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A Construction of a Smooth Travel Groupoid on a Spanning Tree
Associated with Lotus Graphs

Husnul Khotimah1,∗, Andi Tenri Ajeng Nur1, Putri Nilam Cayo1

1Department of Mathematics, Universitas Sriwijaya, Indralaya 30662, Indonesia

ABSTRACT. A travel groupoid is a binary system associated with a graph through an operation on its vertex set,
while a smooth travel groupoid satisfies an additional smoothness condition. In this paper, we construct a smooth
travel groupoid on a particular spanning tree associated with the lotus graph L(n). The spanning tree is obtained
by deleting the edges uivi+1, for 1 ≤ i ≤ n− 1, from the lotus graph. Using the unique path between two vertices
in this tree, we define a binary operation by assigning to each ordered pair the first step from one vertex toward the
other. We prove that the resulting binary system satisfies the axioms of a travel groupoid and fulfills the smoothness
condition. Explicit examples for L(2) and L(3) are also presented to illustrate the construction.

This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution-NonComercial 4.0 International License. Editorial of JJoM: Department of Mathematics, Uni-
versitas Negeri Gorontalo, Jln. Prof. Dr. Ing. B. J. Habibie, Bone Bolango 96554, Indonesia.

1. Introduction
The interaction between graph theory and algebra has

been an active topic of research for many years. On the one hand,
various graphs have been constructed from algebraic structures
in order to study algebraic properties through graph-theoretical
methods. Examples of this direction include graphs defined on
groups, such as power graphs in [1], enhanced power graphs in
[2], coprime graphs in [3], commuting graphs in [4], and non-
generating graphs in [5]. On the other hand, graphs may also be
used to generate algebraic structures, for instance through auto-
morphism groups or binary systems defined on their vertex sets.
Several studies have investigated automorphism groups of spe-
cial graph classes, including some families of bipartite graphs in
[6], graphs related to cycle graphs in [7], Andrásfai graphs in [8],
some token graphs in [9], polyhedral graphs in [10], and lotus
graphs in [11].

One of the algebraic structures associated with graphs is a
travel groupoid. This concept was introduced by Nebeský in [12]
as a binary system related to a graph through two axioms that
reflect movement on the graph. In particular, a travel groupoid
associates a binary operation with the vertex set of a graph in a
way that reflects adjacency and movement on the graph. Since
its introduction, travel groupoids have attracted attention as an
interesting bridge between graph theory and algebra.

A further development of this topic is the notion of a
smooth travel groupoid, which satisfies an additional smooth-
ness condition. Smooth travel groupoids provide a more struc-
tured class of travel groupoids and have been studied in sev-
eral works. Matsumoto and Mizusawa introduced a method for
constructing smooth travel groupoids on finite graphs in [13].
More recently, travel groupoids on special graph classes have
also been investigated, including complete multipartite graphs
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in [14] and finite geodetic graphs in [15]. These results show
that the study of travel groupoids remains open and meaningful,
especially when considered on specific graph families.

Motivated by this line of research, in this paper we consider
the construction of a smooth travel groupoid on a spanning tree
naturally associated with lotus graphs. Lotus graphs have ap-
peared in the literature as a special family of graphs and have
been studied from several perspectives. For example, lotus-type
graphs have been discussed in graph labeling problems in [16],
and the automorphism groups of lotus graphs have also been in-
vestigated in [11]. However, to the best of our knowledge, an
explicit construction of a smooth travel groupoid on a spanning
tree derived from lotus graphs has not yet been discussed. There-
fore, this topic provides a specific construction that is worth in-
vestigating.

The aim of this paper is to provide an explicit construction
of a smooth travel groupoid on a spanning tree naturally asso-
ciated with the lotus graph L(n). To do this, we first select a
spanning tree of L(n) and then define a binary operation on its
vertex set by using the first step along the unique path in the se-
lected tree. We prove that the resulting binary system satisfies
the axioms of a travel groupoid and the smoothness condition.
Thus, the contribution of this paper lies in presenting a concrete
and explicit construction for a tree structure derived from lotus
graphs, rather than in proving the general existence of smooth
travel groupoids on finite connected graphs.

2. Methods

This section presents the basic concepts and the approach
used in this research. Throughout this paper, all graphs are fi-
nite, simple, and undirected. The definitions of travel groupoid
and smooth travel groupoid are adapted from [12], while the def-
inition of lotus graph follows [11]. After presenting the neces-
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sary definitions, the general procedure for constructing a smooth
travel groupoid on a selected spanning tree associated with lotus
graphs is described.

2.1. Basic Definitions
We first recall the concept of a binary operation. Let S be

a nonempty set.

Definition 1. A binary operation on S is defined as a mapping
∗ : S × S → S.

Definition 2 ([12]). A binary system is the ordered pair (S, ∗),
where ∗ is a binary operation defined on S.

The main algebraic structure considered in this paper is the
travel groupoid. Consider a nonempty set V and a binary opera-
tion ∗ on V .

Definition 3 ([12]). The pair (V, ∗) is called a travel groupoid,
whenever for all u, v ∈ V , the following properties hold:
1. (u ∗ v) ∗ u = u;
2. if (u ∗ v) ∗ v = u, then u = v.

For a travel groupoid (V, ∗), one can associate a graph
G∗ = (V,E∗), where two distinct vertices u, v ∈ V are adja-
cent whenever

u ∗ v = v or v ∗ u = u.

In this sense, a travel groupoid (V, ∗) is said to be a travel
groupoid on a graph G = (V,E) if the associated graph G∗ sat-
isfies

E∗ = E.

Thus, the binary operationmust recover the edge set of the graph
under consideration.

In the present work, the binary operation is constructed
from a selected spanning tree T of the lotus graph L(n). Conse-
quently, the structure obtained in this paper is a smooth travel
groupoid on the spanning tree T , which is naturally associated
with L(n).

In addition to the travel groupoid axioms, this paper also
uses the smoothness condition given below.

Definition 4 ([12]).We call a travel groupoid (V, ∗) smooth if
the condition below is fulfilled for every u, v, w ∈ V :

u ∗ v = u ∗ w ⇒ u ∗ (w ∗ v) = u ∗ v.

Below we recall several graph-theoretic concepts that will
be used throughout the paper. The terminology is adopted from
standard references in graph theory [17].

Definition 5 ([17]). Let G be a graph. A path in G is an or-
dered sequence of distinct vertices v0, v1, . . . , vk where vi−1

and vi are adjacent for each i = 1, 2, . . . , k.

Definition 6 ([17]). A tree is a connected graph such that ev-
ery pair of distinct vertices is joined by exactly one path.

Definition 7 ([17]). Let G be a connected graph. A subgraph
T of G is said to be a spanning tree of G if T is a tree and
V (T ) = V (G).

If T is a tree, then every two vertices of T are connected by ex-
actly one path.

Next, we recall the family of graphs studied in this pa-
per.

Definition 8 ([11]). For n ≥ 2, the lotus graph L(n) is the
graph with vertex set

V (L(n)) = {v0} ∪ {v1, v2, . . . , vn} ∪ {u1, u2, . . . , un},

and edge set

E(L(n)) = {viui | 1 ≤ i ≤ n− 1} ∪ {uivi+1 | 1 ≤ i ≤ n− 1}
∪ {v0vi | 1 ≤ i ≤ n} ∪ {v0un}.

From this definition, it follows thatL(n) has 2n+1 vertices
and 3n − 1 edges. The graph consists of one central vertex, a
sequence of outer vertices connected in a chain-like pattern, and
one pendant vertex attached to the center. An illustration ofL(n)
is given in Figure 1.

v0

v2

u2 v3

u3

v4
vn−1

v1

u1 un−1

vn

. . .

un

Figure 1. Lotus graph L(n).

2.2. Construction Procedure
The construction carried out in this research is theoretical

in nature and is based on the structure of lotus graphs. In general,
the procedure is organized into the following steps:
1. Select a spanning tree of L(n) that preserves all vertices of
the graph.

2. Using the unique path joining two vertices in the chosen
spanning tree, define a binary operation on the vertex set
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of L(n).
3. Verify that the resulting binary system defines a travel
groupoid on the selected spanning tree.

4. Prove that the constructed travel groupoid also satisfies the
smoothness condition.

5. Present examples for small values of n to illustrate the con-
struction.
The detailed construction of the spanning tree, the induced

binary operation, and the verification of the required properties
are presented in the next section.

3. Results and Discussion
In this section, we present the construction of a smooth

travel groupoid on a selected spanning tree associated with lotus
graphs. The discussion begins with the selection of a spanning
tree of the lotus graphL(n), which will be used to define a binary
operation on its vertex set.

Lemma 1 ([17]). Let G be a connected graph with n vertices. If
G has exactly n− 1 edges, then G is a tree.

Proposition 1. Let L(n) be the lotus graph with vertex set

V (L(n)) = {v0} ∪ {v1, v2, . . . , vn} ∪ {u1, u2, . . . , un},

and edge set

E(L(n)) = {viui | 1 ≤ i ≤ n− 1} ∪ {uivi+1 | 1 ≤ i ≤ n− 1}
∪ {v0vi | 1 ≤ i ≤ n} ∪ {v0un}.

Define a subgraph T of L(n) by

V (T ) = V (L(n))

and

E(T ) = {v0vi | 1 ≤ i ≤ n}∪{viui | 1 ≤ i ≤ n−1}∪{v0un}.

Then T is a spanning tree of L(n).

Proof. By definition, V (T ) = V (L(n)). Hence, T spans all ver-
tices of L(n). Next, we count the number of edges of T . Since

|{v0vi | 1 ≤ i ≤ n}| = n,

|{viui | 1 ≤ i ≤ n− 1}| = n− 1,

and |{v0un}| = 1, it follows that

|E(T )| = n+ (n− 1) + 1 = 2n.

On the other hand,

|V (T )| = |V (L(n))| = 2n+ 1.

Thus,
|E(T )| = |V (T )| − 1.

We now show that T is connected. The vertex v0 is adja-
cent to each vertex vi for 1 ≤ i ≤ n, and also to un. Moreover,

for each i = 1, 2, . . . , n−1, the vertex ui is adjacent to vi. There-
fore, every vertex of T is connected to v0, and so T is connected.

By Lemma 1, since T is connected and has exactly |V (T )|−
1 edges, T is a tree. Therefore, T is a spanning tree of L(n).

Remark 1. The spanning tree T is obtained from L(n) by
deleting the edges uivi+1 for 1 ≤ i ≤ n − 1. Hence, every
two vertices in T are joined by a unique path.

The uniqueness of the path joining any two vertices in T
allows us to introduce a binary operation on the vertex set of
L(n).

Definition 9. On V (L(n)), define the binary operation ∗ by

x ∗ y =

{
x, if x = y,

z, if x ̸= y,

where z is the vertex immediately following x on the unique
path connecting x and y in T .

Based on Definition 9 and the structure of the spanning tree
T , the operation ∗ can be written explicitly as follows.

v0 ∗ y =


v0, y = v0,

vi, y = vi, 1 ≤ i ≤ n,

vi, y = ui, 1 ≤ i ≤ n− 1,

un, y = un,

for 1 ≤ i ≤ n− 1,

vi ∗ y =


vi, y = vi,

ui, y = ui,

v0, otherwise,

vn ∗ y =

{
vn, y = vn,

v0, y ̸= vn,

for 1 ≤ i ≤ n− 1,

ui ∗ y =

{
ui, y = ui,

vi, y ̸= ui,

and

un ∗ y =

{
un, y = un,

v0, y ̸= un.

Using the binary operation defined above, we next show
that the binary system induced on the selected spanning tree T
satisfies the axioms of a travel groupoid.

Theorem 1. Let T be the spanning tree ofL(n) defined in Propo-
sition 1. Then the binary system (V (T ), ∗) is a travel groupoid
on T .
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Proof. To prove that (V (T ), ∗) is a travel groupoid, it suffices to
verify the following two axioms for all x, y ∈ V (T ) = V (L(n)):

(x ∗ y) ∗ x = x, (1)

(x ∗ y) ∗ y = x =⇒ x = y. (2)

We first prove (1). The verification is carried out according
to the possible choices of x.
Case 1.
Let x = v0. If y = v0, then

(v0 ∗ v0) ∗ v0 = v0 ∗ v0 = v0.

If y = vi for some 1 ≤ i ≤ n, then

(v0 ∗ vi) ∗ v0 = vi ∗ v0 = v0.

If y = ui for some 1 ≤ i ≤ n− 1, then

(v0 ∗ ui) ∗ v0 = vi ∗ v0 = v0.

If y = un, then

(v0 ∗ un) ∗ v0 = un ∗ v0 = v0.

Thus, (v0 ∗ y) ∗ v0 = v0 for all y ∈ V (L(n)).
Case 2.
Let x = vi for some 1 ≤ i ≤ n− 1. If y = vi, then

(vi ∗ vi) ∗ vi = vi ∗ vi = vi.

If y = ui, then

(vi ∗ ui) ∗ vi = ui ∗ vi = vi.

If y /∈ {vi, ui}, then vi ∗ y = v0, and hence

(vi ∗ y) ∗ vi = v0 ∗ vi = vi.

Therefore, (vi ∗ y) ∗ vi = vi for all y ∈ V (L(n)).
Case 3.
Let x = vn. If y = vn, then

(vn ∗ vn) ∗ vn = vn ∗ vn = vn.

If y ̸= vn, then vn ∗ y = v0, so

(vn ∗ y) ∗ vn = v0 ∗ vn = vn.

Hence, (vn ∗ y) ∗ vn = vn for all y ∈ V (L(n)).
Case 4.
Let x = ui for some 1 ≤ i ≤ n− 1. If y = ui, then

(ui ∗ ui) ∗ ui = ui ∗ ui = ui.

If y ̸= ui, then ui ∗ y = vi, and therefore

(ui ∗ y) ∗ ui = vi ∗ ui = ui.

So, (ui ∗ y) ∗ ui = ui for all y ∈ V (L(n)).
Case 5.
Let x = un. If y = un, then

(un ∗ un) ∗ un = un ∗ un = un.

If y ̸= un, then un ∗ y = v0, and hence

(un ∗ y) ∗ un = v0 ∗ un = un.

Thus, (un ∗ y) ∗ un = un for all y ∈ V (L(n)). Therefore, axiom
(1) holds for every x, y ∈ V (L(n)).

Next, we prove (2). Assume that x ̸= y. Since T is a span-
ning tree, there exists a unique path

x = x0, x1, . . . , xk = y

from x to y in T , where k ≥ 1. By Definition 9,

x ∗ y = x1.

If k = 1, then in T , x and y are adjacent, and so x ∗ y = y.
Hence,

(x ∗ y) ∗ y = y ∗ y = y ̸= x.

If k ≥ 2, then the unique path from x1 to y is

x1, x2, . . . , xk.

Thus,
(x ∗ y) ∗ y = x1 ∗ y = x2.

Since the path is simple, we have x2 ≠ x0 = x. Therefore,

(x ∗ y) ∗ y ̸= x.

We conclude that whenever x ̸= y, it follows that (x ∗ y) ∗
y ̸= x. Equivalently,

(x ∗ y) ∗ y = x =⇒ x = y.

Hence, both axioms of a travel groupoid are satisfied.
Indeed, for distinct vertices x, y ∈ V (T ), we have x∗y = y

or y ∗ x = x if and only if x and y are adjacent in T . Thus, by
the definition of the operation, the associated graph recovered
from ∗ is precisely the selected spanning tree T . Accordingly,
(V (T ), ∗) defines a travel groupoid on T .

We have shown that (V (T ), ∗) is a travel groupoid on the
selected spanning tree T . Next, we prove that it also satisfies the
smoothness condition.

Theorem 2. The travel groupoid (V (T ), ∗) is smooth.

Proof. To prove that (V (T ), ∗) is smooth, it suffices to show that
for all u, v, w ∈ V (T ) = V (L(n)),

u ∗ v = u ∗ w =⇒ u ∗ (w ∗ v) = u ∗ v.

Assume that u ∗ v = u ∗w. Put a = u ∗ v = u ∗w. If a = u, then
by the definition of ∗, we have u ∗ v = u, which implies v = u.
Similarly, u ∗ w = u implies w = u. Hence,

u ∗ (w ∗ v) = u ∗ (u ∗ u) = u ∗ u = u = u ∗ v.

Thus, the smoothness condition holds in this case.
Now suppose that a ̸= u. By Definition 9, the element

a is the first vertex next to u on the unique u to v path in the
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spanning tree T , and also the first vertex next to u on the path
uniquely determined by u to w in T .

Remove the vertex u from the tree T . Then the graph T−u
is divided into several connected components, each correspond-
ing to one neighbor of u in T . Since the path from u to v begins
with a, the vertex v belongs to the component of T − u contain-
ing a. Similarly, since the path from u to w also begins with a,
the vertex w belongs to the same component.

Let this component be denoted by C. Then

v, w ∈ V (C).

Since C is connected and C is also a subgraph of the tree T , the
unique path from w to v lies entirely in C. Again by Definition 9,
the vertex w ∗ v is the first vertex next to w on the path uniquely
determined by w to v in T . Therefore,

w ∗ v ∈ V (C).

Because w ∗ v lies in the same component C, the path
uniquely determined by u tow∗v must also begin with a. Hence,

u ∗ (w ∗ v) = a.

But a = u ∗ v, so we obtain

u ∗ (w ∗ v) = u ∗ v.

Therefore, the smoothness condition holds for all u, v, w ∈
V (L(n)). Hence, (V (T ), ∗) is a smooth travel groupoid on the
selected spanning tree T .

As an illustration of the above construction, we first con-
sider the lotus graph L(2) and present the corresponding oper-
ation table.

Example 1. For n = 2, the lotus graph L(2) has vertex set

V (L(2)) = {v0, v1, v2, u1, u2},

and edge set

E(L(2)) = {v1u1, u1v2, v0v1, v0v2, v0u2}.

The lotus graph L(2) is illustrated in Figure 2.

v0

v1

u1

v2

u2

Figure 2. The lotus graph L(2).

Following the construction above, we choose the
spanning tree T of L(2) with edge set

E(T ) = {v0v1, v0v2, v1u1, v0u2}.

The chosen spanning tree T of L(2) is shown in Figure 3.

v0

v1

u1

v2

u2

Figure 3. The spanning tree T of L(2).

Using Definition 9, the binary operation ∗ on V (L(2))
is obtained from the first vertex next to x on the unique path
from x to y in T . Hence, the operation table is given by

∗ v0 v1 v2 u1 u2

v0 v0 v1 v2 v1 u2

v1 v0 v1 v0 u1 v0
v2 v0 v0 v2 v0 v0
u1 v1 v1 v1 u1 v1
u2 v0 v0 v0 v0 u2

Therefore, it follows that (V (L(2)), ∗) is a concrete re-
alization of a smooth travel groupoid on the selected span-
ning tree of L(2).

To further illustrate the construction, we also present the
case of the lotus graph L(3).

Example 2. For n = 3, the lotus graph L(3) has vertex set

V (L(3)) = {v0, v1, v2, v3, u1, u2, u3},

and edge set

E(L(3)) = {v1u1, u1v2, v2u2, u2v3, v0v1, v0v2, v0v3, v0u3}.

The lotus graph L(3) is illustrated in Figure 4.

v0

v1

u1 v2

u3

v3

u2

Figure 4. The lotus graph L(3).
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Following the construction in Proposition 1, we
choose the spanning tree T of L(3) with edge set

E(T ) = {v0v1, v0v2, v0v3, v1u1, v2u2, v0u3}

as shown in Figure 5.

v0

v1

u1 v2

u3

v3

u2

Figure 5. The spanning tree T of L(3).

Using Definition 9, the binary operation ∗ on V (L(3))
is determined by the first vertex next to x on the unique path
from x to y in T . Thus, the operation table is given by

∗ v0 v1 v2 v3 u1 u2 u3

v0 v0 v1 v2 v3 v1 v2 u3

v1 v0 v1 v0 v0 u1 v0 v0
v2 v0 v0 v2 v0 v0 u2 v0
v3 v0 v0 v0 v3 v0 v0 v0
u1 v1 v1 v1 v1 u1 v1 v1
u2 v2 v2 v2 v2 v2 u2 v2
u3 v0 v0 v0 v0 v0 v0 u3

Therefore, since V (T ) = V (L(3)), the binary sys-
tem (V (L(3)), ∗) provides another concrete example of a
smooth travel groupoid on the selected spanning tree T as-
sociated with the lotus graph L(3).

These examples show that the operation is completely de-
termined by the unique paths in the chosen spanning tree. The
same idea extends naturally to the selected spanning tree T as-
sociated with the general lotus graph L(n). Hence, the construc-
tion yields a smooth travel groupoid on T for every n ≥ 2.

4. Conclusion

In this paper, we have constructed a smooth travel
groupoid on a spanning tree associated with lotus graphs. The
construction was obtained by choosing a spanning tree T of the
lotus graph L(n) and defining a binary operation on its vertex
set through the first step along the unique path in T . We proved
that the resulting binary system satisfies the axioms of a travel
groupoid and also fulfills the smoothness condition. Hence, a
smooth travel groupoid on the selected spanning tree T has been
obtained for every n ≥ 2.

As illustrations, the construction was applied to the se-
lected spanning trees associated with L(2) and L(3), and the
corresponding operation tables were presented. This result pro-
vides an explicit example of a smooth travel groupoid on a tree
structure naturally derived from lotus graphs. A possible direc-
tion for future research is to investigate whether a different bi-

nary operation can be constructed so that the associated graph
recovers the full lotus graph L(n).
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