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ABSTRACT. A lattice is a discrete subgroup of n-dimensional Euclidean space that serves as a fundamental object of
study in Algebra and the Geometry of Numbers. This structure has significant applications in various fields, particularly
in lattice-based cryptography and coding theory. This paper aims to present the formal construction of lattices for
n-dimensional Euclidean space R™ and its linear subspaces by analyzing the formal definitions and essential properties
of lattices. The main results of this research lie in two main results which are presented in several propositions. First,

the set Z™ of standard integer points is proven to be a lattice in n-dimensional space with respect to the standard
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standard basis constructions.

basis of V' C R™. Second, the set of integer points whose last component is zero is proven to be a lattice within
(n — 1)-dimensional non-trivial subspaces. Indeed, in this case, the obtained lattice is not equal to Z™. Moreover, it
also discussed the lattices of a non-standard basis for V. Explicitly, this work contributes a rigorous formal verification
that integer structures within subspaces, such as Z™~* x {0}, retain fundamental lattice properties even under non-

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of [JoM: Department of Mathematics, Uni-
BY _NC versitas Negeri Gorontalo, Jin. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction

The Euclidean space R"™ is one of the most fundamental
mathematical objects studied in linear algebra and geometry. Al-
though this space is continuous, the study of its discrete sub-
groups has opened up a field of research known as the Geometry
of Numbers [1]. This field studies the interaction between con-
vex bodies and discrete structures and provides a framework for
analyzing geometric and arithmetic properties [2]. Central to this
field is the concept of a lattice, which can be understood as the
set of linear combinations of a linearly independent set in the
Euclidean space R™ whose coefficients are all integers.

Formally, a lattice L in R™ is defined as the set of all in-
teger linear combinations of a set of linearly independent basis
vectors [3]. Furthermore, when L. C R", it is called a lattice
in R™. The practical importance of lattices has grown in recent
decades, particularly due to their applications in computer sci-
ence and engineering [4]. In modern cryptography, the security
of most post-quantum cryptographic schemes, including frame-
works such as Learning with Errors (LWE) and NTRU-based sys-
tems, relies on the assumed computational difficulty of lattice
problems, such as the Shortest Vector Problem (SVP), to with-
stand potential quantum-computing attacks [4-7]. The urgency
of lattice research has intensified following the National Institute
of Standards and Technology (NIST) post-quantum cryptography
standardization process. Recently, lattice-based algorithms such
as ML-KEM and ML-DSA have been finalized as global standards
due to their robust security and efficiency [8, 9]. These schemes
utilize module-lattice structures to achieve an optimal balance
between key size and computational speed [10, 11]. Besides
cryptography, lattices are fundamental to coding theory for de-
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vising efficient error-correcting codes [12], particularly for secur-
ing next-generation wireless networks such as 6G [13].

Although lattices have various advanced applications, the
formal construction of a lattice remains a necessary first step.
Therefore, this paper focuses on the formal construction and ver-
ification of lattice properties in R™ and its subspaces. The first
objective is to formally prove that the set Z™ satisfies the defini-
tion of a lattice in R™. Subsequently, the analysis is extended to
a linear subspace V' C R™. In addition, this study demonstrates
how the set Z"~! x {0} can be constructed and proven to be a
lattice within the chosen subspace

V= Span{el,eg, €3,..., en_l},
where {e;} represents the standard basis vectors.

While classical references such as [1] or [3] establish the
general theory of the geometry of numbers, the explicit construc-
tion of lattices within specific linear subspaces is often treated
summarily. This paper complements these standard works by
contributing a structured and pedagogical exposition focused
specifically on foundational lattice constructions in Euclidean
spaces and their subspaces.

2. Methods

This study uses both a literature review and a theoretical
and analytical approach based on linear algebra and the geometry
of numbers to explore the concept of lattices. The research aims
to provide a clear understanding of how lattices are constructed
in R™. Before presenting the findings, the theoretical framework
that supports the study and outlines the key ideas and definitions
necessary for understanding the results is discussed.
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space V. Aset S = {v1,v9,...,v,} is said to span V
Definition 1. [14] A vector space V' over a field I is a com- if every v € V can be written as a linear combination of
mutative group (V, +) whose elements are called vectors, 1,02, ., vp. This is denoted by V = Span(S).
with a distinguished element of V', denoted by 0 and called
the zero vector, together with a scalar multiplication of vec-
tors by elements of I satisfying the following conditions.

Forallu,v € V andall o, 5 € F, 1 0

1. aweV, Example 3. The set S = {(O) : (1>} spans the vector

2. lv=v, space V = R?2 because every v € V can be written as a

3. Ov=0, linear combination of these vectors.

4. a(u+v) =au+ av,

5. (a+pB)v=av+ P,

6. (af)v = a(pv).
Definition 5. [14] A collection of vectors vi,vs,...,v, is

A vector space over R is called a real vector space. The Il 9 [ llnejnrly mdependen't if whenever c1u1 + cpu; +

-+ + cpv, = 0, then necessarilyc; =co =--- =¢, =0.

vector spaces R are usually referred to as the n-dimensional
Euclidean space. In this paper, V refers to a real vector space
over R.

Definition 2. [14] A subspace of a vector space V is a sub-
set U C V for which U is a vector space using the same
operations of addition and scalar multiplication defined on
V.

Example 4. The set S = { (é) , <(1)) } is linearly indepen-

dent because the equation ¢y (é) + o (?) = 0 is satisfied

onlyifc; = 0 and c; = 0.

Lemma 1.[14] A nonempty subset U C 'V of a

vector space V is a subspace of V if and only if Peﬁmtlon o fi] A& set. O RS {U.l’v27 Y U".}
in a vector space V is called a basis for V if

e hiEneEr i, vy € U Bl w 4wy € U 1. v,v v, are linearly independent
2. whenever o € F'and u € U, then au € U. ’ 17250 T y P ’ The number

2. Span{vy,va,...,v,} =V.
of vectors in a basis is called the dimension of V.

Example 1. The set W = {(a,0) | @ € R} is a subspace of

the vector space R?, while the set X = {(a,1) | a € R} is 1 0
not a subspace of R?. Example 5. The set § = {(O) - <1>} is a basis for R?

because it is linearly independent and Span(S) = R2.

Definition 3. [15] Let vy, vs,...,v, be vectors in a vector
space V. A vector v is §a1d to be a linear combination of Definition 7. [16] Let {v1, va, ..., v} } be a linearly indepen-
v1, V3, ..., U, if there exist scalars ¢y, ca, . .., ¢, such that v

X dent set of vectors in R™ and let
can be written as v = ¢1v1 + coUy + - -+ + Cp UL,

V= <1}1,1}2,...,1}k>

be the vector subspace of R™ spanned by these vectors. The

1 2 . . . .
Example 2. Let v; = < ),vg _ ( ) be vectors in a vector lgttlce L gepera}ted by v1,va, ..., U conS}sts of all integer
2 3 linear combinations of these vectors, that is,

4\ . .. .
space V. Avector v = ( is a linear combination of vy, vy

7
because there exist scalars ¢; = 2 and ¢ = 1 such that

L = {pivi +pava+-- -+ prvx | p; €Z}.

1 2
v =20 +vy =2 9 + 3/
A lattice in R™ is a subset . C R™ which is generated by some
set of linearly independent vectors in R™.

Definition 4. [15] Let vy, vs,...,v, be vectors in a vector 3. Results and Discussion

The results of this research are presented in the form of
propositions describing the construction of lattices within R™
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and its subspace. Before detailing the proofs, it is crucial to note
the mathematical significance of these structures: they demon-
strate how lattice properties, such as full-rank or non-full-rank,
are preserved or altered when restricted to specific linear sub-
spaces. The first results stated in Proposition 1 and Proposi-
tion 2, which describe the construction of lattices from non-trivial
proper subspaces with respect to the standard basis, are pre-
sented below. Specifically, in Proposition 1, it is proved that the
lattice Z" is generated by the standard basis of R™.

Proposition 1. Let R™ be a vector space over R with the standard
basis S = {e1, ea,...,en}, where
0
0
€e; = 1
0
0
with 1 in the i-th component and 1 < i < n. Then Z" is a lattice
in R™.

Proof. By Definition 6, S is a standard basis of R™ such that S
is a set of linearly independent vectors that spans R™. By Def-
inition 4, choose V. = R™ = Span S. Then, by Definition 7, a
lattice L is defined as the set of all integer linear combinations
(Definition 3) of the vectors in S:

L = {pie1 + pres +pses + -+ ppe, | p; € Z}

p1 0 0 0
0 P2 0 0
0 0 P3 0
= A I I I i R B S o p; €L
0 0 0 0
0 0 0 Dn
P1
D2
= b3 pi €L, =7" CR"
Dn

Thus, Z" is a lattice in R", as it is generated by the integer
linear combinations of the linearly independent standard basis
vectors in S.

O

As a consequence, based on the fact that R™® ~ M (n, R), a
lattice for M (n, R) is also obtained, which will be proved using
Proposition 1.

Proposition 2. Let M (n, R) be a vector space over R with the
standard basis S = {E11, Eva, ..., Ev1p, ..., Eny}, where E;;
denotes a matrix consisting of 1 in the (i, j)-th entry and 0 else-

I where. Then, 77" is a lattice in R™".

Proof. Let us construct the map defined by
¢ M(n,R) 3 A= (a;;) = v=_(ai,...,anm) € R".

This map 1) is a vector space isomorphism, which implies that the
underlying vector space is isomorphic to R™ and has dimension
n?. However, from Proposition 1, it is obtained that a lattice L
can be constructed based on Definition 7 as

L= {puan + pi2aiz + p13ais + -+ Panlnn | Pi; €2, 1 < 4,5 < n}

P11 0 0 0 0
0 P12 0 0
0 0 P13 Pin 0
= . + + . + -+ +---+
0 0 0 0 0
0 0 0 0 Pnn

pij €Z, 1 <1i,j <n}

p11
P12

2 2
=S| P3| |p€Z,1<i,j<ny=27"" CR".

nn

Thus, Z" is a lattice in R™”, as it is generated by the integer
linear combinations of the linearly independent standard basis
vectors in S. O

The second result is stated in Proposition 3, provides lattice
constructions for subspaces of the Euclidean space R".

Proposition 3. Let R™ be a vector space over R with a set

0

S:{€1,62,...76n71}, € =

O = O

0
where 1 is in the i-th component and 1 < i < n — 1, whichis a
linearly independent set in R™. Let

V = {(al,ag, 800 ,an,l,O) | a; € R} CR™.

Then, Z" =1 x {0} ~ Z"~ 1 is a lattice. However, since this lattice
has rank n — 1, it is not a full-rank lattice in R™.

Proof. By Definition 5, S is linearly independent in R™. Choose
V = Span S, which is

V = {(al,ag,ag, . ,an,hO) | a; € R} - an
according to Definition 2. Then, a lattice L is defined by

L={V =piei +pres +pses+ -+ Dn_1n_1|p;i €Z}

JJoM | Jambura J. Math
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p1 0 0 0
0 P2 0 0
0 0 p3 0
= aull NP Nl P IR o [ pi€Z
0 0 0 Pn—1
0 0 0 0
b1
D2
D3
= . piEZ
Pn—-1
0

=ZXZXZLx---xZx{0}
=7t x {0} =7 CR"

Thus, Z" ! is also a lattice, as it generated by the integer
linear combinations of the linearly independent standard basis
vectors in S. O

Next, the discussion turns to detailed examples illustrat-
ing the process of constructing lattices in R™. These examples
aim to demonstrate the practical application of the theoretical
results presented in the preceding propositions and to provide
a concrete understanding of how lattices can be systematically
generated.

Example 6. In this example, it is constructed a lattice with
respect to non-zero trivial subspace with standard basis in
R2.

By Definition 1, let R? be a vector space over R. Then,

choose
. 1\ 0
5={a= (o)== (1)}

a standard basis of R? and V = R? = span S. Then, the
lattice is given by

L = {p101 + p20> | p1,p2 € Z}

-{(8)+(2)|pme7]
~{() |poreez)

= 72.

Example 7. In this example, it is constructed a lattice with
respect to non-zero trivial subspace with standard basis in
R3.

Let R? be a vector space over R. Then, choose

a standard basis of R? and V' = R3 = span S. Then, the
lattice L is defined by

L = {p1V1 + p2ia + p3¥s | p1,p2,p3 € Z}

P1 0 0
= O+ |p2|+1|0 p1,P2,p3 €Z
0 0 D3
b1
= p2 | | p1,D2,p3 €Z
p3

= 73.

In addition, besides constructing lattices with respect to
non-zero trivial subspaces using the standard basis in R", it is
also possible to construct lattices with respect to non-zero trivial
subspaces using a non-standard basis. The following two exam-
ples illustrate lattices constructed with respect to non-zero trivial
subspaces using non-standard basis in R? and R3.

Example 8. In this example, it is constructed a lattice with
respect to non-zero trivial subspace with non-standard basis
in R2.

Let R? be a vector space over R. Then, choose

=) O

a basis of R? and V = R? = span S. Then, the lattice L is
defined by

L = {p1%1 + p2Us | p1,p2 € Z}
p1 2p2
= p2 € Z
L)+ () |2
D1+ 2p2
= P2 EZL .
{(2p1+3p2) ’pl P }
Indeed L C Z2. To prove that Z? is contained in L, let

<k1> € 72 and let
ko

p1+ 2p2 k1
= <
<2p1 + 3p2> (k‘Q)

Therefore, it is obtained that

p1 = —3k1 + 2ks,
P2 = 2k1 — ko,

are contained in Z. In other words, (Zl) € L. Thus, L can
2
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be defined by

k
b {<k;> ‘ ky = p1 + 2p2, kz = 2p1 + 3pe, k1, k2, p1, P2

€EZ}Y=ZxT=7°

Example 9. In this example, it is constructed a lattice with
respect to non-zero trivial subspace with non-standard basis
in R3,

Let R? be a vector space over R. Then, choose

a linearly independent set of vectors in R? and

a
V= b
0

a,be R} CR3.

By Lemma 1, V is a subspace of R? (Definition 2). Here,

1\ /0
v:<s>:< 0], (1 >
0/ \o

Then, the lattice L is defined by

L = {p101 + p202 | p1,p2 € Z}

D1 0
= O+ |p2]| |Psp2€Z
0 0
D1
= p2 | |P1,p2 €EZ
0

=7 x 7 x {0} = 72

Example 10. This example demonstrates a set that is not a
lattice. Consider the set
a € IR} .

+=10)

To show that A is not a lattice, let

!

be a linearly independent set of vectors in R?, and let

V = {(a,0) | a € R} C R?, V:<<(2))>

The lattice L is defined by

L:{p1v1|pleZ}:{<2gl) ‘pleZ}.

Choose
u= (é) € A.

Equating u to an arbitrary element of L yields

(2522 ) (o)

p1 =

N =

1
Since 3 ¢ Z, it follows that w ¢ L. This implies that the set
A is not a lattice.

4. Conclusion

This paper has presented the formal construction of lattices
in the Euclidean space R™ and its linear subspaces. The study has
focused on the fundamental constructions that serve as a foun-
dation for further research on lattices. Based on the discussion,
two main conclusions can be drawn. The set Z™ has been proven
to be a lattice in R™ which is shown by defining it as the set
of all integer linear combinations of the standard basis vectors
{e1,ea,¢€3,...,e,}. Moreover, the set Z"~! x {0} has also been
proved to be a lattice within the (n — 1)-dimensional subspace
V = Span{ey,eq, e3,...,e,_1}. This shows how lattices can be
constructed within subspaces of a lower dimension than the am-
bient Euclidean space.

However, this study is currently limited to Euclidean set-
tings. To address these limitations, future research can explore
applications in discrete geometry or extend these formal con-
structions to non-Euclidean settings to further test the general-
izability of the proposed framework.
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