da(e)), (1)

where ve indicates the vertex v and edge e are incident in G.
If the general form of degree-based topological indices is given

by
= Y flde

vweE(G)

dg (w)),

then eq. (1) represents it’s corresponding vertex-edge version.

Next, the direct formula for driving the first and second
K Banhatti indices from the M!-polynomial of a certain simple
graph are given with applying on hat-graphs.

Theorem 1. Let MY (G, x,y) be the M?-polynomial of a graph
G, then the first K Banhatti index of G can be obtained from
M (G, x,y) by

Bi(G) = [(Dz + Dy) M (G, 2, y)|s=y=1-
where
D.MY(G,y) = o 2L DY),
v _ OMY(G,x,y)
Me (G,x,y) 7y ay .

Proof. We have M? (G, z,y) = Z 26 ()yda(e) then we obtain

ve

dG (v) de (e)

2_da)
[DzM:(va y)]m*yfl = ZdG
> ot

[DyM:(Gaxay)]z:yzl = ZdG €

ve

(G z,y) =

ny dG'u) dg(

[(Ds + Dy) MY (G, 9)lomy=1 = Y _[de:(v) + da(e)]

ve

= B1(G).

Theorem 2. Let MY (G, x,y) be the M?-polynomial of a graph
G, then the second K Banhatti index of G can be obtained from

MY(G,z,y) by

BQ(G) = [(Dﬂch)M:(G’x’ y)]x=y=1-

Proof. Similar to the proof of Theorem 1 O

Theorem 3. Let K be a hat-complete graph then it’s M-
polynomial is

MY(KH? z,y)=n [2" T ((n—1)y*"+2y" 1) +222 (y" T +y)].
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Table 1. vertex, edge distribution with degrees of K2

Vi din(vi) € dicr (€;)
e; =ujuj, 1 <j<mandj#i 2n
u, 1 <1<n n+1 en = UiV2i—1 n+1
ent1 = UiV2(i—1), V0 = V2n n+1
e1 = v2i—102i, 1 <i<n
v,1<i<2n 2 1 <i<2nandiisodd 2
n+1

Viit1,

ey = 2
Vihit2,

2

1<i<2n,iisevenand un+1 = u1

(]

Uy

Figure 1. KX

Proof. K has 3n vertices with degrees n + 1,2 and M

edges with degrees 2n,n + 1,2 as explained in Table 1.

) = St Vet )

ve

M (K,

3n dKH( )

fZZ

Ayt (vz dycrr ()

_ nxn+l((n )an T 2yn+1)
+ 2n2® (y" T + 4?)
— n[l,n+1 ((7’1 _ 1)y2n 4 2yn+1)

+ 21,2 (yn+1 + y2)] .

Corollary 1. The K Banhatti indices of KX are

By (K
By(KH)

n[3n? + 4n + 17),
2n[n® +n? 4 3n + 7).

Proof. From Theorem 3, we have

MY (KT 2,y D)zt

) =n(n—
—|—27’l.’13n+1 n+1+2nx2 n+1

+ 2na?y?

D, MY (KH x,y) = n(n? — 1)z"T1y*
+ 2n(n 4 1)z Ty t?
+ 4dna?y™ T + dna?y?
z,y) = 2n°(n

+2n(n+1)

+2n(n + )sz:Qy”"’1
) = 202 (0 — 1)an g
)x
)z

DML, yn

n+1 n+1

1z
+1)x
1

D.D,M!(KF x
+2n(n+1 2, n+1 n+1

+ 4n(n 4 1)z? ”H + 8na’y
(Do + Dy) M (K @, y)lomy=1 = n[3n® + 4n + 17]
[DeDyMP(KH 2, y)]smy=1 = 2n[n® +n? + 3n + 7).

It follows from Theorem 1 and Theorem 2,

By (K™ =
By(K}M) =

n[3n2 + 4n + 17),
2n[n® +n? + 3n + 7).

Theorem 4.Let CH be a hat-cycle graph then it’s M-
polynomial is

M?(CH z,y) = 2n(xy)? ((xy)® + 1) (y* +1).

Figure 2. CH

Proof. CH has 3n vertices with degrees 4,2 and 4n edges with

JJoM | Jambura J. Math
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Table 2. vertex, edge distribution with degrees of C'Z

Vi den (vi) e de (€5)
€1 = UiUi+1, Un+1 = UL 6
€2 = UiUi—1, U0 = Un 6
€3 = U;iV2(;—1), V0 = U2n 4
€4 = UV2i—1 4
2

ui, 1 <i<n 4

e1 =v2_1v2;, 1 <i<n

€y =

v, 1<i<2n 2 viivi, 1 <14 <2nandiisodd
y = = 2
vitivz, 1<4i<2n,iisevenand unii =u; 4
2

Table 3. vertex, edge distribution with degrees of S

Vi dgm(vi) ej dgm (e;)
Un41 n ej = Unt1uj, 1 <7< n n+1

€1 = Uiln+1 n+1
’Lbi,l SZSTL 3 €2 = U;V2i—1 3

€3 = UiVa(i—1), V0 = V2n 3

e = Uzifl’Uzi,fOI' 1 S 7 S n 2
vi,1<i<2n 2 Vithiga, 1 <i<2nandiisodd

€2 = | Villijz2, 1 <i<2nandiiseven 3

and(Un41 = u1)

degrees 2,4, 6 as explained in Table 2. It follows from Theorem 1 and Theorem 2,
MECH 2 y) = 3 aten 0yl ©) Bi(Cyl) = 56n,
ve BQ(CT?) = 104n.
3n dop (vi) m
I #yfen ()
=1 gj=1
= nat (245 + 2y%) + 2022 (y* + 4°) Theorem 5. Let S be a hat-star graph then it’s M?-polynomial
is
= 2n(zy)*((zy)® + 1) (y* + 1).
o | MeSa2y) = nley)*[e" Py by 22y +2y+2].
Corollary 2. The K Banhatti indices of C are Y2n v1
B, (CH) = 56n,
By (CH) = 104n.
Proof. From Theorem 4, we have
M (G, y) = 2nay’ + 2n(zy)*
+ 2nz?y? + 2n(zy)?
D,ME(CH 2,) = Snay® + Sn(ay)* .
9 (%
+ dnz?y* + 4n(zy)?
DM (CH 2, y) = 12n2*y° + 8n(xy)* Figure 3. S,/
+ 8na?y* + dn(xy)?
D,D,M?(CH z y) = 48na*yS + 32n(xy)* Proof. S has 3n + 1 vertices with degrees 2, 3, n and 4n edges
+ 16n2?y* + 8n(zy)? with degrees 2,3, n + 1 as explained in Table 3.
D, + D,)M!(CH & =56 sny1 g (v0)
(D2 + Dy)M( s Y))e=y=1 n MY (SH 2 Z Z . SH(vl dg(e))
[DyD,M?(CH 2, y)]sey=1 = 104n. - -
=1 j=

JJoM | Jambura J. Math Volume 8 | Issue 1 | February 2026
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Table 4. vertex, edge distribution with degrees of W2

T ()&, T (@)
Up+1 n ej = Unt1Ui, 1 <t <n n+3
€1 = UiUn+1 n+3
€2 = U;V2i—1 5
u, 1<i<n 5 €3 = UiV2(;—1), Vo = V2n 5
€4 = UjUj+1, Un+1 = U1 8
e5 = UiUi—1, U = Un 8
e1 =vU2—102;, 1 <t <n
.. 2
v, 1<i<2n 2 ’Uz‘uwgl, i is odd
€2 =
Vills, iis even (Upt1 = u1)

= 2" (ny" ™) + na®(y"+ + 2y°)
+2n2*(y° + y?)
= n(xy)? [:E”fzynfl + oyt 4 22y + 2y + 2].

O

Corollary 3. The K Banhatti indices of SX are

B1(SH) = n(3n + 35),
By (SH) = nln(n + 4) + 41].

Proof. From Theorem 5, we have

MP(SH x,y) = na™y" + nadyn !
+ 2n(zy)® 4 2na’y®
+ 2n(zy)?
DzM:(va x,y) = n2x"y”+1 + 3n1:3y”+1
+ 6n(xy)® + dnx?y?
+ 4n(zy)*
Dy M (S, @, y) = n(n+ 1)z"y"
+n(n+ 1)23y "t
+ 6n(zy)® + 6nz’y®
+ 4n(zy)*
Dy Dy M (Si 2, y) = n®(n + 1)a"y™*!
+ 3n(n + 1)adynt!
+ 18n(zy)? + 12na?y?
+ 8n(wy)?
(D + Dy)M:(Sfa Z,Y)]z=y=1 = n(3n + 35)
[Dy Dy M (SH, 2, y)]a=y=1 = n[n(n + 4) + 41].

It follows from Theorem 1 and Theorem 2,

By (SH?) =n(3n + 35),
By(SH) = n[n(n +4) + 41].

Theorem 6.Let W be a hat-wheel graph then it’s M-
polynomial is

MW x,y) = n(zy)? [m””y”*l + z3yntl 4 2230

+2(2y)3 + 2% + 2] .

Figure 4. W2

Proof. W has 3n+ 1 vertices with degrees 2, 5, n and 5n edges
with degrees 2, 5,8, n + 3 as explained in Table 4.

_ n(:cy)2 [xn72yn+1 + x3yn+1 + 2$3y6
+2(zy)® + 2y° + 2].

JJoM | Jambura J. Math
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Table 5. Vertex and edge distribution with degrees of Kﬁm

v; dic (vi) €j din (€;)
= ej:uiu;7 1<j<m, n—i:Ll;rL”—i—Q,
u;, 1<i<n m+ 2 em+1 = UiV2i—1, m+ 2,
em42 = UiV2; m+ 2
ej:uguj,lgjgn, n+m+ 2,
uj, 1<i<m n+2 €nt1 = UV2(nti)—1, n+2,
ent2 = uéUQ(,H_i) n+2
o = {’Ui'Ui-'»l, i eVen, Va(nqm)4+1 = V1,
vivi—1, 1 0dd, vo = Va(ntm)
) Vil it1, 1 <4< 2n, 1o0dd, 2,
vi, L <8< 2(ntm) 2 Uiu: 1 < i< 2n, ieven, m+2,
€= viu’fﬂi_zn, 2n+1<i<2n+m), iodd, nt2
viu’i,T;n, 2n+1 <i<2(n+m), i even

Corollary 4. The K Banhatti indices of WX are Theorem 7. Let K. ff m, be a hat-complete bipartite graph then it’s
MZ-polynomial is

Bi(WH) =n(3n +179),
By(WH) = n(n? + 8n 4 173).

n

MY(KT  z,y) = nmy™ T2 [gm 2 4 g2
+ 2n(zy)?[(zy)™ + y™ + 1]
+ 2m(zy)?[(zy)" + y" + 1].

Proof. From Theorem 6, we have

M2(WH 2,y) = na"y™ > + nady™t3
+ 2nz°y® + 2n(zy)®
+ 2nz?y® + 2n(xy)?
D, M>(WH 2,y) = n?z"y" 3 + 5nadyn T3
+ 10n2°y® + 10n(zy)®
+ 4dnz?y® + 4dn(zy)?
DM (W, 2,5) = nln + 3)a"y™+
+ n(n + 3)z’y"+3
+ 16nz°y® + 10n(zy)°
+ 10n2?y® + 4n(zy)?
DD, MI(WH 2,y) = n?(n + 3)a"y"+

Figure 5. Kﬁm

+ 5n(n 4 3)z°y" 3 Proof. KT has 3(n+ m) vertices with degrees 2, n +2,m + 2
s 5 5 and 3(n—+m)+mnm edges with degrees 2, n+2, m+2,n+m+2
+ 80nz”y" + 50n(zy) as explained in Table 5.

+ 20nx?y® + 8n(zy)? d (vs)

3(n+m) “KEH
(Dy + Dy)M:(Wfa z, y)]z:y:l =n(3n+79) M:(Kfmv x, y) _ Z Z deTIZI,m(vi)ydKﬁm(ej)
[DID?!M:<W7{I7 x, y)]w:yzl = n(n2 =+ 8n + 173) i=1 j=1

— nmm+2 [myn+m+2 + 2ym+2]
It follows from Theorem 1 and Theorem 2, n mx"+2[ny"+m+2 i 2y"+2]

Bi(W,") = n(3n +79), + 2022 [y™ 2 + %] + 2ma® [y +

Bo(WH) = n(n? + 8n + 173).

n

— nmyn+m+2[mn+2 4 zm+2}

0 + 2n(zy)*[(zy)™ + v + 1]
+ 2m(zy)?[(zy)" +y" + 1.
0

JJoM | Jambura J. Math Volume 8 | Issue 1 | February 2026
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Corollary 5. The K Banhatti indices of K/, are

Bi(K[,) = 3(nm+8)(n +m) + 8nm,
Bg(Kﬁm) =nm|[(n+m)(n+m+8) + 32] + 24(n + m).

Proof. From Theorem 7, we have

MY ,0) = nnfa 257

2y me2)

+ 2n|(ay) " Py
+ (29)°] + 2m|(zy)"
+a%y" " (2y)’]

a,y) = nml(n + 2)z"F2ynim?
+ (m 4 2)2™ 2y
+2n[(m + 2)(zy) "

+ 222y 2 4 2(2y)?
+2m|[(n + 2) (zy)™+?
+ 222y 2 4 2(:cy)2]
D M”(Kfm, ,y) =nm[(n+m+ 2)x"+2
Yy T2 L (n+m o+ 2)

xm+2yn+m+2]

+ 2n[(m + 2) (zy) ™ +?

+ (m+2)2%y™ 2 + 2(2y)?

+2m|(n + 2)(zy)"*?

+ (n+2)z Zynt2 4 2(xy)2] s -0.75

D, D,MY(KF . z,y) =nm[(n+2)(n+m+2)

mn-§-2yn+m+2 4 (m 4 2)

(n+m+ 2)xm+2y"+m+2]

+ 2n[(m + 2)% ()2

+ 2(m 4 2)z2y™ 2 + 4(:cy)2}

+2m|[(n + 2)%(zy)" 2

+2(n + 2)x?y" 2 + 4(xy)2]
(D + Dy) MY (KX, 2, 9)]omy=1 = 3(nm + 8)(n + m) + 8nm

[D.D M”(Kfm, Z,Y))p=y=1 = nm[(n +m)(n+m+8)
+ 32| + 24(n+ m).

v H
D M'U(KH (a) Me (K107m:y)

n,m?

(b) M (C1o, 2, y)

M(STo, X, y)

It follows from Theorem 1 and Theorem 2,

B (Kfm) 3(nm + 8)(n +m) + 8nm,
Bz(Kgm) =nm[(n +m)(n+m+ 8) + 32] + 24(n + m).

D (C) M:(Sl%axay)

Figure 6. Plots of M?-polynomial of hat-graphs K{}, C{3,

In the following figures, Python has been used to plot M!- and ST
polynomials of the above mentioned graphs.
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MYUW, X, y)

(a) M (W15, 2,y)

ME(KE 10, x,y)

(b) M:(Kfflmmvy)

Figure 7. Plots of MZ-polynomial of hat-graphs Wi} and

H
Ky

4. Conclusion

In this paper, we introduced a new version of the M-
polynomial based on vertex-edge comparison and applied it to
some hat-graph: hat-complete, hat-cycle, hat-star, and hat-wheel
and hat-complete bipartite graphs. Using this formulation, we
obtained the proposed M ?-polynomials and derived closed for-
mulas for their k Banhatti indices. These results extend existing
work on hat-graphs and show that the proposed M!-polynomial
offers an effective tool for computing ve-indices. Future work
may apply this approach to other graph classes or explore its po-
tential applications in chemical and network structures.
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