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ABSTRACT. Let R be a ring. A derivation on a ring is an additive map that satisfies the Leibniz rule d(ab) =
d(a)b+ad(b), forevery a,b € R. Aderivation d on a ring R is called a nilpotent derivation if there exists a natural
number n such that d™ (R) = 0. This research studies nilpotent Jordan derivations on 2-torsion free semiprime rings.
Motivated by the results of Bresar, Chung, and Luh on Jordan derivations and nilpotent derivations, the study aims
to analyze their nilpotency patterns and the behavior of inner derivations generated by nilpotent elements. Using a

deductive literature-study approach through mathematical proofs and examples, we show that if d*™(R) = 0 for

KEYWORDS
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some n € N, then d*"~'(R) = 0. Consequently, every nonzero nilpotent Jordan derivation has an odd nilpotency
index. In addition, for a nilpotent element P € R with nilpotency index n, the inner derivation d,(z) = [p, ]
is nilpotent with nilpotency index at most 2n — 1. These results contribute to a deeper understanding of derivation
structures on 2-torsion free semiprime rings.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of [JoM: Department of Mathematics, Uni-

BY NC

1. Introduction

The study of derivations plays a fundamental role in ring
theory and noncommutative algebra. A derivation on a ring can
be viewed as an algebraic analogue of differentiation in calculus
and is characterized by the well-known Leibniz rule [1]. Since
their introduction, derivations have become an essential tool for
investigating the internal structure of rings, particularly in rela-
tion to ideal structure, commutativity conditions, and polynomial
identities. Consequently, the theory of derivations has devel-
oped into one of the central topics in modern algebra.

Classical results have revealed that the behavior of deriva-
tions is strongly influenced by the structural properties of the un-
derlying ring. For instance, investigations on commutator identi-
ties in simple rings carried out by Herstein [2] showed that certain
nilpotency phenomena arise naturally in connection with com-
mutator operations. These ideas motivated further studies on
the interaction between derivations and nilpotent behavior in
rings. In particular, Chung and Luh [3] studied nilpotent deriva-
tions and proved that on a 2-torsion-free semiprime ring the
nilpotency index of a nilpotent derivation must be an odd inte-
ger. This result highlights the restrictive influence of semiprime
and 2-torsion-free conditions on the behavior of derivations.

Another important generalization of derivations is the Jor-
dan derivations. A Jordan derivation is an additive mapping satis-
fying the Jordan identity d(z?) = d(z)x + xd(z) for every x in a
ring. Although this condition is formally weaker than the Leibniz
rule, Jordan derivations often coincide with ordinary derivations
under suitable structural assumptions. A fundamental result in
this direction was obtained by Bresar [4], who proved that every

*Corresponding Author.

Email : fitriani.1984@fmipa.unila.ac.id (F. Fitriani)
Homepage : http:/ejurnal.ung.ac.id/index.php/jjom/index / E-ISSN : 2656-1344
© 2026 by the Author(s).

versitas Negeri Gorontalo, Jin. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

Jordan derivation on a 2-torsion-free semiprime ring is in fact a
derivation. This theorem reveals a deep structural connection
between Jordan identities and the classical derivation property.

Over the past decades, derivation theory has expanded
considerably and has been investigated in a wide variety of al-
gebraic structures. For instance, Ern [5] examined the role of
derivations in the structural analysis of factor rings, highlight-
ing how derivations can reflect important properties of ring quo-
tients. Generalizations of derivations have also been introduced
in different module settings; for example, Fitriani [6] studied
f-derivations on polynomial modules and demonstrated how
derivation-type mappings can be extended beyond classical ring
structures. More recent investigations have emphasized that
the behavior of derivations is strongly influenced by the un-
derlying algebraic framework [1, 7|. In particular, derivations
and related mappings have been explored in several specialized
systems, including skew generalized power series modules (8],
polynomial rings with nil derivations [9], (o, 7)-derivations on
group rings [10], and (a/, 8)-derivations on polynomial rings
KC[z] [11]. These studies illustrate that derivation theory contin-
ues to evolve through various generalizations and applications in
modern algebra.

Closely related to the theory of derivations, considerable
attention has also been devoted to Jordan-type mappings and
their generalizations. Jordan derivations arise naturally as a
weaker form of derivations and have been extensively stud-
ied in various algebraic structures. For instance, Hongan and
Rehman [12] investigated generalized Jordan *-derivations on
semiprime rings with involution. Further generalizations have
been studied in semiprime I"-rings [13], prime rings through gen-
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eralized Jordan centralizers [14], and higher-order Jordan deriva-
tions [15]. Additional developments include centrally extended
Jordan derivations [16], Jordan homoderivations on prime rings
[17], and generalized Jordan derivations in arbitrary rings [18].
More recent contributions continue to extend the framework
of Jordan-type mappings to broader algebraic contexts [19-25].
These studies confirm that Jordan derivations remain an active
area of research in ring theory.

Besides Jordan derivations, the study of nilpotent deriva-
tions has also attracted considerable attention. Nilpotent deriva-
tions are closely related to the structure of rings, especially with
respect to the generation of ideals and the stability of algebraic
systems. For example, Hattori and Kojima [26] investigated rings
whose nilpotent elements arise from monomial derivations on
polynomial rings. Similarly, studies on locally nilpotent deriva-
tions have revealed important structural properties of polynomial
algebras [27, 28|. These works indicate that nilpotent derivations
play a crucial role in understanding algebraic structures and their
invariants. However, relatively little attention has been devoted
to the behavior of nilpotent mappings arising from Jordan deriva-
tions, particularly in the context of semiprime rings.

Despite the extensive research on derivations and Jor-
dan derivations, the interaction between Jordan derivations and
nilpotent derivations has not been systematically investigated in
the context of 2-torsion-free semiprime rings. Existing studies
typically examine either the structural characterization of Jordan
derivations or the properties of nilpotent derivations separately.
However, the combination of two classical results, namely Bre-
sar’s theorem on Jordan derivations [4] and the result of Chung
and Luh on nilpotent derivations [3], suggests that a deeper rela-
tionship between these two types of mappings may exist under
the 2-torsion-free semiprime condition

Motivated by this observation, this paper investigates the
relationship between Jordan derivations and nilpotent deriva-
tions on 2-torsion-free semiprime rings. In particular, we ana-
lyze the consequences of combining the structural characteriza-
tion of Jordan derivations with the odd nilpotency property of
derivations. The main result shows that if a Jordan derivation on
a 2-torsion-free semiprime ring is nilpotent, then its nilpotency
index must be an odd integer. Furthermore, several examples
are provided to illustrate the theoretical results and to clarify the
role of the semiprime and 2-torsion-free conditions in determin-
ing the behavior of such derivations.

The results obtained in this paper contribute to a better
understanding of the structural interaction between Jordan iden-
tities and nilpotent behavior in rings. They also provide addi-
tional insight into how classical results in derivation theory can
be combined to yield further properties of algebraic mappings
on semiprime rings.

2. Preliminaries

This section presents several basic concepts and prelimi-
nary results that will be used throughout the paper. In particu-
lar, we review fundamental notions related to rings, semiprime
rings, 2-torsion-free rings, derivations, and Jordan derivations.
These concepts form the theoretical foundation for the results
developed in the subsequent sections. The definitions and clas-
sical results used in this paper follow standard references in ring

theory such as (2, 4, 5, 29].

2.1. Rings and Semiprime Rings

We begin by recalling the definition of a ring and some re-
lated concepts that are essential for the discussion in this paper.

Definition 1. [29] Let R be a nonempty set equipped with
two binary operations + and -. The structure (R,+,-) is
called a ring if the following conditions hold:
1. (R,+) is an Abelian group;
2. multiplication is associative, that is, (a-b)-c = a- (b-¢)
forall a,b,c € R;
3. the distributive laws hold:

a-(b+c)=a-b+a-c, (a+b)-c=a-c+b-c

forall a,b,c € R.

Furthermore, it is conventional to write ab instead of a - b.
We now review one important class of rings frequently studied
in derivation theory, namely semiprime rings.

Definition 2. [4] A ring R is called a semiprime ring if for any
a € R,
aRa = {0} = a = 0.

Equivalently, R contains no nonzero nilpotent ideals.

Another structural condition used in this study is the notion
of a 2-torsion-free ring.

Definition 3. [4] A ring R is said to be 2-torsion-free if
20=0=a=0

for every a € R.

The assumptions that the ring is semiprime and 2-torsion-
free play an important role in establishing several properties of
derivations and Jordan derivations.

Now, we review the definition of a nilpotent element in a
ring.

Definition 4. [30] Let R be aring with identity and leta € R.
The element a is said to be nilpotent if a” = 0 for some
n € N.

2.2. Derivations and Jordan Derivations

In ring theory, derivations are algebraic mappings that gen-
eralize the notion of differentiation in calculus.

Definition 5. [5] Let R be a ring. A mappingd : R — R is
called a derivation if it satisfies

1. d(a+b) = d(a) + d(b) forall a,b € R;

2. d(ab) = d(a)b+ ad(b) for all a,b € R.

JJoM | Jambura J. Math
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A related concept is the Jordan derivation, which satisfies
a weaker condition involving squares of elements.

Definition 6. [2] Let R be a ring. An additive mapping d :
R — R is called a Jordan derivation if

d(a?) = d(a)a + ad(a)

for every a € R.

Now, we review the definition of a nilpotent derivation on a ring
R.

Definition 7. [1] A derivation d defined on a ring R is said to
form a nilpotent derivation if d*(R) = 0 for some natural
number n.

The relationship between derivations and Jordan deriva-
tions has been widely studied in ring theory.

Theorem 1. [4] Let R be a 2-torsion-free semiprime ring. Then
every Jordan derivation on R is a derivation.

This result plays an important role in the study of Jordan
derivations on semiprime rings and serves as one of the main
theoretical references in this paper.

2.3. Research Procedure

This research is conducted using a theoretical and
literature-based approach. Various references related to ring the-
ory, semiprime rings, and derivation theory are examined in or-
der to establish the theoretical framework of the study. Based
on these foundations, the properties of Jordan derivations on 2-
torsion-free semiprime rings are analyzed using deductive math-
ematical reasoning.

The main steps of the research are summarized as follows:

1. analyzing the relationship between Jordan derivations and
derivations on 2-torsion-free semiprime rings through math-
ematical proofs;

2. examining the obtained results within the framework of
semiprime rings;

3. providing illustrative examples to support the theoretical re-
sults obtained in this study.

3. Results and Discussion

It is well known that every Jordan derivation on a 2-torsion-
free semiprime ring is a derivation [4]. The following example
illustrates this phenomenon in the matrix rings.

Example 1. Consider the ring M(R) of all 2 x 2 real matri-

ces,
M(R) = {[‘CL Z] | a,b,c,d € R}.

It is well known that M3 (R) is a semiprime ring and is 2-
torsion-free. Define a mapping d : M>(R) — M>(R) by the

inner derivation

d(X)=[P,X] = PX — XP,

where
0 0
p=[0
We show that d satisfies the Jordan identity and hence is a
derivation.
i. Let

X = [i Z] € My(R).

Since every inner derivation satisfies the derivation
identity, it follows that

d(X?) =d(X)X + Xd(X),

and therefore d is a Jordan derivation.
ii. Let

X:[z b}, Y:E f]eMg(R).

We verify the derivation identity
d(XY)=d(X)Y + Xd(Y).
First,

d(XY)=P(XY) - (XY)P

_ [0 0] [ae+bg af +bh _|lae+bg af +bh
|1 0] [ce+dg cf +dh ce+dg cf +dh
[ o 0 ] [af+bh 0

~ lae+bg af +bh cf+dh 0

] —(af + bh) 0

~ |(ae+bg) — (cf +dh) af +bh|"

woresan—(8 3 5 Dk 4
e AL Ak
L

_[ —(af + bh) 0 }
"~ |(ae+bg) — (c¢f +dh) af +bh|"

U

Thus,
d(XY)=d(X)Y + Xd(Y),

which shows that d is a derivation on M(R).

This example illustrates that, in a 2-torsion-free semiprime

ring such as M5(R), a Jordan derivation indeed coincides with
a derivation. In a semiprime 2-torsion-free ring, the nilpotency
index of a derivation cannot be even. More precisely, Chung and
Luh (3] proved that if a derivation d satisfies

d*"(R) =0

JJoM | Jambura J. Math
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for some positive integer n, then it necessarily follows that
d*"~Y(R) = 0.

Thus, the nilpotency index of a nilpotent derivation on a
semiprime 2-torsion-free ring must be an odd integer. Moreover,
the assumptions that the ring is semiprime and 2-torsion free are
essential for this conclusion. In the previous example we illus-
trated the construction of a derivation on a matrix ring. In the
following example we further analyze such a derivation and show
that its nilpotency behavior is consistent with the result of Chung
and Luh.

Example 2. Let M5(R) be the ring
M® =1|% % abeder
2 - c d a, 0, ¢, .

Define the inner derivation d : Ms(R) — M>(R) by

d(X)=[P,X] =PX - XP,

where
0 0
P—[l 0]
Let }
a b
X:_C d:|EM2(R).
Then
[0 0] [a ® a b||0 O
d(X)__1 0] L d}_{c d} [1 0]
_[o o] [b o0
~|a b d 0
__—b 0
7_a—d b|”

Next, we compute the second iterate of d:

d*(X) = Pd(X) — d(X)P

o oo | P P
=[5 o -2 4

- :—02b 8} '

Similarly, the third iterate satisfies

d*(X) = Pd*(X) — d*(X)P
= B

e

Hence d®(X) = 0 for every X € M;(R), and therefore
d®> = 0. This shows that d is a nilpotent derivation with
nilpotency index 3.

Since 3 = 2n — 1 for n = 2, the nilpotency index is an
odd integer. Consequently, this example illustrates the re-
sult of Chung and Luh [3], which states that for derivations
on semiprime 2-torsion-free rings, the nilpotency index can-
not be even.

The previous example illustrates the behavior of nilpotent
derivations on a semiprime 2-torsion-free ring. In this class of
rings, Jordan derivations exhibit an even stronger structural prop-
erty. It is well known that every Jordan derivation on a 2-torsion-
free semiprime ring is actually a derivation. On the other hand,
Chung and Luh [3] proved that nilpotent derivations on such rings
necessarily have odd nilpotency index. By combining these two
fundamental results, we obtain the following theorem.

Theorem 2. Let R be a 2-torsion-free semiprime ring and let
d : R — R be a jJordan derivation. If d is nilpotent, then the
nilpotency index of d is odd. In particular, for every n € N,

d*(R)=0 = d* '(R) =0.

Proof. Let R be a 2-torsion-free semiprime ring and letd : R —
R be anilpotent Jordan derivation. By a result of Bresar [4], every
Jordan derivation on a 2-torsion-free semiprime ring is a deriva-
tion. Hence d is a derivation on R.

Since d is assumed to be nilpotent, there exists a positive integer
k such that d*(R) = 0. Applying the result of Chung and Luh [3],
we obtain that for every n € N,

I’"(R)=0 = d*"(R)=0.

Therefore, the nilpotency index of d must be an odd integer. This
completes the proof. O

Theorem 2 shows that every nilpotent Jordan derivation
on a 2-torsion-free semiprime ring must have an odd nilpotency
index. We now present an example that illustrates this result
concretely. In particular, we construct an inner derivation on a
matrix ring and show that it is nilpotent with an odd nilpotency
index.

Example 3. Let R be the ring of all 3 x 3 real matrices, namely

a1l a2 ais
R = Mg(R) = a1 a922 as3
a3l asz2 ass

aijER, 1<4,57<3

Define the mapping d : R — R by
d(X)=[P,X]=PX - XP,

where

B

Il
o O O
o O =
o = O
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Observe that P is nilpotent of index 3, that is, P3 = 0 but
P2 0.
(i) We first show that d is a Jordan derivation. Let X € R.
Then
d(X?) = PX? - X*?P.

On the other hand,

d(X)X 4+ Xd(X) = (PX — XP)X + X(PX — XP)
= PX? - XPX + XPX - X?P
= PX?-X?%P.

Hence

d(X?) = d(X)X + Xd(X),

so d is a Jordan derivation.
(ii) Next we show that d is a derivation. For any X, Y € R
we compute

d(XY) = P(XY) — (XY)P

= (PX)Y — X(YP)
= (PX)Y — X(PY) 4+ X(PY —YP)
= (PX — XP)Y + X(PY —YP)

= d(X)Y + Xd(Y).

Thus d satisfies the derivation property.

(iii) Finally we examine the nilpotency of d. Since P is nilpo-
tent, repeated commutators with P eventually vanish.
A direct computation gives

d(X)=PX - XP

az1 —ai1 +age —ai2 + a3
= |a3s1 —a21 +asz —age t+ass|,
0 —as1 —aso

d*(X) = d(d(X)) = P(d(X)) - (d(X))P

az1  —2as1 +azz ail — 2asz2 + ass
=10 —2a31 a1 — 2a32 5
L 0 0 aszq

d*(X) = d(d*(X)) = P(d*(X)) - (d*(X))P

[0 —3&31 3a21 — 3&32
=10 0 3&31 9
0 0 0

d*(X) = d(d*(X)) = P(d*(X)) — (d*(X))P
0 0 6as

=10 0o o |,
00 0

d°(X) = d(d*(X)) = P(d*(X)) - (d*(X))P = 0.

A direct computation shows that for every X € R
d’(X) =0.

Hence d is a nilpotent derivation with nilpotency index
5. According to Theorem 2, if d>® = 0 then d?"~! = 0,
which implies that a nilpotent derivation cannot have
an even nilpotency index. As shown in our computa-
tions, d* # 0 while d®> = 0.
Therefore, d is both a Jordan derivation and a derivation on
Ms(R). Moreover, d is nilpotent with odd nilpotency index
5, which is consistent with Theorem 2.

As a consequence of Theorem 2, the following result follows.

Corollary 1. Every nilpotent derivation on a 2-torsion-free
semiprime ring has an odd nilpotency index.

222

Proof. Since every nilpotent derivation d is, in particular, a nilpo-
tent Jordan derivation, it follows from Theorem 2 that the nilpo-

tency index of d is odd.

O

Corollary 1 states that every derivation that is also a Jordan
derivation on a torsion-free semiprime ring of order 2 is nilpo-
tent, and its nilpotency index must be an odd integer. The fol-

lowing example provides a concrete illustration of this result.

Example 4. Let R = M3(R) be the ring of all 3 x 3 real
matrices. To illustrate the corollary, we construct a mapping
d : R — R that satisfies the Jordan identity.

Let
di1 diz dis
X = |do1 doo d23 € R.
d31 d3a d33

Define the mapping d : R — R by

dyy  doo —dy1  daz —di2
d(X) = |d31 ds2 —da1 dzz —da
0 —ds3q —d32

The mapping d defined above is additive on R. Moreover,
by Example 3, it satisfies the Jordan identity
d(X?)=d(X)X + Xd(X), X€eR,

and therefore d is a Jordan derivation on R.
Next, we examine the nilpotency of d by computing succes-
sive iterations of the mapping. A direct computation gives

dor  dao —di1  daz — dia
d(X) = |d31 dsa—do dsz—doa|,
| 0 —ds; —ds2
d31  dszz —2da1  dzz — 2dap + d1y
d? (X) =10 —2d31 —2d39 + do1 ,
0 0 ds
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0 —3dz1 —3dsz2 + 3d21
e(X)=10 0 3d31 ,
10 0 0
[0 0 6ds;
d(X)=10 0 0 |,
0 0 0
[0 0 0
d(X)=10 0 0
0 0 0
Hence d°(X) = Oforall X € R. By definition, the condition
d*(X) # 0 implies that d3(X) is also not zero. Therefore, d
is a nilpotent Jordan derivation with nilpotency index of 5.
Since 5 is an odd integer, this example confirms Corollary 1.

Example 4 shows that the nilpotency index of a nilpo-
tent Jordan derivation on a 2-torsion-free semiprime ring is odd,
namely 5. This observation is consistent with Corollary 1.

Furthermore, Theorem 2 implies that on a 2-torsion-free
semiprime ring a Jordan derivation cannot have an even nilpo-
tency index. In particular, if a Jordan derivation d satisfies d = 0,
then by Theorem 2 we obtain

1t =d=0.

Thus, there exists no nonzero nilpotent Jordan derivation of in-
dex 2 on a 2-torsion-free semiprime ring. This fact is stated in
the following corollary.

Corollary 2. Let R be a 2-torsion-free semiprime ring and let d :
R — R be ajordan derivation. If d>(R) = 0, then d(R) = 0.

Proof. Assume that d(R) = 0. Then for every x € R we have
d*(x) = 0.

Since d is a Jordan derivation on a 2-torsion-free semiprime ring,
Theorem 2 implies that

d*"(R)=0=d*""(R)=0
for all n € N. Taking n = 1, we obtain
d(R) = 0.
Hence d(z) = 0 for all z € R, and therefore d = 0. O

It should be noted that Corollary 2 relies essentially on the
assumptions that the ring is semiprime and 2-torsion free. If ei-
ther of these conditions is removed, the conclusion of the corol-
lary may fail. In particular, there may exist a nonzero Jordan
derivation that is nilpotent of index 2. The following example
illustrates this situation.

Example 5. Let

R=UTy(R) = Hg ﬂ |a,b,ceR}

be the ring of all 2 x 2 upper triangular matrices over R.
The ring R is not semiprime. Indeed, consider the subset

N_Hg 8} IbeR}.

It is easy to verify that IV is a nonzero ideal of R satisfying
N? = 0. Hence R is not semiprime.

Let
0 1
P[0 en
and define a mapping d : R — R by

d(X)=[P,X]=PX - XP, X eR.

Since d is an inner derivation, it is both a derivation and a
Jordan derivation.

For an arbitrary element

a b
x=[2 Jen
we compute
0 ¢ 0 a
x=0 . xe=]) g
Hence

0 c—a
d(X)_PX—XP_[O 0 ]
If ¢ # a, then d(X) # 0, and therefore d is a nonzero map-

ping.
Next we compute the second iterate:

d*(X) = d(d(X)) = [P, d(X)].

Since every matrix of the form d(X) has zero diagonal en-
tries, we obtain

Pd(X) = d(X)P = [8 8} .

Thus
d*(X) = Pd(X) —d(X)P =0

for all X € R. Consequently, d> = 0 while d # 0.
Therefore, d is a nonzero Jordan derivation on R which is
nilpotent of index 2. This example shows that the semiprime
assumption in Corollary 2 is essential.

Example 5 highlights the importance of the semiprime con-
dition. Indeed, in a non-semiprime ring there may exist nonzero
nilpotent ideals that give rise to nilpotent derivations of even in-
dex.

We now describe a general construction of nilpotent inner
derivations arising from nilpotent elements.

| Proposition 1. Let R be a unital associative ring and let p € R
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be a nilpotent element of nilpotency index n, that is,
p" =0 and p" Tt #£0.
Define a mapping d,, : R — R by
dy(z) = [p, z] = px — zp, x € R.

Then d,, is an inner derivation and hence a Jordan derivation.
Moreover, d,, is nilpotent and satisfies

d;" "' (R) =0.

Consequently, the nilpotency index of d,, is at most 2n — 1.

Proof. Let p € R satisfy p™ = 0 and define d,(z) = px — xp for
allxz € R.
1. For arbitrary x,y € R we compute

dp(zy) = p(xy) — (zy)p
= (pr)y — x(yp)
= (pr — xp)y + 2(py — yp)-
Hence
dp(zy) = dp(2)y + 2dp(y),

so d,, satisfies the Leibniz rule and therefore is a derivation.
Since every derivation is a Jordan derivation, d,, is also a
Jordan derivation.

2. Next we show that for every integer k > 1,

d, (x) = Zk:(—l)i(g p*apt

We prove this formula by induction on k.
(i) Fork =1,

1 1
dp(z) = pr —ap = <O)p1xp° - (Jpoxpl,

so eq. (1) holds.
(i) Assume that eq. (1) holds for some k£ > 1, namely

dk(z) = i(—l)" (5)otant

e R (1)

Then

dy T (2) = dy(dy (2))

P

(z) = dy (z)p

k
S (e
=0

Jj=1

k41 . k o

Combining the two sums and using the binomial iden-
tity
k k k+1
() (5= ()
) 1—1 i
we obtain

k+1
i(k+1 i
d:“(x):Z(—l)( . )p’““ -

2
=0

Thus eq. (1) holds for all &£ > 1.
3. Taking kK = 2n — 1 in eq. (1), we obtain

2n—1 om 1
dgn—l(l,) _ Z (_1)z< . >p2n—1—zxpz.
i=0
Foreachi € {0,1,...,2n — 1}, at least one of the inequal-
ities
i>n or 2n—1—i>n

holds. Hence every term in the sum contains a factor p™
with m > n either on the left or on the right. Since p” = 0,
all terms vanish, and therefore

dﬁ”_l(x) =0 foralzeR.

Thus d?"~'(R) = 0, and d,, is nilpotent with nilpotency
index at most 2n — 1. O

Corollary 2 shows that on a 2-torsion free semiprime ring, a
Jordan derivation cannot have nilpotency index 2. In other words,
if d> = 0 then necessarily d = 0. Thus, every nonzero nilpotent
Jordan derivation must have an odd nilpotency index greater than
1.

The following example illustrates this phenomenon. Using
the construction from Proposition 1, we obtain a nonzero nilpo-
tent derivation on a semiprime ring whose nilpotency index is
3.

Example 6. Let R be the ring of 2 x 2 matrices over the real
numbers, that is,

R = M(R) = HZ Z] :a,b,qdeR}.

Define amap d : R — R to be an inner derivation given by

d(X)=[P,X] =PX — XP, forall X € R,

0 1
P 1.
We will show that d is a Jordan derivation and, moreover, a
nilpotent derivation.
100
|0 0

1. First, observe that
2 (0 1] (0 1
25 = {0 010 0
Since P # 0 but P2 =0, it follows that P is a nilpotent
element with nilpotency index 2.

where
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2. Next, since d is an inner derivation, the map d is a
derivation on R. Every derivation is a Jordan deriva-
tion. Hence, d is a Jordan derivation on R.

3. We now show that d is a nilpotent derivation with an
odd nilpotency index. Let

a b
X_[C d]eR.

ot | e R e A

=15 o5 ¢

The second iterate of d, namely d?(X) = d(d(X)), is
given by

d*(X)=Pd(X)—d(X)P

o o == =0 o

_- —2c
__ 0|

Il
co oo 'co
o |
 ®y
r— 1
oo
=K
—_

d3(X) = 1_3d2()_() —d*(X)P
= ol -l % o
Bd=b4
_[o 0]
_0 0_

Note that the nilpotency index of P is 2. Therefore, by
the relation 2n — 1 = 2(2) — 1 = 3, the nilpotency
index of the derivation d is 3. Furthermore, as shown
in the previous step, d # 0. Consequently, d*(X) = 0
for all X € R, and hence d® = 0.

Thus, d is a nilpotent derivation with nilpotency index
3, which is an odd integer.

It should be noted that if p is not a nilpotent element, then
the mapping d(x) = [p, ] is not nilpotent. Consequently, d can-
not be a nilpotent Jordan derivation. In other words, the nilpo-
tency of p is a necessary condition for the induced inner deriva-
tion d to be nilpotent.

Remark 1. Let R be a semiprime ring and let P € R. Define

amapping d : R — R by
d(X)=[P,X]=PX - XP, X €R.

If P is not a nilpotent element and d # 0, then d cannot be
a nilpotent Jordan derivation.

Since d is an inner derivation, the mapping d is a derivation
on R. Every derivation is a Jordan derivation; hence d is also a
Jordan derivation. To illustrate this fact and to show that such a
mapping need not be nilpotent, we present the following exam-
ple.

Example 7. Let R be the ring of 2 x 2 matrices over the real
numbers,

Define an inner derivation d : R — R by

d(X)=[P,X]=PX-XP, XER,

1 0
P [O O] .
Clearly, P is not a nilpotent element. We show that d is a
Jordan derivation but not nilpotent.

(i) Let
X = [‘C‘ 2} €R.

where

A direct computation shows that
d(X?) =d(X)X + Xd(X),
and therefore d satisfies the Jordan derivation identity.

(i) For
X = [Z Z} € R,

we obtain
0 b
a0=[° 1]
Computing higher iterates gives

(X)) = {2 8} B(X) = {0 8} — d(X).

Hence
d® =d.
Therefore, for every n € N,
" H(X)=d(X)#0

for suitable X € R. Consequently, there is no positive
integer n such that d" = 0.
Thus d is a Jordan derivation which is not nilpotent.

The results of this section clarify the behavior of nilpotent Jor-
dan derivations on 2-torsion free semiprime rings. In particular,
we proved that such derivations cannot have even nilpotency in-
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dex, and hence every nonzero nilpotent Jordan derivation must
have an odd nilpotency index. The examples presented above
illustrate these phenomena and highlight the role of nilpotent
elements in the construction of nilpotent inner derivations.

4. Conclusion

Our main result shows that nilpotent Jordan derivations on
2-torsion free semiprime rings necessarily exhibit an odd nilpo-
tency pattern. More precisely, if d*(R) = 0 for some n € N,
then d>"~1(R) = 0. Consequently, every nonzero nilpotent Jor-
dan derivation must have an odd nilpotency index. In particular,
the condition d> = 0 implies d = 0, and therefore a nilpotent
Jordan derivation cannot have even nilpotency index.

Furthermore, we considered inner derivations generated

by nilpotent elements. If P € R is nilpotent with nilpotency
index n, then the inner derivation d,(x) = [p, z] is also nilpotent
and satisfies d2"~'(R) = 0, so that its nilpotency index is at
most 2n — 1. On the other hand, if p is not nilpotent and d,, #
0, then the induced inner derivation is not a nilpotent Jordan
derivation.
These results clarify the relationship between nilpotent elements
and the nilpotency behavior of the corresponding inner deriva-
tions, and provide a structural description of nilpotent Jordan
derivations on 2-torsion free semiprime rings.
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